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Abstract. We develop an improved version of the stochastic semigroup approach to study the edge of S-ensembles
pioneered by Gorin and Shkolnikov [20], and later extended to rank-one additive perturbations by the author and
Shkolnikov [14]. Our method is applicable to a significantly more general class of random tridiagonal matrices than
that considered in [14, 20], including some non-symmetric cases that are not covered by the stochastic operator
formalism of Bloemendal, Ramirez, Rider, and Virdg [6, 28].

We present two applications of our main results: Firstly, we prove the convergence of 8-Laguerre-type (i.e., sample
covariance) random tridiagonal matrices to the stochastic Airy semigroup and its rank-one spiked version. Secondly,
we prove the convergence of the eigenvalues of a certain class of non-symmetric random tridiagonal matrices to the
spectrum of a continuum Schrédinger operator with Gaussian white noise potential.

Résumé. Nous développons une version améliorée de I'approche de stochastic semigroup pour étudier I'extrémité
des ensembles béta introduite par Gorin et Shkolnikov [20], ensuite étendue aux ensembles béta gaussiens avec
perturbation de rang un par lauteur et Shkolnikov [14]. Notre méthode est applicable & une classe nettement plus
générale de matrices tridiagonales aléatoires que celles dans [14, 20], y compris certains cas non symétriques qui ne
sont pas couverts par la méthode de stochastic operators introduite par Bloemendal, Ramirez, Rider et Virdg [6, 28].

Nous présentons deux applications de nos principaux résultats : Premiérement, nous prouvons la convergence de
matrices tridiagonales aléatoires de type S-Laguerre (c.-a-d., matrices de covariances empiriques) vers le semi-groupe
du stochastic Airy operator et sa perturbation de rang un. Deuxiémement, nous prouvons la convergence des valeurs
propres d’une certaine classe de matrices tridiagonales aléatoires non symétriques vers le spectre d’opérateurs de
Schrédinger avec bruit blanc gaussien.

Keywords: Random tridiagonal matrices, Feynman-Kac formulas, stochastic Airy operator, stochastic Airy semigroup, random
walk occupation measures, Brownian local time, strong invariance principles.

1. Introduction
1.1. Operator Limits of Random Matrices

This paper, which is a direct sequel of [14, 20], is concerned with operator limits of random matrices. The
theory of operator limits was initiated in [10, 11, 28] and eventually gave rise to a vast literature on the
subject. We refer to the survey article [32] for a recent historical account of these early developments.

A fundamental object in this theory is the stochastic Airy operator, formally defined as

SAOsf(z) = —f"(a) + of(x) + Wh(@)f(x).  f:Ry R,
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where > 0 is fixed parameter, Wy is a Brownian motion with variance 4/8, Ry := [0,00), and f obeys a
Dirichlet or Robin boundary condition at the origin. We refer to [6, Section 2.3], [26, Section 2], and [28,
Section 2] for a rigorous definition.

The interest of studying SAOg comes from the fact that its eigenvalue point process captures the asymp-
totic edge fluctuations of a large class of random matrices and interacting particle systems. In [6, 28], this
was proved for the 3-Hermite ensemble, the S-Laguerre ensemble (for the right edge), as well as rank-one
perturbations of the 3-Hermite and 3-Laguerre ensembles (the spiked models). Then, [23] established oper-
ator limits as a means of proving edge universality for general S-ensembles (c.f., [8]). More generally, [6, 28]
proved the eigenvalue and eigenvector convergence of a wide class of symmetric random tridiagonal matrices
to the spectrum of Schrodinger operators of the form —A + Y’ where Y is a random function.

1.2. Stochastic Semigroups

More recently, Gorin and Shkolnikov introduced in [20] a new method of studying edge fluctuations of
B-ensembles. Their main result was that high powers of a generalized version of the S-Hermite ensemble
converge to a random Feynman-Kac-type semigroup that was dubbed the stochastic Airy semigroup
([20, Theorem 2.1]), which we denote by SASg(t) for 8,t > 0 (see Definition 2.7 and Notation 2.9).
Combining their result with the fact that the edge-rescaled S-Hermite ensemble converges to SAOg, Gorin
and Shkolnikov concluded that SASz(t) = e~*5405/2 for all t > 0 (]20, Corollary 2.2]), thus providing a
new tool with which SAOg’s spectrum can be studied. As a demonstration of this, it was shown in [20,
Corollary 2.3 and Proposition 2.6] that certain statistics of SASg(t) admit an especially simple form when
6 = 2. Among other things, this provided the first manifestation of the special integrable structure in
the S-ensembles when 8 € {1,2,4} at the level of the operator limits describing edge fluctuations. These
results were extended to rank-one spiked S-Hermite models in [14]. Feynman-Kac formulas for general one-
dimensional Schrédinger operators with multiplicative Gaussian noise were obtained more recently in [13].

1.8. Owverview of Main Results

In this paper, we introduce a modification of the formalism developed in [14, 20]. Our main results (Theorems
2.20 and 2.21) establish the convergence of high powers of a large class of random tridiagonal matrices to the
semigroups of continuum Schrodinger operators with Gaussian white noise. Our results improve on [14, 20]
and [6, 28] in two significant ways.

Firstly, a main technical achievement of [20] was to show that the moment method can be used to study
edge fluctuations of S-ensembles for 5 ¢ {1,2,4}. The key to achieving this is to relate the combinatorics
of traces of high powers of tridiagonal matrices to strong invariance principles for random walks and their
occupation measures ([20, Section 3] and [14, Section 3.1]). A notable feature of the combinatorial analysis
in [20] is that it requires the tridiagonal matrices under consideration to have diagonal entries of smaller
order than their super/sub-diagonal entries (see Section 4.3 for details). In particular, this argument is not
directly applicable to the S-Laguerre ensemble. In this context, one contribution of this paper is to develop
an improved version of the stochastic semigroup formalism that does not have restrictions on the relative
size of diagonal/off-diagonal entries. As a demonstration of this, we prove that our main results apply to
every matrix model considered in [14, 20], as well as generalized S-Laguerre ensembles (Section 3.2).

Secondly, a notable feature of our results is that they appear to be the first to apply to non-symmetric
matrices. As a consequence, we prove new limit laws for the eigenvalues of certain non-symmetric random
tridiagonal matrices (Propositions 3.1 and 3.5). In particular, we identify a new matrix model whose edge
fluctuations are in the Tracy-Widom universality class (Corollary 3.13). These results complement previous
investigations on the spectrum of non-symmetric random tridiagonal matrices, such as [16, 17, 18, 19].

Several features of the strategy of proof in [14, 20] for analyzing the combinatorics of large powers
of tridiagonal matrices carry over to this paper. For instance, strong invariance principles for occupation
measures of random walks also play a fundamental role in our proofs. That being said, the differences are
significant enough that many nontrivial modifications and new ideas need to be introduced. Most notably,
several results in the literature concerning strong approximations of Brownian local time that are used
without modification in [14, 20] require significant work to be applicable to our setting (Sections 5 and 6).
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1.4. Organization

In Section 2, we introduce our random matrix models, their continuum limits, and we state our main results.
In Section 3, we discuss applications of our main results to random matrices. In Section 4, we explain the
main idea in our strategy of proof, and we make a brief comparison with the method of [14, 20]. In Sections
5 and 6, we prove two local time strong invariance results that lie at the heart of our proof. Finally, in
Sections 7, 8, and 9, we complete the proofs of our main results.
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2. Setup and Main Results
2.1. Random Matriz Models
We begin by introducing our random matrix models. Let (my,),en be a sequence of positive numbers and
(wp)nen be a sequence of real numbers such that the following holds:
Assumption 2.1. There exists 0 < C' <1 and 1/13 < 9 < 1/2 such that

Cn® <m, <C nl, n € N. (2.1)
Assumption 2.2. There exists some w € R such that

lim m, (1 —w,) = w. (2.2)

n—00

For every n € N, let us define the (n + 1) x (n + 1) tridiagonal matrices A,, AY, and Q,, as
-2 1 Dn(0)  Un(0)
- 1 Un(n—l)
1 =2 L,(n—1)  Dy(n)
AY = A, +diag,, (m2w,,0,...,0)
where Dy, (a), Uy (a), Ly (a) are real-valued random variables for everyn € Nand 0 < a <n (or 0 < a < n-—1).

Notation 2.3. Throughout, we index the entries of a (n+1) x (n+ 1) matrix M as M (a,b) for 0 < a,b < n.
Similarly, v € R"*! is indexed as v(a) for 0 < a < n. We use diag,,(do, . . ., dy) to denote the (n+1) x (n+1)
diagonal matrix M with entries M (a,a) = d, for 0 < a < n.

Notation 2.4. For simplicity, we often state properties of D, (a),Uy(a), Ly(a) for 0 < a < n, with the
understanding that a < n — 1 for U, (a) and Ly, (a).

We assume that the entries of @Q,, satisfy the following decomposition: For E € {D, U, L},

En(a) = VE(a) + €8 (a), 0<a<n, (2.3)
where the V,F(a) are deterministic and the ££(a) are random. We call V,” the potential terms and ¢Z the
noise terms. The random matrix models studied in this paper are as follows.

Definition 2.5 (Random Matrix Models). For every n € N and ¢t > 0, we define

& (s —Ap + Qn Lm? (3t/2)] —AY 4+ Q, Lm? (3t/2)]
= B |

RO = (-
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2.2. Continuum Limit

We now describe the continuum limits of (2.4). In order to describe these objects, we need some notations:

Notation 2.6. We use B to denote a standard Brownian motion on R, and X to denote a standard reflected
Brownian motion on R.
Let Z = B or X. For every t > 0 and z,y > 0, we denote

Z* = (Z]Z(0) = x) and zZ{Y = (Z]Z(0) = z and Z(t) = y),

and we use E* and E;*Y to denote the expected value with respect to the law of Z% and Z;Y respectively.
For any t > 0, we use x — L7(Z) to denote the continuous version of the local time process of Z on [0, t],
which we characterize by the requirement that for every measurable function f, one has

/ f(Z(s)) ds = / L{(Z) f(z) da. (2.5)
0 R

As a matter of convention, in the case where Z = X, we distinguish the boundary local time £9(Z) from
the above, which we define as

1 t
0 — 1;
'Qt (Z) = gg% 2_6‘/0 1{O§Z(s)<s} dS. (2.6)

Finally, we let 79(B) denote the first hitting time of zero by B.
Definition 2.7 (Continuum Limits). Let @ be the diffusion process
dQ(z) = V(x)da + dW (x), x >0,

where V' > 0 is a deterministic locally integrable function on R+, and W is a Brownian motion with variance
0?2 > 0. For every t > 0, we let K(t) and K™(t) be the integral operators on L*(R; ) with random kernels

. o (@—y)?/2t

K(tioy) = —7=—B" [Liro(spye™H ] (2.7)
—(@-y)?/2t o= (x+y)?/2t
- e e ’ a0
K (t;z,y) = < + ) E;Y [e*@f(X)Q JmwL (X (2.8)
27t V2t

for x,y > 0, where
1. we assume that B and X are independent of W, and that E;*Y is the conditional expected value of

BV or XY given W; and
2. for any piecewise continuous and compactly supported function f,

(.Q) = /R f(z) dQ(x)

denotes d@ pathwise stochastic integration (see [13, Remark 2.18]).

Remark 2.8. Consider the operator H := —%A +V 4+ W' acting on R} with Dirichlet boundary condition

at zero, and let H* be the same operator but with Robin boundary condition f’(0) = wf(0). If the function
V satisfies

ILm V(z)/logz = oo, (2.9)

then H and H® can be rigorously defined as self-adjoint operators with compact resolvent (and thus discrete
spectrum) using quadratic forms ([13, Proposition 2.9 and Corollary 2.12]; see also [6, 26, 28]). According
to [13, Theorem 2.23], for every ¢ > 0, it holds with probability one that K () and K*“(t) are self-adjoint
Hilbert-Schmidt operators on L2(R, ), and K (t) = e " and K™ (t) = e """, We also have the trace formula
Tr[K(t)] = [ K(t;%,7) dz < 0.
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Notation 2.9. Let 3 > 0. If V(z) = z/2 and 02 = 1/B in Definition 2.7, then we use the notation

SASp(t) := K(t) and SASE(t) := K™(t), since in this case we recover the stochastic Airy semigroup defined
in [14, 20], which is the semigroup of the stochastic Airy operator.

2.8. Technical Assumptions

We are now finally in a position to state our main results and the assumptions under which they apply. We
begin with the assumptions on the random entries of @, in (2.3); our theorems are stated in Section 2.4.

2.3.1. Assumptions on the Potential Terms V,F
Assumption 2.10 (Potential Convergence). There exists nonnegative continuous functions V2, VV VI .
R4+ — R such that

lim V.F(|maz)) = VE(x), x>0

n—oo
uniformly on compact sets for every E € {D, U, L}. Moreover, the function

V=P 4+vULvh,  z>0 (2.10)

1
2
satisfies (2.9).

Assumption 2.11 (Growth Upper Bounds). For every E € {D,U, L} we have the following: For large
enough n,

0 < VE(a) <2m?, 0<a<n, (2.11)
and if C,, = o(n) as n — oo, then

max V.E(a) = o(m?), n — oo. (2.12)

Assumption 2.12 (Growth Lower Bounds). At least one of E € {D, U, L} satisfies the following: For every
6 > 0, there exists ¢ = ¢(d) > 0 and N = N(0) € N such that for every n > N,

0log(1+a/m,) —c < V.E(a) <m?2, 0<a<n. (2.13)

Moreover, at least one of E € {D,U, L} (not necessarily the same as (2.13)) satisfies the following: With d
as in (2.1), there exists 9/2(1 — ) < @ < 20/(1 —0), € > 0, and positive constants £ and C' > 0 such that

kla/my)* <ViE(a) <m2,  Cn'c*<a<n (2.14)
for n large enough.

2.3.2. Assumptions on the Noise Terms £E

Assumption 2.13 (Independence). For every n € N, the variables £2(0),..., &2 (n) are independent, and

likewise for £Y(0),...,&Y(n—1) and €£(0),...,&E(n—1). We emphasize, however, that the random vectors
D¢V and €2 need not be independent of each other (for instance, if Q,, is symmetric, then ¢V = ¢1).

n

Assumption 2.14 (Moment Asymptotics). For every E € {D,U, L}, we have:

Bler (@)l = o(m, ) as (n—a) = oo, (2.15)
and there exists constants C' > 0 and 0 < 7y < 2/3 such that
E[|¢7(a)|7] < mi/2Ciq™ (2.16)

for every 0 < a < n, integer ¢ € N, and n large enough.
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Assumption 2.15 (Noise Convergence). There exists Brownian motions W, WY and W’ such that

[mnz]

1
li - B = (WE >0 2.17
po (i @), = (00) Ly, e (217

in joint distribution with respect to the Skorokhod topology. We assume that

W=i(WwP+w¥+wh) (2.18)
is also a Brownian motion with some variance ¢? > 0. Furthermore, if ¢1,..., . are continuous and
compactly supported functions and (cpgn))neN, ceey (cp,(c"))neN are such that gogn) — ; uniformly for every
1 <i <k, then

E
lim ( Z @”’(a/mn)gn—@) = (/ vi(a) dWE(a)) (2.19)
TN LeNo Mn /) p=D,U,L; 1<i<k Ry E=D,U,L; 1<i<k

in joint distribution, and also jointly with (2.17).

2.8.83. Assumptions for the Robin Boundary Condition R

The following assumption will only be made when considering K (¢):

Definition 2.16. We say that a sequence (X, )nen is uniformly sub-Gaussian if there exists C,c > 0

independent of n such that

su[R)IE {ey ‘X"I} < Ce°y2, y > 0. (2.20)
ne

Assumption 2.17. (Dn(O)/m,lz/2 is uniformly sub-Gaussian.

)nGN
Remark 2.18. If v < 1/2 in (2.16), then Assumption 2.17 is satisfied.

2.4. Main Theorems

Notation 2.19. In order to make sense of the claim that K, (t) — K(t) and K¥(t) — K*“(t), we need to
ensure that the discrete and continuous objects act on the same space. For this purpose, we note that the
action of the matrices (2.4) on R"*! can naturally be extended to step functions on R of the form

>ov_o0(a) La/m,, (at1)/ma) for some v € R**1.
This can then be further extended to any locally integrable f : Ry — R via
s n (a+1)/mny,
7Tnf = mn/ Z/ f(ac) dx 1[a/mn,(a+1)/mn)' (221)
a=0"7

/mn

Thus, for any (n+1) x (n+1) matrix M and locally integrable functions f, g, we define M f as the vector /step
function M (7, f), and we define

(a+1)/mn (b+1)/mp
,Mg) :=my, x)dx | M(a,b r)dx | .
(. Mg) OS;gﬂ(L/mn /@) ) ( ></b/m 9(a) )

Our limit results are as follows.

Theorem 2.20. Suppose that Assumptions 2.1 and 2.10-2.15 hold. Let K(t) be defined as in (2.7), where
V is given by (2.10) and W is given by (2.18). Then, K, (t) — K(t) as n — oo in the following two senses:
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1. For every ty,...,txy >0 and f1,91,- .-, fr, 9k : Ry = R uniformly continuous and bounded,
nlglgo (<fi7f<n(ti)gi>)1§i§k = (<fiuK(ti)gi>)1§iSk

in joint distribution and mized moments.
2. For every ty,...,tp >0,

lim (’I\Y[Kn(ti)])lgigk = (’I\Y[K(ti)])lgigk

n—oo

in joint distribution and mized moments.

Theorem 2.21. Suppose that Assumptions 2.1, 2.2, and 2.10-2.17 hold. Let K™(t) be defined as in (2.8),
where V is given by (2.10) and W is given by (2.18). Then, K (t) — K™ (t) as n — oo in the following

sense: For every ti,...,ty > 0 and f1,91,--., fx, 9k : Ry — R uniformly continuous and bounded,
nli)rgo (<f17 Kﬁ(tl)g»)lglgk = (<f17 Kw(tl)gl>)1gl§k

in joint distribution and mized moments.

Remark 2.22. Unlike Theorem 2.20, Theorem 2.21 contains no statement on the convergence of traces.
Similarly to the lack of trace convergence in [14], this is due to the fact that we were unable to construct a
strong coupling of a certain Markov chain and its occupation measures with the reflected Brownian bridge
X" and its local time process. Throughout this paper, we make several remarks and conjectures concerning
this trace convergence, its consequences, and the related strong invariance result (see Conjectures 2.23 and
6.11, and Remark 3.2).

Conjecture 2.23. In the setting of Theorem 2.21, for every ty,...,tx >0,
lim_ (TH{K (1)) TR (1))

oo 1<i<k ( 1<i<k

in joint distribution and mixed moments.

Remark 2.24. The conclusions of Theorems 2.20 and 2.21 remain valid if we define
R —A, . I(n,t) R _AW® . Jd(n,t)
K(t) = <[n_7+Q> , K*(t) = <IH_LQ)

2 2
3mz, 3ms2,

for 9(n,t) := |m2(3t/2)] £ 1, instead of (2.4). Thus, up to making this minor change, there is no loss of
generality in assuming that [m?2(3t/2)] is always even or odd if that is more convenient (this distinction
comes in handy in the proof of Proposition 3.1 below). We refer to Remark 7.2 for more details.

3. Applications to Random Matrices

In this section, we provide applications of our main results to the study of random matrices and S-ensembles.
We begin by stating our results in Sections 3.1-3.3, and then provide their proofs in Sections 3.4-3.9.

3.1. Application 1. Convergence of Figenvalues

Throughout Section 3.1, we assume that —A,, + @, satisfies the hypotheses of Theorem 2.20, and we denote

by —0o < A (H) < \p(H) < --- the eigenvalues of the operator H = —3A+V + W’ (as per Remark 2.8),
where W is given by (2.18), and V by (2.10). The main result of Section 3.1 is the following:

Proposition 3.1. Suppose that —A,+Qy, is diagonalizable with real eigenvalues Apji < Ao <+ < Apongt
for large enough n, and that there exists 6 > 0 such that

P\uns+1 > (6 — 8)m2 for infinitely many n] = 0. (3.1)
Then for every k € N,
lim 2 (Anits- k) = (M (H),..., A (fl)) in joint distribution. (3.2)

n—00
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Remark 3.2. Proposition 3.1 is only stated for the Dirichlet boundary condition since it depends on the
trace convergence of Theorem 2.20-(2). If Conjecture 2.23 holds, then the same argument used to prove
Proposition 3.1 would imply that the eigenvalues of (—AY + @Q,,) converge to that of H™.

Question 3.3. It would be interesting to see if some analog of Proposition 3.1 can be proved in the case
where —A,, + Q,, is diagonalizable with complex eigenvalues. We leave this as an open question.

We have the following convenient sufficient condition for (3.1), which is easily seen to be satisfied for
every example considered in Sections 3.2 and 3.3 below.

Proposition 3.4. Suppose that there exists 6 > 0 and N € N such that

<2+VnD(a)+’VnU(a) _ m_ll) <6-35 (3.3)

2 2
my my

max
0<a<n

for every n > N. Then, (3.1) holds.

Finally, the following result provides a simple sufficient condition that allows to apply Proposition 3.1 to
a very general class of non-symmetric matrices.

Proposition 3.5. Suppose that there exists N € N large enough so that Q,’s off-diagonal entries satisfy

(Un(a) —m2)(Ln(a) —m?2) > 0, 0<a<n-1,n>N. (3.4)

n

Then, —A, + Qy is diagonalizable with real eigenvalues for n > N.
Propositions 3.1, 3.4, and 3.5 are proved in Sections 3.4-3.6. See Section 3.3 for an example of how these
three results can be combined to prove new eigenvalue limit laws for non-symmetric tridiagonal matrices.

3.2. Application 2. Classical B-Ensembles

In Section 3.2 we show that our main results apply to the edge-rescaled S-Hermite ensemble, the right-edge-
rescaled (B-Laguerre ensemble, as well as their rank-one spiked versions. In all cases, the limits we obtain are
the stochastic Airy semigroups SASs(t) and SAS} (¢) respectively, thus extending the results of [14, 20].

3.2.1. Generalized B-Hermite Ensembles

Definition 3.6. Let ¢ € R"*! and ¢V = ¢L € R™ be random vectors that satisfy Assumptions 2.13-2.15
with m,, = n'/3. Let 8 > 0 be such that the Brownian motion W in (2.18) has variance 1/3. Let us denote
xn(a) == v/n —a—£EY(a)/n'/6 for all 0 < a < n. We define the generalized B-Hermite ensemble as

—£7(0)/n"% X (0)
H,:= xn(0)
: Xn(n - 1)
Xn(n—1)  —&7(n)/n'/°

Definition 3.7. Let (i, )nen be a sequence of real numbers such that

lim n~Yo(vn — pn) = w € R. (3.5)

Let £Z and H,, be as in Definition 3.6, assuming further that (££(0)/n'/%),en is uniformly sub-Gaussian.
The generalized spiked 3-Hermite ensemble is defined as H" := H,, + diag,,(ttn,0,...,0).

H, and HY are slight generalizations of the random matrix models studied in [14, 20]. As shown in [20,
Lemma 2.1], the S-Hermite ensemble studied in [10, 11, 28] is a special case of H,. Similarly, as noted
in [14, Remarks 1.3 and 1.8], H generalizes the spiked S-Hermite ensemble with a critical (i.e., of size
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\/n) rank-one additive perturbation introduced in [6, (1.5)] (see also [27]). As per classical theory, the edge
fluctuations of H,, and H}Y are captured by the rescalings

R, :=n'%2ynl, —H,) and RY:=n'%2ynlI, — HY). (3.6)

We have the following result regarding (3.6), which we prove in Section 3.7.

Corollary 3.8. We can define @y, so that R, = —A, + Q, and RY = —AY + Q,, satisfy the hypotheses of
Theorems 2.20 and 2.21 respectively, where m,, = n'/3, w, = p,//n, W in (2.18) has variance 1/3, and
V(z) in (2.10) equals x/2.

3.2.2. Generalized (3-Laguerre Ensembles R
Definition 3.9. Suppose that ££ and £ = &L satisfy Assumptions 2.13 and 2.14 with m, = n!/3, and
that £F satisfy (2.17) and (2.19) with m,, = n'/?. Denoting the limits in distribution

[n'/|

W) = lim o Y ), Be{DUL),
a=0

n—oo nl/3

we further assume that W2 + WV = WP + W is a Brownian motion with variance 1/f for some § > 0. Let
p = p(n) > n be an increasing sequence such that n/p — v € [0, 1] as n — oo. Denote xn(a) := V/n —a —
€Y(a)/n'/% and xnop(a) == /p—a — EP(a)/n'/5. We define the generalized B-Laguerre ensemble as
L, := (L))" L, where

Xn;p(o)
X (0) Xn;p(l)

a1 = 1) Xup()

Definition 3.10. Let € p(n), and L% be as in Definition 3.9, with the additional assumption that
(€L (0)/n'/6) ey and (£7(0)/n'/6),en are uniformly sub-Gaussian. Let (£,,),en be a sequence of real numbers

such that

lim (ﬁ{f”ﬁ)z/g (1 — o/ (b — 1)) =weR. (3.7)

n—00

The generalized spiked (3-Laguerre ensemble is defined as L := (L*)" diag,,(¢,,1,...,1) L.

L, is a generalization of the S-Laguerre ensemble studied in [10, 11, 28]; LY is a generalization of the
critical (i.e., of size 1+ /v) rank-one spiked model of the S-Laguerre ensemble (c.f., [2] and [6, (1.2)]). The
right-edge (i.e., largest eigenvalues) fluctuations of these matrices are captured by the rescalings

s - 2/3
¥, = —=2 ((\/ﬁ—k VD)2L, — Ln), where m,, := < V1P ) , (3.8)

Vb Vit Vb
and XY := (m2//mp) ((Vn + /p)*I, — L) with the same m,. The following is proved in Section 3.8:

Corollary 3.11. We can define Qy, so that X, = —A, +Qn and Z¥ = —AY + Q,, satisfy the hypotheses of
Theorems 2.20 and 2.21 respectively, where my, is as in (3.8), w, = \/p/n(ln,—1), W in (2.18) has variance
1/8, and V(z) in (2.10) equals x/2.

3.8. Application 3. Non-Symmetric Ensemble

We now provide an example of a non-symmetric matrix model for which we can prove a new limit law. The
following model is inspired by the S-Hermite ensemble:
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Definition 3.12. Suppose that ¢2 and ¢V # €L satisfy Assumptions 2.13-2.15 with m,, = n'/3. Let us

denote xY(a) := v/n — a—¢&Y(a)/n'/6 and x%(a) := v/n — a—£&E(a)/n'/8, and assume that xY (a), x%(a) > 0
(or, equivalently, £¥(a), ¢L(a) < n'/%\/n—a) for every 0 < a < n — 1. Define the random matrix

=&7(0)/n'% X (0)

i, = x:(0) . (3.9)
- B Xn(n—1)
X5(n—1) —&P(n)/nt/

In order to capture the edge fluctuations of H,,, we consider the rescaled version
R, := n1/6(2\/ﬁfn - f{n)
The following result is proved in Section 3.9:

Corollary 3.13. For every k € N, the k smallest eigenvalues of R,, converge in joint distribution to the k
smallest eigenvalues of SAOg with Dirichlet boundary condition.

3.4. Proof of Proposition 3.1

As argued in [20, Section 6] and [30, Section 5], it suffices to prove the convergence of Laplace transforms

n+1
lim E e titnii/2
n— oo

j=1

in joint distribution. On the one hand, if —A,, + @Q,, is diagonalizable, then

n+1 )
Te{Rn(t)] = 3 (1 Anij.

- 2
3msz

& ~
= § e tii(H) , t,... t >0
0<i<k J=1 0<i<k

) Lm?. (3t/2)]

j=1
for every t > 0. On the other hand, by [13, Theorem 2.23], for every ¢ > 0,

o0

Te[K (1)) = Ze_t’\f(ﬁ) < oo almost surely.
Jj=1

Consequently, by Theorem 2.20-(2), we need only prove that

- 2
n—00 3mn

n+l A [m2 (3t;/2)]
lim () eTtiAna/2 — (1 ﬂ) = (0,...,0) (3.10)
J=1 0<i<k

in joint distribution. . .
By the Skorokhod representation theorem, if K, () — K(t) in the sense of Theorem 2.20-(2), then there
exists a coupling of the sequence (An:j)i1<j<n+1,nen and ()\j(H))jeN such that

n+1 N\ miE/) e "
. nsJ _ Z —tA; (A
A JZZI (1 - W) = ‘ = (.11

almost surely for 1 < i < k. By Remark 2.24, there is no loss of generality in assuming that |m?(3t;/2)] is
even for all n; hence
> [m?(3t:/2)]  ntl

n+1 A
> (1-52 3

j=1 j=1

A | Lmat/2)]

1 Anig
2
3ms2,
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Let us fix 0 < d < 1 and 0 < € <0, where ? is as in (2.1). We consider four different regimes of eigenvalues
of —A, + Qn:

1o Jp:=Hj: Ay < —n°}

2. Jnpi={j:—n° < Ay <nfl

3. Jng i ={j :n® < Ay < (6—6)|m2(3t;/2)]}; and

Firstly, note that

2.

j€Jn;1

Ay |30 /2)]

- 2
3m?2

)

e \ lm3 66:/2)]
3m?2 )

n

where |J,,.1| denotes the cardinality of Jy.1. If |J,,.1] > 0 for infinitely many n, then this quantity diverges,
contradicting the convergence of (3.11). Hence J,,.; does not contribute to (3.10).
Secondly, recall the elementary inequalities

o<eZ—(1+i) <(1+i) ((1+i) —1), Vz,m > 0
m m m

0<e—z_(1_i)’”<(1_i)m((1_i)Z_l), V> 2 >0,
m m m

which imply that

o PN EHCE) e\
> o= (- g) ((+sm) ) 2

je‘]n;2 jGJn;2

and

A\ |lmEts/2)]

1 Anig
2
3ms2,

€

Since n% = o(m?), we have (1 + %) =1+ o(1), and thus (3.11) implies that the contribution of J,;2

n

to (3.10) vanishes.
Thirdly, one the one hand, we have that

E e—ti)\n;j/2 S |Jn73| e—tin€/27

j€Jn;3

and on the other hand, since |1 — 2| < max{e™*,e*"2} (2 € R), we see that

>

J€JIn;3

_ )‘n;j
2
3ms2,

[m3 (3t:/2)) 294 )
f o (- L322 )

< |Jp. a a
< |Jn;3] max max 3mz

j€dnis
exp (Lmi(%/?)ﬂm;j _ 2Lmi(3ti/2)J) }

2
3m2

Note that |J,.3] < n+1 and that there exists a constant C' > 0 independent of n such that for every j € Jy,.3,

2
3msz

o (L2

2
3mz,

L —2|m?(3t:/2) J) < exp <—§ Lmi(?»tz-/?)J) :

Consequently, the contribution of J,.3 to (3.10) vanishes.
Finally, we know from (3.1) that there is eventually no eigenvalue in J,.4, and thus it has no contribution
to (3.10), completing the proof Proposition 3.1.
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3.5. Proof of Proposition 3.4

According to the Gershgorin disc theorem (e.g., [33, Corollary 9.11]),

Ly(a—1) D '

2
my

A D, Un
Amintl ok (2_|_ (a)_,_‘_l_‘_ﬂ

2 — 2 2
my 0<a<n my my

+’—1+

By combining this with (3.3) and the triangle inequality, we get

A - 2
n,n2+1 < 6—26 + z : ax |§n (20’)|
my, 0<a<ln my

E=D,U,L

for large enough n. By a union bound, (2.16), and Markov’s inequality, we see that

[ s |5:?<a>|25]_0( n >

3q/2
mnq/

for any 0 € (0,9) and ¢ € N. By (2.1), we can take ¢ large enough so that 3 n/miQ/2 < 00; the result then

follows by the Borel-Cantelli lemma.
3.6. Proof of Proposition 3.5

This is a direct consequence of the following classical result in matrix theory:

Lemma 3.14 (21, 3.1.P22; see also Page 585]). Let M be a (n+1) x (n+1) real-valued tridiagonal matriz.
If M(a,a+1)M(a+1,a) > 0 for every 0 < a <n—1, then M is similar to a Hermitian matriz.

3.7. Proof of Corollary 3.8

Thanks to (3.6), straightforward computations reveal that we can write R, = —A,+Q, and RY = —AY+Q,,
with m,, = n'/3, where the noise terms ¢E are as in Definition 3.6, and the potential terms are

VP@ =0 and VY(a)=VE(a)=n"(vn—vn—a) (3.12)

for 0 < a < n. By Definitions 3.6 and 3.7, £ satisfy Assumptions 2.13-2.15, and Assumptions 2.2 and 2.17
hold for HY with w,, = pn/+/n. Thus, it only remains to prove that (3.12) satisfies Assumptions 2.10-2.12
with V(z) in (2.10) equal to z/2.

Note that n'/6 (\/ﬁ— vn — a) =n?/3 (1 -1 - a/n); hence Assumption 2.11 is met. Elementary calculus
shows that for any 0 < x < 1/2 and ¢ > 0, the function

z (11— /1—a/3) — kz/e

is nonnegative on x € [0, ¢®]. Taking ¢ = m,,, this implies that Assumption 2.12 is met with E = U, L in
both (2.13) and (2.14). Finally, for E = U, L and = > 0,

VE(z) := lim VF(|[n'3z]) = lim n%? (1—4/1—[n'/3z]/n) =x/2 pointwise.
n—oo n—roo

Since V.F(|n'/3z]) is nondecreasing in  for every n, the convergence is uniform on compacts. Then, we are
led to V(z) = 3 (VY(z) + VE(z)) = 2/2, as desired.
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3.8. Proof of Corollary 3.11

2/3
Remark 3.15. Unless otherwise stated, m, in this proof refers to the quantity ( \/H\/F\/ﬁ) defined in

(3.8). If we invoke statements regarding quantities that satisfy Assumptions 2.13-2.15 with other values of
my, we will explicitly state so.

By definition of p and v, n=/3m,, = (1 + /v) /3 (1+0(1)), and thus (2.1) holds with ? = 1/3. With
this in hand, straightforward computations using (3.8) reveal that we can write ¥,, = —A,, + @Q,, with the
potential terms

2

m
VnDa:2 "~ a VnUa:VnLa:mil— l—a/n)(1—(a—1)/p
(a) N (a) (a) 1-vV(@—a/n) (1~ (a-1)/p))

and the noise terms

D ()2 cU ()2
(ﬁﬁ_ﬂ£+v 5%”_%$_ﬁ#2)

a+1) D (g + 1)V (a

é—U() L ( 1/_'6— / 51/6)_511( :;2/2)511())

We can similarly write 3% = —AY 4+ @Q,, with w,, = \/p/n (¢, — 1), the only difference in Q,, being in the
(0,0) entry, which has V?(0) = 0 and

&7 (0) =

2 FU ()2
(vPln gn1(/6) +\/_§ 1(/6))_6 §n2(/3) _5712(9?? ) (3.13)

Tl

We now check that the hypotheses of Theorems 2.20 and 2.21 are met.

Regarding the potential terms, (2.11) and (2.12) are immediate from the definition of V.F above. Given
that (1—/(1—a/n) (1 —(a—1)/p)) = (1—+/(1 — a/n)), the same argument used in the proof of Corollary
3.8 implies that (2.13) and (2.14) both hold with E = U, L. Next, by writing n = vp(1 + o(1)), we observe
that we have the following pointwise limits in « > 0:

— Jim VP _ e
_ E 2l = (I+v)z
novoo 2(1+Vv)*
Once again the monotonicity in = of the functions involved implies uniform convergence on compacts, and
we have V(z) := $(VP(z) + VU (2) + VE(2)) = z/2.
We now prove that the noise terms ¢Z satisfy Assumptions 2.13-2.15. Since

m, = O(n'/?) and  m2/v/n, m2/\/p=0(mY?) =0n"), (3.14)

E=U,L.

the fact that én satisfies Assumptions 2.13 and 2.14 with m,, = n'/3 implies that ¢Z satisfy Assumptions
2.13 and 2.14 as well. Recall that, by definition, §E satisfy Assumption 2.15 with m, = = n'/3 (and we
denote the corresponding limiting Brownian motions as W2, WU = WL) Since mn/nl/3 — (14 /v)~2%/3

converges to a constant, it then follows from a straightforward Brownian scaling that m— Ztm"“ &, cE (a) —

(14 v»)Y3WE(z) in distribution. Combining this with the fact that for every a = o(n), one has

miyp—a 1 m2\/n—a N4Z

lim and lim =

oo nl/6 mp (L4 o)A/ n—oo nl/6 mp (14 V)43
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we then obtain that ¢ satisfy Assumption 2.15 with

WP (z) := nlinéominmfj &P (a) = ( 2 >WD(I)+( 2y >WU(x),

a=0

and for £ =L,U,

WE(z) = Jim min L:ij ¢8(a) = (1 jﬁ) WU (x) + <1 fﬁ) WP (x).

From this we immediately obtain that W := $(WP + WU 4+ Wl) = WP + W is a Brownian motion with
variance 1/, as desired.

We conclude the proof by checking the assumptions related to the rank-one spike in L!’. That Assumption
2.2 is satisfied with w, = y/p/n(f, — 1) is an immediate consequence of (3.7). As for (3.13) satisfying

Assumption 2.17, this is immediate from the fact that £7(0)/n!/3 are uniformly sub-Gaussian, the estimates
(3.14), and the fact that £, = 1+ /v + O(m, ') (by (3.7)).

3.9. Proof of Corollary 3.13

It is easy to see that R, is of the form —A,, +Q,, (with m,, = n'/3 = n'/6,/n), where, for E = U, L, one has
Un(a) = n%(vn — vn—a+ €Y (a)/n'/%),

and D,(a) = ¢P(a). Given that —v/n —a + 551(/?,—\/” —a+ % < 0 (by Definition 3.12), R,, satisfies

(3.4). We can prove that R,, satisfies Assumptions 2.1 and and 2.10-2.15 in the same way as Corollary 3.8;
hence the result follows from Propositions 3.1, 3.4, and 3.5 ((3.3) is easily seen to hold here).

4. From Matrices to Feynman-Kac Functionals

In this section, we derive probabilistic representations for (f, K, (t)g), Tr[K,(t)], and (f, K*(t)g) that serve
as finite-dimensional analogs of (2.7) and (2.8).

4.1. Dirichlet Boundary Condition: Lazy Random Walk

Definition 4.1 (Lazy Random Walk). Let S = (S(u))ueNO (Ng :={0,1,2,...}) be a lazy random walk,

i.e., the increments S(u) — S(u — 1) are i.i.d. uniform random variables on {—1,0,1}. For every a,b,u € Ny,
we denote S := (S]S(0) = a) and S2 := (S]S(0) = a and S(u) = b).

4.1.1. Inner Product
Let M be a (n+ 1) x (n+ 1) random tridiagonal matrix, let v € R"*! be a vector, and let ¥ € N be a fixed
integer. By definition of matrix product, for every 0 < a < mn,

((%M)ﬁv) (a) = 3% Z M(a,a1)M (a1, a2) - M(ay—1,a9)v(ay), (4.1)

ay,y..,09—1

where the sum is taken over all aj,...,ay € Ny such that (a,ai,...,ay) forms a path on the lattice
{0,1,2,...,n} with self-edges (i.e., |a; — a;—1| € {0,1}). The probability that S is equal to any such
path is 377, and thus we see that

9—1

Liroo(s)>0) <H M (S(u), S(u+ 1))) v(S(¥))

u=0

M)%v)(a) = E

((

, (4.2)

W=
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where the random walk S is independent of the randomness in M, E® denotes the expected value with
respect to the law of S* conditional on M, and

7™ (8) :=min{u > 0: S(u) = —1 or n+1}.

We can think of the contribution of M to (4.2) as a type of random walk in random scenery process on
the edges of {0,1,2,...,n}, that is, each passage of S on an edge contributes to the multiplication of the
corresponding entry in M. In particular, if we define the edge-occupation measures

¥—1
Af;lyb)(s) = Z 1i5(u)=a and S(u+1)=b}> 0<a,b<n, (4.3)
u=0

then we have that

9—1
[T M (S),S+1)) = [] Ma,p)*" . (4.4)
u=0

a,beZ

We now apply the above discussion to the study of K, (t). We observe that

—A, n 1 D,
<I"‘T+3Q>(“’“>‘§(1‘ m(?) pEesm ()

—A, n 1 U,
(In—TEQ)(a,aﬂLl)—g(l— m(?) 0<a<n-—1, (4.6)

A, + O 1 L,
(I”_T?)(“H’a):g(l_m—(??) 0<a<n-—1. (4.7)

Let t > 0 and n € N be fixed, and let us denote ¥ = 9¥(n,t) := [m2(3t/2)]. By combining (4.5)—(4.7), the
combinatorial analysis in (4.1)—(4.4), and the embedding ,, in (2.21), we see that

A (n1)/m,
(f, Ka(t)g) = /0 (z) Elmna]

(S()+1)/mn
Fo.(S) mn/ g(y) dy| dz, (4.8)
S(ﬁ)/mn

where S is independent of @,,, we define the random functional

AG () AGTI () AGER(S)
() )T )

2 2 2
my ma my

)

Fot(S) = 1008501 |
a€Np

(4.9)

and for any = > 0, El™»%) denotes the expected value with respect to S™%)  conditional on Q,,.

4.1.2. Trace
Letting M be as in the previous section, it is easy to see that
n v—1
Tr[(%M)ﬂ = Z P[S*(V) = a]Ey*” 1 00(s)>0) H M(S(u), S(u+ 1))
a=0 u=0

where S is independent of M, and E* denotes the expected value with respect to the law of S, conditional
on M. Given that P[S(¥) = a] = P[S°(J) = 0] is independent of a, if we apply a Riemann sum on the grid
my, ' Z to the previous expression for Tr[($M)”], we note that

¥—1

(n+1)/mn,
Egmm’[m"” l1{7<n)(s)>ﬁ} H M(S(u), S(u+1))
u=0

Tr|( dz.

L=

M)’] = m,P[S°(¥) = 0] /

0
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Applying this to the model of interest K, (t), we then see that
. (n+1)/mn L L
Te[R o (8)] = ma P[SO(9) = 0] / el (9] da, (4.10)
0

where ¥ = J(n,t) = |m2(3t/2)], S is independent of Q,, Egm"ﬂ’w"ﬂ denotes the expected value of

ng"ﬂ’m"ﬂ conditional on @, and F,, ; is as in (4.9).

4.2. Robin Boundary Condition: “Reflected” Random Walk

Definition 4.2. Let T = (T'(u))
probabilities:

weNy be the Markov chain on the state space Ny with the following transition

P[T(u+1) = a+b|T(u) = d] :% if a € No \ {0} and b € {—1,0,1},

2 1
P[T(u+1)=0[T(u) =0] = 3 and P[T(u+1)=1|T(u) =0] = 3
We denote T := (T|T(0) = a) and T3 := (T|T(0) = a and T'(u) =b).
Let M be a (n+41) x (n+ 1) tridiagonal matrix, and let M be defined as

2 1 = e
M(a,b)_{3M(a’b) ifa=b=0,

$M(a,b) otherwise.

For any ¥ € N, 0 < a < n, and vector v € R**+!,

- " (a.b)
(M’v)(a) = E 1o o(r)>) H M(a,b)™ ™ U(T(ﬁ)) (4.11)
a,beNg

with T independent of M, E® denoting the expected value of T% conditioned on M, and we define Al(;l’b) (1)
in the same way as (4.3).

We now apply this to the study of the matrix model K (t). The entries of I,, — (—A¥ + Q,,)/3m2 are
the same as (4.5)—(4.7) except for the (0,0) entry, which is equal to

<In - LJQQ") (0,0) = % (1 + wp, — D;’@(QO))

3m?2
(21 —w,) - —Z(1- -
3< (1= wn) m,%) 3< 2 om2
Therefore, if we let ¥ = 9¥(n,t) := [m2(3t/2)], then
R (n+1)/mn, ] | (T(9)+1)/may
&2 09 = | F@ B | F (), | o(y) dy| dr, (412)
0 T(9)/mn

where T is independent of (), we define the random functional

(L=w.)  Da(0))" T
F’:Lljt(T) = 1{7-(77,)(T)>/lg} (1 - 2 - 2m2 ) (413)
(a,a) T)
Dn<a>)/‘ﬁ (
IT(- (4.14)
2
a€N< M
(a,a+1) (a ,a)
Un(a) AGHeTY () Ln(a) AT ()
IT (- - = : (4.15)

a€Np n
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and El™»%] is the expected value of T1™»*) conditional on Q,,.
4.8. A Brief Comparison with Other Matrix Models

The assumptions made in Section 2 suggest that 3(—A, + Q,) — H and 1(—AY + Q,) — H" as n — cc.
Thus, by Remark 2.8, we expect that for any sequence of functions (fpt)nen such that f,.(z) — e~ t*/2 in
a suitable sense, one has fn.i(—Ap, + Qn) = K(t) and fri (=AY +Q,,) — K“(t). The difficulty involved in
carrying this out rigorously in the generality aimed in this paper is to choose f,.+’s that are both amenable
to combinatorial analysis and applicable to general tridiagonal models. The main insight of this paper is
that the matrix models K, (t) and K*(t) (which correspond to the choice fo. () := (1 —z/3m2)Llmn(3t/2)])
are in this sense better suited than arguably more “obvious” choices of fy;.

In order to illustrate this claim, we compare our matrix models with f,..(z) := (1 — x/2m2 ) lmat/2],
which is what was used in [20, 14], and f,,.¢(z) := e~**/2, which is arguably the most straightforward matrix
model one could use in order to obtain semigroup limits. We begin with the latter: If Q,, is diagonal, then
we can express the matrix exponential e *(=2n+@n)/2 in terms of a Feynman-Kac formula involving the
continuous-time simple random walk on Z with exponential jump times. This formula is very similar to (2.7)
and (2.8) and is arguably easier to work with than (4.9) or (4.13). However, for general tridiagonal @, the
Feynman-Kac formula becomes much more unwieldy. In particular, the generator of the associated random
walk depends on the entries of @),,, making a general unified treatment more difficult.

As for the matrix model used in [20, 14], we note that

(I = =52 ) (@,0) = =2 0<a<n,
(- =552 ) (@a+ 1) = § (1- 22 O<asn-1
(In_%)(aﬂ,@:%(l_%—@) 0<a<n-L

If D,(a) = 0 for all n and a, then a combinatorial analysis similar to the one performed earlier in this
section can relate the above to a functional of simple symmetric random walks on Z (i.e., i.i.d. uniform +1
increments). More generally, if Dy, (a) is of smaller order than m?2 — U,,(a) and m2 — L, (a) for large n (e.g.,
for S-Hermite), then a similar analysis holds, but with additional technical difficulties (see [14, Section 3.1]
and [20, Section 3] for the details). However, if D,,(a) is allowed to be of the same order as m? — U,,(a) and
m?2 — Ly(a) (e.g., for 3-Laguerre), then the analysis of [20] and [14] no longer applies.

n

5. Strong Couplings for Theorem 2.20

Equations (4.8) and (4.10) suggest Theorem 2.20 relies on understanding how Brownian motion and its local
time arises as the limit of the lazy random walk and its edge-occupation measures. This is the subject of
this section.

Definition 5.1. For every z > 0, let B* be a Brownian motion started at x with variance 2 /3, and for
every t > 0, let B{*" := (B*|B*(t) = z). We define the local time process for B in the same way as in (2.5).

The main result of this section is the following.

Theorem 5.2. Lett >0 and x > 0 be fized. For every 0 < s <t andn € N, let 95 = 95(n) := |m2s] and
"™ = |mpx|. We use the shorthand ¥ := 9;. For every y € R, let (Yn, Jn)nen be equal to one of the three
sequences

(LmnyJa LmnyJ)neNa (LmnyJa [may| + l)neN’ or (LmnyJ +1, LmnyJ)neN- (5.1)
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Finally, suppose that (Z,,Z) = (8*", B*), or (S’gn’wn,éf’w) for each n € N. For every 0 < & < 1/5, there
exists a coupling of Z, and Z such that the following holds almost surely as n — oo

sup — Z(s)| = O (m;," logm,,) , (5.2)
0<s<t| Mn
A(ynﬁgn) Z’n, Yy
sup Js ( ) _ Ls (Z) -0 (m;1/5+8 logmn) . (53)
0<s<t, yeR My

Classical results on strong couplings of local time (such as [3]) concern the vertex-occupation measures
of a random walk:

AZ(S) = Z l{S(j):a}a a€Z, ueN. (54)
=0

Indeed, for any measurable f : R — R, the vertex-occupation measures satisfy

a€”Z

D F(SG)) =D ALS) f(a), (5.5)
j=0

making a direct comparison with local time more convenient by (2.5). Thus, our strategy of proof for Theorem
5.2 has two steps: We fLrstn use standard methods to construct a strong coupling of the vertex-occupation
measures of S*" and Sy " with the local time of their corresponding continuous processes. Then, we prove
that the occupation measure of a given edge (a,b) is very close to a multiple of the occupation measure of
the vertices a and b. More precisely:

Proposition 5.3. For every 0 < & < 1/5, there exists a coupling such that

AngyJ (Z,)

Mn

sup - LY(Z)

-0 (m;1/5+6 log mn) (5.6)
0<s<t, yeR

and (5.2) hold almost surely as n — oo.

Proposition 5.4. Almost surely, as n — oo, one has

1 AL(Zn
sup — (Al (z,) — AulZn) = O(m;l/2 log my,).
0<u<y ~ Mn 3

a,b€Z, la—b|<1

Notation 5.5. In Propositions 5.3 and 5.4, and the remainder of Section 5, whenever we state a result for
Z, and Z, we mean that the result in question applies to (Z,, Z) = (S*", B%) and (S5 * , B{'™").

5.1. Condition for Strong Local Time Coupling

We begin with a criterion for local time couplings. The following lemma is essentially the content of the
proof of [3, Theorem 3.2]; we provide a full proof since we need a modification of the result in Section 6.

Lemma 5.6. For any 0 < § < 1, the following holds almost surely as n — oo:

Aa ZTL a/m
s M5 ) —o s jnz)- 132)
0<u<d, acZ| Mn " 0<s<t, ly—z|<my?®
Zn 195 A% Zn _AZ Zﬂ A§ Zn
+m2° sup Zn(¥s) )—Z(s) + sup | (Zn) ( )‘ +  sup 7“(275) .
0<s<t| Mn 0<u<d, la—b|<mb~® My 0<u<¥, a€Z Mp
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Proof. Let n € N and a € Z be fixed, and for each € > 0, define the function f. : R — R as follows.
1. fe(a/my) =1/g;

2. fe(z) = 0 whenever |z — a/m,| > ¢; and
3. define f.(z) by linear interpolation for |z — a/m,| < e.

Since f. integrates to one, for every 0 < u < 14, we have that

u/mfl
| ) as- @)

=\ [ @) - 120 2) ay

< sup |LY,.(2) - LYT(Z).

2
u/m
ly—a/mn|<e /ma

Note that |f-(2) — f-(y)|/|z — y| < & for all z,y € R; hence, for every 0 < u < ¥,

2

w/m;,
/0 f-(Z(s)) ds — —5 Z F-(Zu(5)/ma)

u/m?2
/0 Fo(2(9)) = fo(Zu(02)/mn) ds

t
< —= sup
g2 0<s<u/m?2

Finally,

_}E_EE: /rnn _ é@ﬁél____ — j{:f% b/ma) Aﬁ( ) — éﬂﬁé&l

Mn M ez,

:_ngb/mn <n>—Az<Zn>)+Az<Z( ngb/mn_1>

m m
" ber " "

By a Riemann sum approximation,

1
~o(an),
EMy,
and thus we conclude that

a b _Aa "
o ng () ) — NilZn) _ O( I LHEA R AN AU(Z;)> |

My la—b|<em, Mn emy,

Zfs b/my) — 1

" bez

r The result then follows by taking a supremum over 0 < u < ¥ and a € Z, and taking ¢ = £(n) = m;°. O
5.2. Proof of Proposition 5.3

We begin with the proof of (5.2):

Lemma 5.7. There exists a coupling such that (5.2) holds. In particular, for any 0 < § < 1/2, it holds
almost surely as n — oo that

20
n

m:’ sup = O(m;,; " logm,).

0<s<t
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Proof. Suppose first that z = 0 so that (Z,, Z) = (S°, B®) or (85, BY®). According to the classical KMT
coupling (e.g., [24, Section 7]) for Brownian motion and its extension to the Brownian bridge (e.g., [7,
Theorem 2]), it holds that

Zn
sup (U)

— Z(u/m},)| = O(my,* logmy,)
0<u<? s

almost surely. Thus it only remains to prove that

sup |Z(9/m3) — Z(s)| = O(my, ' logmy,).

0<s<t

For Z = BY, this is Lévy’s modulus of continuity theorem. For Z = B? 0 we note that the laws of
(B?O(S))se[o,tm] and (B?’O (t_s))se[o,t/2] are absolutely continuous with respect the the law of (BO(S))se[O,t/Q]'

Suppose now that z > 0. We can define §*" := 2™ + S° and ngn’mn ="+ Sg’o, and similarly for B.
Since z"/m,, = z + O(m,;!), our proof in the case z = 0 yields

sup CACONS B?(s)

=O(m;logn +m; ")
0<s<t My

and similarly for the bridge, as desired. O

With (5.2) established, the proof (5.6) is a straightforward application of Lemma 5.6:

Lemma 5.8. For every d >0 and 0 <& < §/2,

sup |LY(Z) - L:(Z)| =0 (m;‘s/”‘E 1ogmn)

0<s<t, |y—z|<my°

almost surely as n — oco.

Proof. The result for B* is a direct application of [3, Equation (3.7)] (see also [31, (2.1)]). We obtain the

same result for BY* by the absolute continuity of (Ef’w(s))se[o 1/2) and (B (t — S))se[o 1) With respect

to (B”” (s))S c0.t/2]’ and the fact that local time is additive and invariant under time reversal. O
Lemma 5.9. For every d >0 and 0 < e < /2,

a __AD
sup |Au(Zn) Au(Zn)| =0 (m;5/2+8 ].Og mn)

0<u<d, la—b|<my~° Mn

almost surely as n — oco.

Proof. According to [3, Proposition 3.1], for every 0 < n < 1/2, it holds that

—1|pAa Sz" _ AP Sx"
o ap  mEASET)-ALST

> -0 e—c)\ +mr_114 5.7
o<u<®, apez (|a/mp —b/my|/2=1 A1) ( ) 57

for every A > 0, where ¢ > 0 is independent of n and A\. We recall that m,, < n® with 1/13 < 9, which
implies in particular that m ' is summable in n. Thus, if we take A = A\(n) = C'logm,, for a large enough

C > 0, then Borel-Cantelli yields

a(gz™y _ Ab(gz"
. |As(s") — AL(s™)| _ 0 (m3r/? 1ogm,)

0<u<d, la—b|<my~° Mn
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almost surely, proving the result for Z,, = S*". In order to extend the result to Z,, = Sgn’wn we apply the
local CLT (i.e., P[S*" (¥) = 2™~ = O(my,); e.g., [15, §49]) with the elementary inequality P[E;|FEs] <
P[E,]/P[E:] to (5.7):

m*l ‘Aa (Sm717m71) _ Ab (Sznﬁzn)’
P su n u '\~ u\~M9 >\l =0 mne—02>\ +mr_7,13
ogugﬂ,pa,bez (|la/mn — b/my|V/2=1AL)  — ( )

for all A > 0. Since Y, m,'® < oo the result follows by Borel-Cantelli. O

Lemma 5.10. For every 0 < § < 1, it holds almost surely as n — oo that

A (Z,
sup 7“(2_5)
0<u<¥, a€Z Mn

=0 (m_1+5 log mn) .

n

Proof. Note that, for any n,u € N, [S*" (u)| < |2"| + O(m2) Therefore, by taking a large b in (5.7) (i.e.,
large enough so that A%(S*") = 0 surely), we see that

Ae(S™"
P sup AuST) > A =0 +m; 1 (5.8)
0<u<y, a€Z s
for all A > 0. The proof then follows from the same arguments as in Lemma 5.9. O

By combining Lemmas 5.6-5.10, we obtain that

sup
0<u<y, a€Z

A (Z,) _ La/mn (Z)‘ — O(m;‘l logmy,),

Mo u/m?2
where, for every 0 < § < 1/2 and 0 < & < §/2, we have
t=1t(6,¢) :=max{ —1+2§,—6/2+¢}.

For any fixed ¢ > 0, the smallest possible t(d,¢) occurs at the intersection of the lines § — —1 + 2§ and
d — —0/2 + e. This is attained at § = 2(1 + ¢)/5, in which case t = —1/5 + 4¢/5. At this point, in order to
get the statement of Proposition 5.3, we must show that

sup |L5 /" (2) = LU(2)| = O(my e log )

Vs/m3
0<s<t, yeR

as n — oo for any € > 0. This follows by a combination of Lemma 5.8 with 6 = 1 and the estimate [31,
(2.3)], which yields

sup |LY(2) — LY(2)| = O(m; >/ (log m,)?/).

0<s,5<t, |s—5|<my?, yeR

(The results of [31] are only stated for the Brownian motion, but this can be extended to the Bridge by the
absolute continuity argument used in Lemma 5.8.)

5.8. Proof of Proposition 5.4

We may assume without loss of generality that x = 0. We begin with the case of the unconditioned random
walk Z, = S°.
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Let (¢¥)neng,acz be a collection of i.i.d. random variables with uniform distribution on {—1,0,1}. We can
define the random walk S° as follows: For every u,v € N and a € Z, if S°(u) = a and A%(S%) = v, then
S%u+1) = S°(u) + ¢2. In doing so, up to an error of at most 1, it holds that

A2 (S9)
(a b) SO Z l{Ca =b—a}> a,beZ.

Hence, by the Borel-Cantelli lemma, it is enough to show that for any z € {—1,0,1},

A%(S?) Aa (SO)
E P sup E Ligomy — —5—| 2 Cmk/?logm, | < oo (5.9)
won | 0Susd, ecz| =

for some suitable finite constant C' > 0. In order to prove this, we need two auxiliary estimates. Let us
denote the range of a random walk by

Ru(S) := Orgjaécu S(j) — Or<nj1gu S(5), u € Np. (5.10)

Lemma 5.11. For every € > 0,

> P [Ry(S°) = mlT] < 0.
neN

Proof. According to [9, (6.2.3)], there exists C' > 0 independent of n such that

E[Ry(S°)] < (Cmy)"/4ql, g€ No. (5.11)

Consequently, for every r < 2 and C' > 0,

sup E [ecmﬂs‘))/mny} < o0, (5.12)
neN
The result then follows from Markov’s inequality. O

Lemma 5.12. If C' > 0 is large enough,

Z P [sup A%(S%) > Cm,, logmn} < o0.
neN a€”Z

Proof. This follows directly from (5.8) since > m,** < co. O

According to Lemmas 5.11 and 5.12, to prove (5.9), it is enough to consider the sum of probabilities in
question intersected with the events

D, = {Rg(SO) < m,lfs, sup AZ(SO) < Cmy, logmn}
0<u<y, a€Z

for some large enough C' > 0. By a union bound,

A (SO)
X A5(S°)
P su lijayy — 24—~
OSuSﬂI,)aGZ ; {¢j==) 3

1/2

>cm,/“logmy, p N Dy
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h
h 1/2
<P 1+£I§Z< . Z =213 >cem,/“logm, p N D,
O<h<0%njog7;nn i=1
L h
< D P Agen 5|z emPlogmn | (5.13)
7m1+5<a<m1+5 Jj=1
O<h<Cmn logmn
By Hoeffding’s inequality,
i h -
> L=y — 5| = Omi/logm,, | < 2e720 o8 /O
j=1

uniformly in 0 < h < Cm,, logm,,. Since the sum in (5.13) involves a polynomially bounded number of
summands in m,, and the latter grows like a power of n,

for any ¢ > 0, we can choose C' > 0 so that (5.9) is of order O(n~9). (5.14)

This concludes the proof of Proposition 5.4 in the case Zn = SO by Borel-Cantelli.

In order to extend the result to the case Z,, = Sx =" it suffices to prove that (5.9) holds with the
additional conditioning {S°(9) = 0}. The same local l1rn1t theorem argument used at the end of the proof
of Lemma 5.9 implies that

AG(SII 3}‘ ) " .
Aa(Sm T )
P su lrpoy — ——0 7 >Cm1ll/210 .
OSuSﬁI,)aGZ ; {¢j=2} 3 > g
A% (S?)
Ae (S0

=0 |m,P sup Z l{ca_z} — ﬁ > Cm}/Q log M

0<u<v, a€Z =

The result then follows from (5.14) by taking a large enough g.

6. Strong Coupling for Theorem 2.21
We now provide the counterpart of Theorem 5.2 for the Markov chain 7" in Definition 4.2 that is needed for
Theorem 2.21.

Definition 6.1. Let X be a reflected Brownian motion on R, with variance 2/3. For every x > 0,
denote X% := (X|X( ) = x), and we define the local time and the boundary local time of X asin (2.5) and
(2.6), respectively.

Our main result in this section is the following.

Theorem 6.2. Let t > 0 and © > 0 be fized. Let 9, 9s (0 < s < t), ™, and (Yn,Tn) (y > 0) be as in
Theorem 5.2. For every 0 < e < 1/5, there exists a coupling of T*" and X* such that

T (9s)

sup - X%(s)| =0 (m;, " logm,,) , (6.1)
0<s<t mnp
A(O,O) " 400 Xac
o) m(n ) _ t; ) -0 (m;l/z(logmn)3/4) , (6.2)
Ag‘}nvf‘jn) (Tx") LY (XCC)
su s 1- 19 o _ s =0 (m;1/5+5 lo mn) 6.3
OSSSth>O M ( 2 {(ynvyn) (070)}) 3 g ( )

almost surely as n — 0.
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Remark 6.3. In contrast with Theorem 5.2, Theorem 6.2 does not include a strong invariance result for the
T’s bridge process Ty ™ . We discuss this omission (and state a related conjecture) in Section 6.5 below.

The first step in the proof for Theorem 6.2 is to use a modification of the Skorokhod reflection trick
developed in [14, Section 2] to reduce (6.1) to the KMT coupling stated in (5.2). As it turns out, this step
also provides a proof of (6.2). The second step is to introduce a suitable modification of Lemma 5.6 that
provides a criterion for the strong convergence of the vertex-occupation measures of T' with the local time of
X . The third step is to prove an analog of Proposition 5.4. We summarize the last two steps in the following
propositions:

Proposition 6.4. Almost surely, as n — oo, one has

AT

1 n
su — |Al@d) (= ‘ =0 (m;?logm,),
3 -~ (T7") 2 ( gmn)
(a,b)ENI\{(0,0)}, |a—b|<1
and
1 ne 2M0(T"
sup — |[ALO(T=") W07 :O(m;l/2 logmy,).
0<u<® Mp 3

Proposition 6.5. For every 0 < e < 1/5, under the same coupling as (6.1), it holds almost surely as n — oo
that

=0 (m;l/@“E log mn) .
0<s<t, y>0

6.1. Proof of (6.1)

Definition 6.6 (Skorokhod Map). Let Z = (Z(t))t>0
the Skorokhod map of Z, denoted I'z, as the process

FZ(t) = Z(t) + SL[lopt] ( - Z(S))J,_a t Z 07
se|0,

be a continuous-time stochastic process. We define

where (+)4 := max{0, -} denotes the positive part of a real number.

Notation 6.7. In the sequel, whenever we discuss the Skorokhod map of the random walk S, I'g, we mean
the Skorokhod map applied to the continuous-time process s — S(¥s) for 0 < s < ¢.

Note that Z +— I'z is 2-Lipschitz with respect to the supremum norm on compact time intervals. Therefore,
(6.1) is a direct consequence of (5.2) if we provide couplings (T, S) and (X, B) such that 7% (1) = T'gen (5)
and X*(s) = [z, (s).

Let us begin with the coupling of X* and B*. Note that we can define X% := | B*|, where B is a Brownian
motion with variance 2/3. Since the quadratic variation of B? is t + (2/3)t, it follows from Tanaka’s formula
that

. t _ _ 289(B”
Xx(t):x—l-/ sgn(B*(s)) de(s)+%, t>0
0
(e.g., [29, Chapter VI, Theorem 1.2 and Corollary 1.9]), where
_ 1 [t -
29(B7) =t 5 [ 1 ecpen ds = S0,

If we define

¢
B =z —|—/ sgn(B%(s)) dB(s), t>0,
0
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which is a Brownian motion with variance 2 /3 started at z, then we get from [29, Chapter VI, Lemma 2.1
and Corollary 2.2] that X =Tz, (t) and

(2/3)L0(X") = sup,epo.q (= B*(5)), (6.4)

for every t > 0, as desired.
We now provide the coupling of 7*" and S*". (See Figure 1 below for an illustration of the procedure we
are about to describe.) Let C be the set of step functions of the form

9
A(s) =D Aul sy (5), (6.5)
u=0

where Ag, Ay,..., Ay € Z are such that Ag = 2™ and A,1 — A, € {—1,0,1} for all u. Let C; C C be the
subset of such functions that are nonnegative. For every A € C, let us define

9—1
HO(A) = Z l{Au:Au+1:0}' (66)
u=0

By definition of S and T, we see that for any A € C,

p [(an (ﬁs))ogsgt = (A(ﬁs))ogsgt} - 3%9’
N 9Ho(A)
P [(17(0) g e, = (A0 gere] = 57— Liaces.

It is clear that A — I' 4 maps C to C4 and that this map is surjective since I'y = A for any A € C,. Thus, in
order to construct a coupling such that 77" (9;) = I'gex (s), it suffices to show that for every A € C,, there
are exactly 2M0(4) distinct functions A € C such that I;=A

Let A € Ci. If Ho(A) = 0, then there is no A # A such that I'; = A, as desired. Suppose then that
Ho(A) =h >0.Let 0 < uq,...,up < ¥—1 be the integer coordinates such that Ay, =Au;41=0,1<5<h
Then, I' ; = A if and only if the following conditions hold:

1. Ayy1— Ay, =0o0r Ay, 41— A,, = —1forall 1 <j<h,and

2. Auy1 — Ay = Ayy1 — A, for all integers u such that u & {uq,...,up}.

Note that, up to choosing whether the increments fluﬁl — Auj (1 <j < h) are equal to 0 or —1, the above

conditions completely determine A. Moreover, there are 2" ways of choosing these increments, each of which
yields a different A. Therefore, there are 2M0(4) distinct functions A € C such that I’ i =4, as desired.

—
2 jo— ~— ~— —
op----------- —— —— - — — ——o—

/ —o— o— o—
— —2 = -— -
2 jo— ~— ~— ~——|
—o— o—o— -— -~—
or----------- ——o0o— o—o— — — —
2L - —
2 o— — — —
’\ —o— o—o— —o—|
or----------- ——-00— — —o— — —
— o—o—
_9o L B

FIG 1. On the left is a step function A € C4 (where 2™ = 2). the segments contributing to Ho(A) are blue. On the right are
two (out of 2Ho(S) = 8) step functions A € C such that I' ; = A.
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6.2. Proof of (6.2)

Since the map Z — sup ¢, ( — Z(s))+ is Lipschitz with respect to the supremum norm on [0,t], if we
prove that the coupling of T and S introduced in Section 6.1 is such that

A1(90,0) (Tm") g (_ g (195))+
my, 0<s<t M,

=0 (m;1/2(10gmn)3/4) (6.7)

almost surely as n — oo, then (6.2) is proved by a combination of (5.2) and (6.4).
Note that if 7%"(ds) = A(V) for s < ¢, where A € Cy is a step function of the form (6.5), then

A%O’O) (T*") = Ho(A), as defined in (6.6). By analyzing the construction of the coupling of T and S in Section
6.1, we see that, conditional on the event {Ag)’o)(T””n) = h} (h € Np), the quantity maxo<s<; (— S®" (195))+
is a binomial random variable with h trials and probability 1/2. With this in mind, our strategy is to prove
(6.7) using a binomial concentration bound similar to (5.13). For this, we need a good control on the tails

of ALO(Te"):

Proposition 6.8. There exists constants C,c > 0 independent of n such that for every y > 0,

sup P [A%O’O)(Twn) > mny} < Ce=V’.
neN, z>0

In particular, there exists C > 0 large enough so that
Z P [Ago,o) (T°") > Cmn\/logmn] < 00. (6.8)
neN

Indeed, with this result in hand, we obtain by Hoeffding’s inequality that

|2~ oo, (- 57" 0),

0<s<t

> C’m}/2(logmn)3/4/2'A1(90’0)(T”””) _ h} < 9¢-C*logmn /2C

uniformly in 0 < h < Cmyv/Iogm,. By taking C' > 0 large enough, we conclude that (6.2) holds by an
application of the Borel-Cantelli lemma combined with (6.8).

Proof of Proposition 6.8. Let T and S be coupled as in Section 6.1, and let

that is, the number of times that S is smaller or equal to its running minimum over the first ¥ steps. Then,
we see that

¥—1
AO0) ey 1 < .
o (1) 1;) {5(w)<0, S(ut1)<min{5(0),5(1),...S(w)}} = po (5)
Given that py(S) is independent of S’s starting point, it suffices to prove that

sup P [119(S%) > mpy| < Ce v’ y>0 (6.9)
neN
for some constants C, ¢ > 0.
If y > myt, then myy > ¥, hence P [119(5%) > myy| = 0. Thus, it suffices to prove (6.9) for y < my,t.
Our proof of this is inspired by [25, Lemma 7]: Let 0 = ty < t; < to < --- be the weak descending ladder
epochs of SO, that is,

tyr1 = min{v > t, : S%(v) < S%(t,)}, u € Np.
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Then, for any v > 0,

P [19(S%) > mpy] =P [tpm,,) <9] <P {So(t[mny]) > min So(u)]

0<u<y

< 0 > — in S° -
<P [ (trm,y) > —vmay] + P [Oinulgﬁs’ (u) < any} .

On the one hand, we note that S%(t[,,,, ;1) is equal in distribution to the sum of [myy] i.i.d. copies of 5°(t;),
which we call the the ladder height of S°. Moreover, it is easily seen that the ladder height has distribution
P[S%(t;) = 0] = 2/3 and P[S°(t;) = —1] = 1/3. In particular, E[S?(t[,,,,1)] = —[mny]/3. Thus, if we
choose v small enough (namely v < 1/3), then by combining Hoeffding’s inequality with m,, > y/t, we
obtain

P [So(t(mny-\) > _any] =P [So(t[mny]) + ’—m;y] > —vmypy + @ < Crem MY < Cle_cly2/t

for some C7,c; > 0 independent of n.
On the other hand, by Etemadi’s and Hoeffding’s inequalities,

: 0 o < 0 < 0 < —cay?
P OénulgﬂS (u) < any} <P [Orgljé(ﬂ |S%(u)| > vmpy| < 30213§19P [15°(u)| > vmypy/3] < Cae

for some Cs, c2 > 0 independent of n, concluding the proof of (6.9) for y < my,t. O
6.3. Proof of Proposition 6.4
By replicating the binomial concentration argument in the proof of Proposition 5.4, it suffices to prove that

Y P [Rﬁ(T”E") > m}jﬂ < 00 (6.10)
neN

for every £ > 0, where we define Ry(7T®") as in (5.10), and

Z P [sup AY(T®") > Cmy, logmn} < 00 (6.11)
neN a€Z

provided C' > 0 is large enough. In order to prove this, we introduce another coupling of S and T', which
will also be useful later in the paper:

Definition 6.9. Let a € Ny be fixed. Given a realization of 7%, let us define the time change (@a(u))ueNo
as follows:

1. 5%(0) = 0.
2. If T%(6%(uw)) # 0 or T*(g%(u) + 1) # 0, then §*(u + 1) = %(u) + 1.
3. If T%(5"(u)) = 0 and T%(3"(u) + 1) = 0 then we sample

P (ut+1) = () +1] =~ and  P(u+1) = "u)+2]

4 T

independently of the increments in 7.

In words, we go through the path of 7% and skip every visit to the self-edge (0,0) independently with
probability 3/4. Then, we define ¢ as the inverse of g%, which is well defined since the latter is strictly
increasing.
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By a straightforward geometric sum calculation, it is easy to see that we can couple S and T in such a
way that

7" (u) = [S*" (0"" (u))|,  u € No. (6.12)

For the remainder of the proof of Proposition 6.4 we adopt this coupling.
On the one hand, Ry(T*") = R pen (18¥"]) < R(S*"). Thus (6.10) follows directly from Lemma 5.11.
On the other hand, for every a # 0,

AY(T®") = Agen (8*") + A (S™") < AL(S™") + Aye(S™"), (6.13)
and

AT ) = ALO@") + ATV (57) + AL (577) < ALO(T") + AL (7).
Thus (6.11) follows from (6.8) and Lemma 5.12.
6.4. Proof of Proposition 6.5

The following extends Lemma 5.6 to 7.

Lemma 6.10. For any 0 < d < 1, the following holds almost surely as n — oo:

Ag (Tmn ) . La/mn

sup wfms ()N(””) =0 sup ‘LZ(Xw) —Lj(f(””)‘
0<u<?d, aeNg Mp " 0<s<t
¥,2>0, |y—z|<m,*°
T (0, - AS(T=") — AL (T*" Ao(T*"
+mff sup # - XI(S) + sup | ( ) ( )‘ + sup %>
0<s<t My 0<u<y Mp 0<u<¥, a€Ng Mnp

a,beNg, \a—b|§m:f‘s

Proof. Let a € N be fixed. For every € > 0, let f. : R — R be defined as in the proof of Lemma 5.6, and
let us define g. : Ry — R as

9e(2) = [fe(2) (/Ooofa(z) dz>_1, z>0.

ge integrates to one on Ry, and |g.(2) — g-(y)|/|z — y| < E% for y, z > 0. By repeating the proof of Lemma
5.6 verbatim with g. instead of f., we obtain the result. O

We now apply Lemma 6.10. (6.1) yields

20 Tmn (195) _ Xm(s)

my,

sup =0 (m}f% log mn) .

0<s<t

Mn

As for the regularity of the vertex-occupation measures and local time of 7" and X% they follow directly
from the proof of Proposition 5.3 using Lemma 5.6 by applying some carefully chosen couplings of T with
S@n and X* with B*:

We begin with the latter. If we define X*(s) = |B*(s)], then for every y > 0 and s > 0, we have that
LY(X*) = LY(B*) + L;¥(B*). Consequently,

|LY(X7) = LE(X?)| < [LYUB®) — LA(B®)| + [L ¥(B®) — L *(BY)]. (6.14)

The regularity estimates for LY(X®) then follow from the same results for LY(B*).
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To prove the desired estimates on the occupation measures, we use the coupling introduced in Definition
6.9. This immediately yields an adequate control of the supremum of Afg(TI") by (6.11). As for regularity,
one the one hand, we note that

ATy = AL )] < AL (577) = Al (57)] 4 [A 4 (577) = A% (5]

u

for any a,b # 0. On the other hand, for any a # 0,

[AUT™) = AL(T*)] < [AUT™") = Agen (5*7)

+|FALTT) = A5 (5™)

Hence we get the desired estimate by Lemma 5.9 if we prove that

sup [SAS(T™") — AQar (57")

0<u<y

= O(m,,**logm,,) (6.15)

almost surely as n — oo. By Propositions 5.4 and 6.4, (6.15) can be reduced to

sup 3|%A1(LO,O) (Tm”) _ A(Q%’B) (an)

= O(m,,?logmy,). (6.16)
0<u<y

By Definition 6.9, conditional on ALY (T*"), we note that A(Qg;?zu) (5*") is a binomial random variable with
ALY (T*") trials and probability 1/4. Hence we obtain (6.16) by combining (6.8) with Hoeffding’s inequality
similarly to (5.13).

6.5. Coupling of TS’b

In light of Theorems 5.2 and 6.2, the following conjecture is natural.
Conjecture 6.11. The statement of Theorem 6.2 holds with every instance of T*" replaced by T;:b’mn, and
every instance of X*" replaced by thn’mn.

However, if we couple T"in S as in Section 6.1, then conditioning on the endpoint of 7" corresponds to an
unwieldy conditioning of the path of S:

P[T%(0) = a] = P [S*(0) = max (—S%u)), +al.

0<u<y

There seems to be no existing strong invariance result (such as KMT) applicable to this conditioning.
Consequently, it appears that a proof of Conjecture 6.11 relies on a strong invariance result for conditioned
random walks that is outside the scope of the current literature, or that it requires an altogether different
reduction to a classical coupling (which we were not able to find).

7. Proof of Theorem 2.20-(1)

For the remainder of this section, we fix some times t¢1,...,¢; > 0 and uniformly continuous and bounded
functions f1,91,..., fk, gk

7.1. Step 1: Convergence of Mized Moments

Consider a mixed moment

k

H<fi7Kn(ti)gi>ni] ; ni, ..., € No.

i=1

E
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Up to making some f;’s, g;’s, and ¢;’s equal to each other and reindexing, there is no loss of generality in
writing the above in the form

k
E H<fi7f(n(ti)gi>‘| : (7.1)

i=1

By applying Fubini’s theorem to (4.8), we can write (7.1) as

/[ 0,(n+1)/mn)* (H St )

and the corresponding limiting expression as

k

o (S5 (9:)+1) /mn
H E, 4, (S%% )mn/ gi(y) dy| dzq---dag (7.2)
S

paley 5 (94)

k

E [t &) ] /(Hf)

i=1

k

Hl{fo Biswi)> 1} € —(L¢(B5®i),Q (Bl Ti (¢ ))] day - - - dag,
i=1

(7.3)

where

1. 9; = Yi(n,t;) := |m2(3t;/2)] for every n € Nand 1 <i < k;

2.z := |myx;| for every n € Nand 1 <4 < k;

3. Sbwi . Sk7k are independent copies of S with respective starting points x, ... 2y and
4. BY®1 .. B¢ are independent copies of B with respective starting points x, ..., T.

We further assume that the S%* are independent of Q,,, and that the B%®¢ are independent of Q. The proof
of moment convergence is based on the following:

Proposition 7.1. Let z1,...,2, > 0 be fived. There is a coupling of the S%*i and B%*: such that the
following limits hold jointly in distribution over 1 < i < k:

gisal (Lm (35/2)J) _ B (S)‘

Mn

=0.

1. lim sup
n—oo 0<s<t;

AUn;Un Szz 1 )
95 ( ) _ _L%i(Bz;mi) — 0,

2. 1
im sup - 5

n—oo yGR

jointly in (Yn, Yn)nen equal to the three sequences in (5.1).

) (87 (9:)+1)/mn, .
3. hﬁm m"/. . 9i(y) dy = g; (Bgacz (t))

e SY(95) /mm
4. The convergences in (2.17).

(aE,aE (Szz ){E(a) 1
n — Yy 9T E
5. lim P = =3 /R LY (B) aw ¥ (y)
a€Ng +
jointly in E € {D7 U, L}, where for every a € Ny,

(a,a) if E=D,
(ag,ag) = (a,a+ 1) if E=U, (7.4)
(a+1,a) if E=L.

Proof. According to Theorem 5.2 in the case of the lazy random walk, we can couple S with a Brownian
motion with variance 2/3 started at x;, B%%, in such a way that

SH([m2 (3s/2)]) — B%%i(35/2) and w lL (B5")

Mo, Mo, 37 3t /2
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uniformly almost surely. Let B%%i(s) := Biswi (35/2). By the Brownian scaling property, B%%i is standard,
and Ly, /Q(Bmi) = 3LY (B%). Hence (1) and (2) hold almost surely. Since g; is uniformly continuous, (3)
holds almost surely by (1) and the Lebesgue differentiation theorem. With this given, (4) and (5) follow
from Assumption 2.15. O

Remark 7.2. Since the strong invariance principles in Theorem 5.2 are uniform in the time parameter, it is
clear that Proposition 7.1 remains valid of we take ¥; := |m2(3t;/2)| & 1 instead of |m2(3t;/2)|. Referring
back to Remark 2.24, there is no loss of generality in assuming that the ¥; have a particular parity. The
same comment applies to our proof of Theorem 2.20-(2) and Theorem 2.21.

7.1.1. Convergence Inside the Expected Value
We first prove that for every fixed x1,...,zr > 0, there exists a coupling such that

(557 (9:)4+1) /mn k o
lim HF" (S5 Y m /S gi(y) dy = Hl{ro(B’*’”i)>t}ei< t( )’Q>gi(Bl’m’(t)) (7.5)

n—oo il g
T (9;) /mn i=1

in probability. According to the Skorokhod representation theorem (e.g., [5, Theorem 6.7]), there is a coupling
such that Proposition 7.1 holds almost surely. For the remainder of Section 7.1.1, we adopt such a coupling.
Since m;,; 1 S%* (|m2(3s/2)|) — B“%i(s) uniformly on s € [0,t;], and m2 = o(n),

Am Lo sietys e, = Mmoo >t

almost surely. By combining this with Proposition 7.1-(3), it only remains to prove that the terms involving
the matrix entries D,,, Uy, and L,, in the functional F}, ;, converge to e (Le(B""1),Q")

that for £ € {D,U, L},

(ag.ap) Si;z?)
En(a)\": ¢ (a5.38) / ria? E,(a)
H(l_ m2 ) = exp ZAﬁiE P8 ) log | 1= 2 ;

a€Nyp n a€Np n

. To this effect, we note

where we recall that (ag,ag) are defined as in (7.4). By using the Taylor expansion log(1 + 2) = z + O(z?),
this is equal to

exp( Z AaE,aE Szz ) ( )—I—O (Z A(aE,aE)(Szx")EWELl) >> (7.6)

a€Ng a€Np

We begin by analyzing the leading order term in (7.6). On the one hand, the uniform convergence
of Proposition 7.1-(2) (which implies in particular that y Afﬁ_”’y”)(SW?)/mn and y — LY(B%®i) are
supported on a common compact interval almost surely) together with the fact that V. (|m,y]) — VE(y)
uniformly on compacts (by Assumption 2.10) implies that

B ) E A Yn,Tn) (Szz )
. (ag,ag) s Vn (a’) R T 9y FE _ 1 T E
Jim 3 A ety )t [T 2V () dy = (L (B V) (010

a&€Np

almost surely (where we choose the appropriate sequence (yy,, §n) as defined in (5.1) depending on (ag,ag)).
By combining this with Proposition 7.1-(5), we get

. ap,0R i En a ZT;
Jim 3 ageee e 2L i e, @) 8)
a€Np n

almost surely, where dQ¥ (y) := VE(y)dy + dWE (y).
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Next, we control the error term in (7.6). By using (z + 2)? < 2(22 + 22), for this it suffices control

ap,a s VnE (CL)2 ap,a s gf (a)2
DoAGFISE) e and Y AR (8T )R
a€Nyp n a€Ng n

separately. On the one hand, the argument used in (7.7) yields

ap,a i VnE(a)2 - T
Do AT () T = my? S (14 o(1) (L, (B™), (VF)?).
a€Np n

Since V¥ is continuous and Ly, (B%) is compactly supported with probability one, this converges to zero
almost surely. On the other hand, by definition of (4.3),

> AR (s < 0 = O(m?)

a€Np

uniformly in b € Z. Therefore, it follows from the tower property and (2.16) that

Z A(GE,U«E Szm )5

a&€Np n

= O(m;,");

n

Z AU«E,U«E Szm ) KE( ) ]

a€Np

hence we have convergence to zero in probability.
By combining the convergence of the leading terms (7.8), our analysis of the error terms, and (2.10) and
(2.18), we conclude that (7.5) holds.

7.1.2. Convergence of the Expected Value
Next, we prove that

k .on (Si;z?(ﬁi)""l)/mn
tin B[] P (5 s [ gily) dy
e s B (93)
=E |[[1{rpimi)sne” BT @g (B (t))] (7.9)
i=1
pointwise in 1, ...,z > 0. Given (7.5), we must prove that the sequence of variables inside the expected

value on the left-hand side of (7.9) are uniformly integrable. For this, we prove that

k

- (S5 (93)4+1)/ma ’
sup B [ ] | P, (55%7) / 9i(y) dy

n>N i=1 S (0:) /ma
2k 1/k

(8573 (95)+1) /m
<SUPHE Fot, (857 my, 9i(y) dy < o0
n>N; SHT(9:) /i

for large enough N, where the first upper bound is due to Hélder’s inequality.
Since the g;’s are bounded,

(8" (9:)+1)/mn
o [ 0i(y) dy < llgilloo < o0,
SUTF (95) fmn

uniformly in n, and thus we need only prove that

Sup E |:}Fn)ti (SZ#E?)
n>N

2’“} <00, 1<i<k. (7.10)
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Since indicator functions are bounded by 1, their contribution to (7.10) may be ignored. For the other terms,
we note that for £ € {D,U, L} we can write

| Eale) _ - V"E;C;L) &) _ (- %) (- Wfiﬁ()) . (7.11)

By (2.11), for large n we have |1 — V,F(a)/m?| < 1, hence by applying Holder’s inequality in (7.10), we need
only prove that

GkAGE B (ghel

& (a)
sup E L o <oo, E€{D,UL}. (7.12)
n>N ago 2 — VnE(a’)
Let us fix E € {D,U, L} and define
_ &) o m
el =g S ey

By (2.16), we know that there exists C' > 0 and 0 < v < 2/3 such that E[|(,(a)]?] < C%¢"? for every ¢ € N
and n large enough. Thus, since the variables ££(0),...,£2(n) are independent, it follows from the upper
bound [20, (4.25)] that there exists C' > 0 and 2 < 4" < 3 both independent of n such that (7.12) is bounded
above by

exp(OI(ZVn A, ( S”” ‘ECn ]|
a€Np
+ > (@) AG (ST 4 Y [ra(a)[ A, (ST )Y >>] (7.13)

a€Ng a€Ng

where we use the trivial bound Al(;l’b), Agb’a) < A§ for all a,b.
For any fixed x;, we know that S%% (u) = O(mn) umformly in 0 < u < ¥; because ¥; = O(m?). Thus,
the only values of a for which A§ is possibly nonzero are at most of order O(mj) = o(n). For any such

values of a, the assumption (2.12) implies that V. (a) = o(m?2), hence r,,(a) = O(m;3/2). By combining all
of these estimates with (2.15), (7.12) is then a consequence of the following proposition.

Proposition 7.3. Let 9 = 9(n,t) := |m2t] and 2" := |myx| for some t >0 and x > 0. For every C > 0

and 1 <¢q <3,
C = Ag(57")1
sup E [exp —219(7,1) < 00.
neN, x>0 s ac? mn

Since the proof of Proposition 7.3 is rather long and technical, we provide it later in Section 7.3 so as to
not interrupt the flow of the present argument.

7.1.8. Convergence of the Integral

We now complete the proof that (7.2) converges to (7.3). With (7.9) established, it only remains to justify
passing the limit inside the integral in dx; - - - dxg. In order to prove this, we aim to use the Vitali convergence
theorem (e.g., [12, Theorem 2.24]). For this, we need a more refined version of the uniform integrability
estimate used in Section 7.1.2. By Holder’s inequality,

k k .on (Si;z?(ﬂ’i)""l)/mn
[1 0 ) & | TP (5 m, [ gi(y) dy
=1

i=1 YT (95) /M

k
< [T 1sillsclgill <E [IFn,ti(S”?) ; (7.14)

i=1
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Our aim is to find a suitable upper bounds for the functions

. 1/k
x> B ||Foy (S5, 1<i<k.

In order to achieve this, we fix a small ¢ > 0 (precisely how small will be determined in the following
paragraphs), and we consider separately the two cases z € [0,n'7¢/m,,) and = € [n'7% /m,,, (n + 1)/my,).
Let us first consider the case z € [0,n'7¢/m,,). Note that for any E € {D,U, L},

AE;IEY&E)(S)
<
ac’Z

(ag,ag)
E,(a) Ao ETES)

2
n

En(la])

2
my

1-—

Losysoy [T 1=

a€Np

m

Then, by combining Hélder’s inequality with a rearrangement similar to (7.11), E [|Fn7ti(Si4zn)|k]1/k is

bounded above by the product of the two terms

~ GkA(a.E,aE) Si;zn 1/6k
II E|II]- ﬁ#‘g) o T 7 1
pebury |aczl Mn Va(la)
~- (ap,ap) Si;zn) l/Gk
VE(a) |
S Y (7.16)
Ee{D,U,L} | a€EZ n

Since mpxz = O(n'~) = o(n), the random walk S%*" can only attain values of order o(n) in ¥; = O(m2) =

o(n) steps. Thus, for E € {D, U, L}, it follows from (2.12) that V,Z(a) = o(m2) for any value attained by the
walk when z € [0,n'7¢/m,,). By using the same argument as for (7.12) (namely, the inequality [20, (4.25)]
followed by Proposition 7.3), we conclude that (7.15) is bounded by a constant for large n. For (7.16), let
us assume without loss of generality that V. is the sequence (or at least one of the sequenes) that satisfies
(2.13). According to (2.11), we have

okl o) (giem)] /O
L VE(al) [

<1
m2 -

II B|1I

Eec{U,L} a€Z

for large enough n. For the terms involving V.7, since |1 — y| < e~¥ for any y € [0, 1], it follows from (2.13)
that, up to a constant C' independent of n (depending on € through ¢ = ¢(6) in (2.13)), we have the upper
bound

(a,a) [ qize™ 1/6k
VP (Jaf) |*40 S
1- 22— <CE

2
my

Bl

a€Z

1/6k
6k6 0.0) ) crica™
exp (—W > log(1 + [l /ma) AT (5" >>]

" a€Z

(7.17)

for large enough n. If we define $%*" := 2™ 4 S9 for all > 0, then Af;t’a)(Smn) = Af;zfmn’afzn)(so). By
combining this change of variables with the inequality

log(1 + |z + 2[) > log(1 + |2[) — log(1 + |2]) > log(1 + |2]) — |z],

which is valid for all 2,z € R, we obtain that, up to a multiplicative constant independent of n, (7.17) is
bounded by

6k0 ok
E |exp <_W Z (log(1+ ) — |a/mn|)A59‘:1a)(5’0)>] .

" a€Z
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Noting that Af;z’a) < Ay, for every a € Z and that the vertex-occupation measures satisfy (5.5), an application
of Holder’s inequality then implies that (7.17) is bounded above by the product of the two terms

- 1/12k
E |exp <_w ZA&@)(SO)>1 (7.18)

m2
n a€Z
r 1/12k
12k6 S0

m
n0<u<y; n

Recall the definition of the range Ry, (S°) in (5.10). Since

0 > 0
Rﬂw(s ) = 022291 |S (u)|7

we conclude that there exists C' > 0 independent of n such that (7.19) is bounded by the exponential moment
1/12k
E [eCRﬁi(SO)/m"} . Thus, by (5.12), we see that (7.19) is bounded by a constant independent of n. It

now remains to control (7.18). To this end, we note that } ., Af;j’a)(SO), which represents the total number
of visits on the self-edges of Z by S° before the 9! step, is a Binomial random variable with ¥, trials and
probability 1/3. Thus, for small enough v > 0, it follows from Hoeffding’s inequality that

P

ZAE;:’“)(SO) < l/mi] <e oM (7.20)
a€”Z

for some ¢ > 0 independent of n. By separating the expectation in (7.18) with respect to whether or not the
walk has taken less than vm? steps on self-edges, we may bound it above by

)1/1% <(+2)+ o—(c/12k)m?,

(6712]6119 log(1+x) + efcmfl
Combining all of these bounds together with the fact that m,, is of order n® by (2.1), we finally conclude
that for every 1 <14 < k, there exists constants c1, ¢, c3 > 0 independent of n such that, for large enough n,

o 1/k
E[|Fn7ti(5“w )|k] < ((1+x)-029+e-03"2°), z € (0,01~ /my). (7.21)

Remark 7.4. We emphasize that ¢ does not depend on 6, and thus the assumption (2.13) implies that we
can make cof arbitrarily large by taking a large enough . In particular, if we take 6 > 1/co, then (14 x)~2?
is integrable on [0, c0).

We now turn to the estimate in the case where z € [n'=¢/m,,, (n + 1)/m,). By taking € > 0 small
enough (more specifically, such that 1 —e > 20, with 9 as in (2.1)), we can ensure that m,x > n'~¢ implies
that, for any constant 0 < C' < 1, we have Sz (u) > Cn'~¢ for all 0 < u < ¥; and n large enough. Let
us assume without loss of generality that VP satisfies (2.14). Provided € > 0 is small enough (namely, at
least as small as the ¢ in (2.14)), for any a € Ny that can be visited by the random walk, we have that
V.P(a) > k(Cn'~%/m,)%; hence

TRV @] i = k(O ) | 62 (a)

2 - 2
my my my my

_ <1_M) (1+m2 enla) ) (7.22)

2 — k(Cnl=¢/my)

According to (2.1), we know that (n'=¢/m,,)® < n®(!1=?)=2¢_Gince « is chosen such that 9/2 < a(1-0) < 20
in Assumption 2.12, we can always choose ¢ > 0 small enough so as to guarantee that

a(l,g),as) and (nlfs/mn)a — 0(7120) — 0(m2). (7.23)

n

2/2

n®* =o(n
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As a consequence of the second equation in (7.23), for n large enough (7.22) yields

< <1_ %) <1+ 2|an;<2a>|>.

n

D, (a)

1—
2
my

As for E € {U, L}, we have from (2.11) that
o Imi =V (9] | 16/ (a)]

- m2 m2

3 E,(a)

A

<1 .
m2

n

Thus, for any x € [n'=¢/m,, (n + 1)/m,,) and large enough n, it follows from Holder’s inequality that the

expectation E [|F, ¢, (5% =) ]Uk is bounded above by the product of the following three terms:

1/4k

(a,0) (gise™)
K(Cnt=% /my,)? Ao,
E H(l—T (7.24)
| a€Z n
r (a,a)  qizamy] 1/4K
o1¢D ARAG ) (577
E H<1+7|§’;ga|)|) (7.25)
a€Z n

apam), i 1/4k
4kA59iE E)(Sz,m )

I E H<1+7|§fﬂ(llf|)|> . (7.26)

Ec{U,L} a€Z

By repeating the bound (7.20) and the argument thereafter, we conclude that there exists c4,c5 > 0 in-
a(l—0)—ae

dependent of n such that (7.24) is bounded by e~ %" + e~ For (7.25), let us define (,(a) :=
|§,?(a)|/m}/2. By applying [20, (4.25)] in similar fashion to (7.13), we see that (7.25) is bounded above by

All (S’Z(IJ )

, 1
exp (c (o = Bl
SZCE SZCE
_2 1/22 ))] (7.27)

for some C’ > 0 and 2 < 4/ < 3 independent of n. By (2.16), the moments E[|(,(a)|] are uniformly bounded
in n, and thus

E

S’LI
1/2 Z ) E[|¢a(la])]] = O(m/?) = O(n®/?).

Mn gez

By applying the uniform exponential moment bounds of Proposition 7.3 to the remaining terms in (7.27),

we conclude that there exists a constant ¢g > 0 independent of n such that (7.25) is bounded by econ” A
similar bound applies to (7.26). Then, by using the first equality in (7.23) and combining the inequalities
for (7.24)—(7.26), we see that there exists ¢4, > 0 independent of n such that

a(l—d)—ace

. n 1/k ~ oo 20
E [|Fnt1 (5% )|k} <emAn 4o z € [0 my, (n+1)/my) (7.28)

By combining (7.21) and (7.28), we conclude that, for large n, the integral of the absolute value of (7.14)
on the set [0, (n 4+ 1)/m,,)* is bounded above by

k nt=¢/my, . v (n+1)/mn e L k
| | | fillso llgill oo Cl/ (14 xz)72% e dx—i—/ e~ Can Le G (g
i=1 0 n

lfa/mn
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for some ¢y, ca, 3, ¢4, ¢ > 0 independent of n. If we take § > 0 large enough so that (1+2z)~°2? is integrable,
then the sequence of functions

k
(H Lo, (n+1) /m.,) () fi(ivi)> E

i=1

b (55 (9:)41) /m

H Fn,ti (SZ,LI):") mpy / i (y) dy

=1 SHE(9:) /i

is uniformly integrable in the sense of [12, Theorem 2.24-(ii),(iii)], concluding the proof of the convergence
of moments in Theorem 2.20-(1).

7.2. Step 2: Convergence in Distribution

Up to writing each f; and g; as the difference of their positive and negative parts, there is no loss of generality
in assuming that f;,g; > 0. The convergence in joint distribution follows from the convergence in moments
proved in Section 7.1. The argument we use to prove this is essentially the same as [20, Lemma 4.4]:

For any R € [—00,0] and R € [0, 00}, let us define

5(19)+1)/mn

KER(Dg(@) =B

(RV Fo,u(S) AR) my /
S(9)/mn

9(y) dy]

and

KER(b)g(2) = B [ (RV Limmsne™ "D A R) g(BW)] .

where we use the convention RV y A R := max {B, min{y, R}} for any y € R. We note a few elementary
properties of these truncated operators:

1. K;%%°(t) = Ky (t), and K~8(t) = K(t) for all R < 0.

2. Arguing as in Section 7.1, for every R € [—00,0] and R € [0, o0,

lim (f;, KEF(t:)gi) = (fi, KEE (1) gi), 1<i<k (7.29)
n—oo

in joint moments.

3. If |R|, R < oo, then the (f;, K,};%’R(ti)gﬁ are bounded uniformly in n; hence the moment convergence
of (7.29) implies convergence in joint distribution.

Let R > —oo be fixed. Since (f;, Kf’oo(ti)gi> — (fi;, K®(t;)g;) in joint moments, the sequences in ques-
tion are tight (e.g., [4, Problem 25.17]). Therefore, it suffices to prove that every subsequence that converges
in joint distribution has (f;, K®(t;)g;) as a limit (e.g., [4, Theorem-Corollary 25.10]). Let A?J e ,A,;R be
limit points of (fi, KB>(t1)g1),- .., (fr, KB>(t})gx). Since f;,g; > 0, the variables (f;, Ka'"'(t;)g;) and

(fi, K®B(t;)g;) are increasing in R. Therefore, for every R < co, we have

(AT, AN > (1 BER () gr), o (fe KB (1) i) (7.30)

in the sense of stochastic dominance in the space R*¥ with the componentwise order (e.g. [22, Theorem 1
and Proposition 3]). By the monotone convergence theorem,

lim (f;, KEP(t)g;) = (fi, KB (t:)g:), 1<i<k
R—o0

almost surely; hence the stochastic dominance (7.30) also holds for R = cc. Since Af-j and (f;, KB (t;)g;)
have the same mixed moments, we thus infer that their joint distributions coincide. In conclusion, for any
finite R, we have that

Jim (£, K (t)g3) = (i K™ (t:)g2)

in joint distribution. In order to get the result for R = —o0, we use the same stochastic domination argument
by sending R — —o0.
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7.8. Proof of Proposition 7.3
If we prove that

exp <mgz%sq’0)q>] < 00,

" a€Z

sup E
neN

then we get the desired result by a simple change of variables. Similarly to [20, Proposition 4.3], a crucial
tool for proving this consists of combinatorial identities involving the quantile transform for random walks
derived in [1]. However, such results only apply to the simple symmetric random walk.

In order to get around this requirement, we decompose the vertex-occupation measures in terms of the
edge-occupations measures as follows: By combining

Ag(sO) _ A%a,afl)(er) _i_AE?a,a)(SO) +A59a’a+1)(50) + 1{5“(19):(1}7 ac’

with the inequality (z +2)? < 2971(29+ 29) (for z,Z > 0 and ¢ > 1), it suffices by an application of Hélder’s
inequality to prove that the exponential moments of

a,a—1 a,a+1
My, mi '
a€Z
and
1 ALY (50
a€Z

are uniformly bounded in n.

7.8.1. Non-Self-Edges
Let us begin with (7.31).

Definition 7.5. Let G be a simple symmetric random walk on Z, that is, the increments &(u) — G(u — 1)
are i.i.d. uniform on {—1,1}. For any a,b € Z and u € Ny, we denote & := (&|&(0) = a) and & :=
(6]6(0) = a and &(u) = b) (note that the latter only makes sense if [b — a| and u have the same parity).

For every u € Ny, let

Hu(S0) =) AlP(S9), (7.33)

a€”Z

i.e., the number of times S° visits self-edges by the u'® step. Then, it is easy to see that we can couple S°
and & in such a way that

S%u) =6°%(u—Hu(S%), uweN,

ie., BY is the same path as S° with the visits to self-edges removed. If we define the edge-occupation
measures for &° in the same way as (5.4), then it is clear that the coupling of S and & satisfies

AGTI(S) + AT (S) < AY(S).

Thus, for (7.31) we need only prove that the exponential moments of

L > AG(S0) (7.34)

q
m m
" aeZ "
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are uniformly bounded in n.
By the total probability rule, we note that

xp (mi 5 A%ﬁ)q) “Ym

" a€z beZ

E P[&°(9) = b].

C — A%(8%%)4
exp (m—n27ﬂ(m§ ) )

a€Z

According to the proof of [20, Proposition 4.3] (more specifically, [20, (4.19)] and the following paragraph,
explaining the distribution of the quantity denoted M (N, T) in [20, (4.19)]), there exists a constant C' > 0
that only depends on C, ¢, and the number ¢ in ¥ = |m2t] such that

a(@&0bvg
mi > Aﬁ(mLf) < C((RY" /ma)™ + (bl +2)/ma) ™), (7.35)
n an n

where %g’b is equal in distribution to the range of Gg’b, that is,

b d b b . b
Ry" S Ry(6y") == max &°(u) — min &5 (u).

n
0<u<y

Hence, if Ry(&°) denotes the range of the unconditioned random walk G, then

e (g 5 M) . [exp (O ((Rﬁ(es())l)“ L (&' + 2)‘11))} |

q— q—1
n ael My, oz

E

Since g —1 < 2, the result then follows from the same moment estimate leading up to (5.12), but by applying
[9, (6.2.3)] to the random walk &° instead of S°.

7.8.2. Self-Edges

We now control the exponential moments of (7.32). By referring to the uniform boundedness of the expo-
nential moments of (7.31) that we have just proved, we know that for any b € {—1,1}, the exponential
moments of

1 =AY (50 1 AGTP (50
My, Mn My Mmn
a€’Z a€Z

are uniformly bounded in n. Thus, by applying (z + y)? < 27(|z|? + |y|?), the exponential moments of

L (Aga-l-l,a)(so) +A1(9a—1,a)(80)+A59a,a+1)(so) +A1(9a,a—1)(80))(1
Mn a€Z m%

are uniformly bounded in n. Consequently, it suffices to prove that there exists ¢, ¢ > 0 such that for every
n € N and y large enough (independently of n),

P[> AGI(80)1 >y

a€”Z

<P Z (A1(9a+l,a)(80) +A1(9a—l,a)(so) +A1(9a,a+l)(80) +A1(9a,a—1)(S0))q >cy—él. (736)

a€”Z

We now prove (7.36).
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Definition 7.6. If ¥ is even, let Sp, S1, ..., Sy/2-1 be defined as the path segments
Su=(5°2u),8°(2u+1),5°2u+2)), 0<u<d/2-1

If ¥ is odd, then we similarly define So, S1,...,Sw-1)/2-1,Sw-1)/2 as

s (S°(2u), S°(2u + 1), S°(2u + 2)) fo<u<(@W-1)/2-1,
1 (S°(2u), S°(2u + 1)) if u=(9—1)/2.

In words, we partition the path formed by the first ¢ steps of S° into successive segments of two steps, with
the exception that the very last segment may contain only one step if ¥ is odd (see Figure 2 below for an
illustration of this partition).

Definition 7.7. Let S, be a path segment as in the previous definition. We say that S, is a type 1 segment
if there exists some a € Z and b € {—1,1} such that

(a,a,a +b),
Su =1 (a+b,a,a), or
(a,a),

we say that S, is a type 2 segment if there exists some a € Z such that
Su = (a,a,a),

and we say that S, is a type 3 segment if there exists some a € Z such that
Sy = (a,a+1,a).

_Given a realization of the first ¥ steps of the lazy random walk SO, we define the transformed path
(SO(U))OSuSﬁ by replacing every type 2 segment (a,a,a) in (SO(U))OguSﬁ by the corresponding type 3
segment (a,a+1,a), and vice versa. (see Figure 2 below for an illustration of this transformation). Given that

this path transformation is a bijection on the set of all possible realizations of (S°(u)) S’O(u))

OSugﬂ’( 0<u<d

is also a lazy random walk.

FiG 2. The partition into two-step segments is represented by dashed gray lines. type 2 segments are red, and type 3 segments
are blue. The two paths represent SO and S°, as related to each other by the permutation of type 2 and 3 segments.

Every contribution of S° to >, Af;l’a)(SO) comes from type 1 and 2 segments. Moreover, if a type 1

segment S, is not at the end of the path and adds a contribution of one to Al(;l’a)(SO) for some a € Z, then
it must also add one to

AGHED(S0) + AGTHD(80) 4 AT (%) 4+ AG Y (80). (7.37)
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Lastly, for every type 2 segment, a contribution of two to Af;l’a)(S’O) for some a € Z is turned into a

contribution of two to (7.37) in 59, In short, we observe that there is at most one ag € Z (i-e., the one level,
if any, where a type 1 segment occurs at the very end of the path of S°(u), u < ) such that

A%a,a)(so) SAE;H_L&)(SO)—I—Agl_l’a)(go)+A59a’a+1)(5'0)—I—Agl’a_l)(go)
for every a € Z \ {ao}, and
Aglo,ao)(er) < A1(9a0+17ao)(570) +A59a0—1700)(5v0) +A59a0’a0+1)(3'0) +A59a0’a0_1)(g0) +1

Given that (z + 1)7 < 297129 4+ 2971 for every z,q > 1, we obtain (7.36).

8. Proof of Theorem 2.20-(2)

This proof is very similar to that of Theorem 2.20-(1), except that we deal with random walks and Brownian
motions conditioned on their endpoint.

8.1. Step 1: Convergence of Moments
We begin with a generic mixed moment of traces, which we can always write in the form

ﬁmmmﬂ

i=1

E

By Fubini’s theorem, this is equal to

/ B
[0,(n+1)/mn]*

and by the trace formula in Remark 2.8 the corresponding continuum limit is

k k
& 1 REZEES) ’
Tr|K(t)|| = / E —1 g o (Le(By; ),Q") day - dag.
E : ]1 R, Ll:[l V2rt; (B ) >t}

where 9; and z]' are as in Section 7.1, and

k
[T m.PIs°9:) _(nzahn(sgfi“%)] day -+ day, (8.1)
=1

E

1‘ 'Vl7 n k; n7 n . . . .
1. ‘5’19’1961 o Sﬂ:k "k are independent copies of random walk bridges Sy" with z = 2 and ¥ = 9;;
2. Btll;zl’zl, . .,Bf}izk’m’“ are independent copies of standard Brownian bridges B;"* with © = x; and
t=t,.

Also, S’g?zl’z? are independent of @,,, and Bzm”“ are independent of Q.
According to the local central limit theorem,

lim 7, P[SO(9;) = 0] = —

S <i<k.
n—00 2mt;

) —

Moreover, we have the following analog of Proposition 7.1:

Proposition 8.1. The conclusion of Proposition 7.1 holds with every instance of S¥*i replaced by ng?’m?

. J
. K
and every instance of B¥" replaced by BZ;z“zl.

Proof. Arguing as in the proof of Proposition 7.1, this follows from coupling S%*:+%i with a Brownian

bridge E;g;;l with variance 2/3 using Theorem 5.2, and then defining B;“ml (5) := B;Zl/;l (3s/2). O
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With these results in hand, by repeating the arguments in Section 7.1.1, for any z1,...,zr > 0, we can
find a coupling such that

om o 1 BT, ,
: 0/q.\ _ VT 5T\ N *(Lt(Bti ),Q"
o, PLST(0:) = O (50,77 = g Lt o0

in probability for 1 < i < k. Then, by arguing as in Section 7.1.2 (more specifically, the estimate for (7.10)),
we get the convergence

k k
omom 1 iag,ag ,
lim E m,P[S°(9;) = 0] F, ;. (S5% %) | = E I | — o~ (Le(By; ),Q")
Jim B | [T meP(S°(00) = 01Fr (557) 5t im0
pointwise in z1, ...,z thanks to the following proposition, which we prove at the end of this section.

Proposition 8.2. Let ¥ = 9(n,t) := |m2t| and 2" := |m,x| for some t >0 and x > 0. For every C > 0

and 1< ¢q <3,
C Aa Sx7l7x7l q
sup E |exp —219(197(1) < oo.
neN, >0 My e mMnp

It only remains to prove that we can pass the limit outside the integral (8.1). We once again use [12,
Theorem 2.24]. For this, it is enough to prove that, for n large enough, there exists constants ¢1, co, ¢3, ¢4, &5 >

0 such that
k - n n
H Fn,ti (5119,111 i )‘|

/[07("+1)/m71]k i=1

nlfs/mn 0 20 (n+1)/mn = pa(l—d)—ae 26-12? g
—C2 —C3MN —C4aNn —4CsN
= 1 ) .
< c/ ((1+:1:) +e )dx—l—/ (e +e )da: (8.2)
0 n

ko p(nt1)/mn w71/
Qoo < [ / E [|Fue (S5 da
i=170

E

lfs/mn

where 6 is taken large enough so that (1 4+ x)7°2¢ is integrable. To this end, for every ¥ € N, let us
define Rg(Sg’O) as the range of Sg’o. By replicating the estimates in Section 7.1.3, we see that (8.2) is the
consequence of the following two propositions, concluding the proof of the convergence of moments.

Proposition 8.3. Let ¥ = 9(n,t) := [m2t| for somet > 0. For every C > 0,

supE [eCRﬁ(SBYO)/m"} < oo.
neN

Proposition 8.4. Let 9 = 9(n,t) := |m2t] for some t > 0. For small enough v > 0, there exists some
¢ > 0 independent of n such that

P

ZAE;’“M)(SS’O) < Vmﬂ <e M, be{-1,0,1}.

a€Z
Proof of Proposition 8.3. Let us define
M(S9%) := max |S5°(u).

0<u<y

It is easy to see that Ry (Sg,o) <2M (S’g’o), and thus it suffices to prove that the exponential moments of

M(S9?)/m,, are uniformly bounded in 7.
Let & be as in Definition 7.5, and define

M(&YY) = Jmax 1690, v € 2Nj.



Convergence of Tridiagonal Matrices to Stochastic Semigroups 43

According to [20, (4.7)] (up to normalization, the quantity denoted M (N,T) in [20, (4.7)] is essentially the
same as what we denote by M(&%°); see the definition of the former on [20, Page 2302]) we know that for
every 0 < g < 2and C >0,

sup B [ecww%‘))/ﬁ)q < oo. (8.3)
ueN
Let us define
H(S90) = 3T AGI(899),  we 2N, (8.4)

a€’Z
For any h € Ny, we can couple the bridges of S and & in such a way that
(S (W) H(S57) = h) = 657, (u = H(S3?)).
In words, we obtain 638, from Sg’o(u) by removing all segments that visit self-edges. Since visits to self-edges
do not contribute to the magnitude of Sg’o,

(M(Sy ") H(S5") = h) = M(&,2,,).
Thus, (8.3) for ¢ = 1 implies that

sup E [ CM(Sy )/m"} = sup Z E[ CM(5y°)/mn
neN nEN

<sup sup E {e(ﬁ/m")CWG?ﬁ”)/ﬁ} < oo
- neN1<u<d

H(S)°) = h| PIH(S5°) = 1] (8.5)

for every C' > 0, as desired. O

Proof of Proposition 8.4. Note that

SN <om2 | <P YT AT (S0 <um? | P[SO(0) =0]

a€Ng a€Ng
By the local central limit theorem, P[S°(¥) = 0]~! = O(m,,), and thus the result follows from the same
binomial concentration argument used for (7.20). (]

Proof of Proposition 8.2. In similar fashion to the proof of Proposition 7.3, it suffices to prove that the
exponential moments of

1 (Aga,a—l)(sgﬁo)+A1(9a,a+1)(S370))‘1 1 Aéa,a)(sgvo)q
— q and — - —q
My, mn mp mMn

a€Z a€’Z

(8.6)

are uniformly bounded in n. We start with the first term in (8.6). Under the coupling in the proof of
Proposition 8.3,

(Z (A5 70857 + A5 (857))

a€”Z

H(S)?) = h) <Y OAG (852,

a€Z

for every h € Ny. By conditioning on ’H,(S %) as in (8.5), we need only prove that

exp <%ZW>] < Q.

a€Z "

sup E
neN

By using (7.35) in the case b = 0 (i.e., [20, (4.19)]), this follows from (8.3). With this established, the
exponential moments of the second term in (8.6) can be controlled by using the same argument in Section
7.3.2 (the path transformation used therein does not change the endpoint of the path that is being modified;
hence the transformed version of Sg’o is a random walk bridge). O
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8.2. Step 2: Convergence in Distribution

The convergence in distribution follows from the convergence of mixed moments by using the same trunca-
tion/stochastic domination argument as in Section 7.2.

9. Proof of Theorem 2.21
This follows roughly the same steps as the proof of Theorem 2.20-(1).
9.1. Step 1: Convergence of Moments

9.1.1. Expression for Mized Moments and Convergence Result
By Fubini’s theorem, any mixed moment E [Hle (fi, IA(}Z”(tZ)gZ)} can be written as

k
/[O,(n+1)/mn)k (i_l f (x )>

and the corresponding continuum limit is

k (T3 (95)+1) /mn

e T (90) /m

9i(y) dy] dzy - - - day, (9.1)

k k k
~ _ iy N a0 i o
E H(fu K(ti)gi>‘| = /Rk <H fz'(%‘)) E He (LX), Q) e, (X g, (Xz’zl(t))] dxy - - - day,
=1 + \i=1 =1
(9.2)
where ¥; and z}' are as in Section 7.1,
1. 7Y% .. T%*% are independent copies of the Markov chain T’ with respective starting points .,
and
2. Xb# . X% are independent copies of X with respective starting points x1, . .., 2.

T4 are independent of Q,, and X%% are independent of Q.
Proposition 9.1. Letz1,...,x, > 0 be fized. The following limits hold jointly in distribution over1 < i < k:
T5 (|m3(3s/2)))

Mn

— X%%i(s)| = 0.

1. lim sup
n—00 0<s<t;

i _1 _ _ 7Y BT\ | —
2' nli)H;o :Sy‘i% My (1 21{(yn;yn):(0)0)}) 2Ltz(X ) 0’
jointly in (Yn, Yn)nen as in (5.1).
A(O,O) Tz,z? )
3. lim Ay (T 280 (XB)| = 0.
n—oo My v
. (T (95)+1) /1 .
4. lim mn/ ; 9i(y) dy = g (X" (1)).
n—oo 5T (191)/77177,

5. The convergences in (2.17).
A(aEﬁE) X6l ¢E .
6. lim 3 = () &wla) _ 1L / LY(T5) dWP(y)

v My, My, 2
a€Ng
for E € {D,U, L}, where, for every a € Ny, (ag,ag) are as in (7.4).

Proof. Arguing as in Proposition 7.1, the result follows by using Theorem 6.2 to couple the T5% with
reflected Brownian motions with variance 2/3, X7, and then defining X%/ (s) := X% (3s/2), which
yields a standard reflected Brownian motion such that Lgti/z(Xi?“) = 3LY (X% and Sgti/Q(Xi?wi) =
389 (X, O
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9.1.2. Convergence Inside the Expected Value
We begin with the proof that for every z1,...,z; > 0, there is a coupling such that

k k
. axt —(L(X5%),Q")Y—w ? B4 B2
i [T 7 (T >’"/< el dy = [Len AT g (x ) (03)
=1 v Wi)/mn =1

(THF (95)+1) /ma

in probability. Proposition 9.1 provides a coupling such that

k AGH (i)

D, i
H l{T(n)(Ti;zwn)>19¢} H (1 - m(2a)>

i=1 aeN n
Ag;li,a+l) (Tll/':") L A59C;+1,a) (Tum?)

2 2
my mpy

a€Np

le e~ (Le(X"),Q") " Combining this with Proposition 9.1-(4), it only remains

converges in probability to []
to show that

k k
. (1 — wn) Dn(O) - ,wgg(xiwi)
nlﬁnéoil:[l(l_ 2 om? _Ee ' '

To this effect, the Taylor expansion log(1 + 2) = z + O(2?) yields

)A%O-’O) (5

2 2m?2

2 2m?2 4 2md

< (1-w,) D (0))A%Z’°)<T”?>
1_ n n

By Proposition 9.1-(3) and Assumption 2.2,

g 407 (U5 Do) g iy

and

_ 2 2
lim Ay (75 ((1 wn)” 4 Dul0) ) ~0

n—00 4 Zm%

almost surely, as desired.

9.1.3. Convergence of the Ezxpected Value
Next we prove

lim E [[[EY, (T5) m, / _ 9i(y) dy
k P / 0 iix; .
=B |[Je "X @mw s O g, (X)) | (9.4)
i=1
pointwise in 1, ...,z > 0. Similarly to Section 7.1.2, this is done by combining (9.3) with the uniform
integrability estimate
sup E [\F,ﬁ’fti (Tiw?)f’“} <00, 1<i<k (9.5)

n>N

for large enough N. To achieve this we combine Proposition 6.8 and the following:
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Proposition 9.2. Let ¥ = ¥(n,t) = [m2t| for some t > 0. For every C >0 and 1 < q < 3,

Aa Tm’!l q
exp (mg Z AT?))] < 0.

" aeN

sup E
neN, >0

Proof. If we couple X and S as in Definition 6.9, then we see that

n a 0 q

C A2 (Tac )q 2q710 Agmn (S )
E - VA &

exp <mn Z - > <E |exp - T
a€N acZ\{0}
20710 Ag(S0)4
<E 9 :
<E|exp ( Oy MG
a€Z
Thus Proposition 9.2 follows directly from Proposition 7.3. o

Indeed, the arguments of Section 7.1.2 show that the contribution of the terms of the form (4.14) and
(4.15) to (9.5) can be controlled by Proposition 9.2. Thus, it suffices to prove that for every C' > 0, there is
some N € N large enough so that

CAR O (T
(I—wn)  Dy(0)|" "
E||l1- — . 9.6
nzi},l%zo 2 2m2 < (9.6)

By using the bound |1 — 2| < el?l, it suffices to control the exponential moments of

A (@) Dy (0)]

(0,0) frz™
Ay (T )1 — wy| and m

We begin with the first term in (9.7). According to Proposition 6.8, for every C' > 0,

z’Vl
sup E [eCA«(‘/‘O’O)(T )/m”} < 0.
neN, z>0

Thus, given that |1 — w,| = O(m,!) by Assumption 2.2, we conclude that

sup E < 00.

[eCAfso’O) (1) 1—w, \]
neN, >0

Let us now consider the second term in (9.7). By the tower property and Assumption 2.17, there exists

C,¢ > 0 independent of n such that

B {ecm%“’“)(T”")/mi“)(Dn<o>|/m3/2>] < CE {ecw?/mn)(/\if’“) ") jmn)’

Since & (C?%/my,) — 0, it follows from Proposition 6.8 that

sup B [ec<02/mn>(A%°’“)<TI">/M)2] <o
n>N, >0

for large enough N, concluding the proof of (9.6).
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9.1.4. Convergence of the Integral
With (9.4) established, once more we aim to prove that (9.1) converges to (9.2) by using [12, Theorem 2.24].
Similarly to Section 7.1.3, for this we need upper bounds of the form

o /R °
E [|F (1] <o (a0 4o ™) weon~/my) (9.8)

and
1/k L a(l-d)—ac _ 20

E [|F2, (1)) <ot +em e [, (14 1)/my), (9.9)

where €, ¢1,¢a,¢3,C4,85 > 0 are independent of n and 6 > 0 is taken large enough so that (1 + ;v)_”e is
integrable.
We begin with z € [0,n'7¢/m,,). Replicating the analysis leading up to (7.15) and (7.16) leads to bounding

E [|[FY, (T5")|¥] Mk by the product of the following five terms:

o q1/Tk
TRAS O (THe)
1_ n Dn 1‘91
E |- 0= Dal0) , (9.10)
2 2m?2
€8 (a) TeAlrE e ety HTE
II Bl - : (9.11)
Ec{U,L} a€Ng n (@)
Dy [ a]
E 1— —~n 9.12
g m2 —V.P(a) ’ ( )
(ag,ag) Ti;zn) 1/7k
V()|
II eIl s , (9.13)
Ec{U,L} a€Ng "
(a0) (pia™ 1/7k
VP (a) [
E|[]]1- s (9.14)

a€N

Suppose without loss of generality that V. satisfies (2.13). (9.10) can be controlled with (9.6); (9.11) and
(9.12) can be controlled with Proposition 9.2; and (9.13) can be controlled with (2.11). For (9.14), up to a
constant independent of n, we get from (2.13) the upper bound

1/7k
E |exp <——Zlog 1+ [al /ma)AS (15" ))] . (9.15)

My a€N

Let us couple T%*" and S*" = 2" 4+ S° as in Definition 6.9. The same argument used to control (7.17)
implies that (9.15) is bounded above by the product of

- 1/14k
14k0log(1 a,a
E |exp M > Al , (9.16)
i aczr {0}
- 1/14k
14k 1S9 (u)]
0<u<ey!

Since ggf < 9;, we can prove that (9.17) is bounded by a constant independent of n by using (5.12) directly.
As for (9.16), we have the following proposition:
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Proposition 9.3. Let 9 = 9(n,t) := |m2t| for some t > 0. For every x > 0, let us couple T*" and
S=" .= z™ + 89 as in Definition 6.9. For small enough v > 0, there exists C, ¢ > 0 independent of z and n
such that

supP E A(ierb)(So) <vm?| < Ce ™, be{-1,0,1}.
©>0 &9
= acZ\{0}

Proof. By Proposition 6.8, for any 0 < § < 1, we can find C, & > 0 such that

sup P {ASJ’O)(TM) > 519} < Ce ™.
x>0

Given that ¥ — ggn < A1(90,0) (T*"), it suffices to prove that

supP E AE?f;;Z)(SO) <vm?| < Ce_cmi, be{-1,0,1}
x>0
= a€Z\{0}

for large enough N. This follows by Hoeffding’s inequality. O

By arguing as in the passage following (7.20), Proposition 9.3 implies that (9.16) is bounded above by
c1 ((1 +x)72f + 6_03"20) for ¢1, 2, ¢3 > 0 independent of n (and ¢z independent of #), hence (9.8) holds.
We now prove (9.9). Let z € [n'7¢/m,, (n+1)/m,,). Assuming without loss of generality that V,” satisfies

(2.14), by arguing as in Section 7.1.3, we get that E [|FY, (Ti4””n)|k]1/k is bounded by the product of the
four terms
©0.0) pisar ] 1/ (@ra) priian ] 1/5K
(1—w,) Dy(0) SkAG (T k(O /my,)® SkAy " (TH)
| S B {1~ o omz
n G/EN n
1/5k 1/5k

BRAGHE B (T

(a,a) (rmizz™
206P @)\ &8
E ||(1+ |m?(la)|> - II EI|T] <1+|m(;)|>

a€eN Ec{U,L} a€Ng

By combining Propositions 9.2 and 9.3 with (9.6), the same arguments used in Section 7.1.3 yields (9.9),
concluding the proof of the convergence of moments.

9.2. Step 2: Convergence in Distribution

The convergence in joint distribution follows from the convergence of moments by using the same trunca-
tion/stochastic dominance argument Section 7.2, thus concluding the proof of Theorem 2.21.
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