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Abstract

Let O(2n + £) be the group of orthogonal matrices of size (2n + £) x (2n + £) equipped with
the probability distribution given by normalized Haar measure. We study the probability

p$Y = P[Ma, has no real eigenvalues] ,
where Moa, is the 2n x 2n left top minor of a (2n+£) x (2n+ £) orthogonal matrix. We prove
that this probability is given in terms of a determinant identity minus a weighted Hankel
matrix of size n x n that depends on the truncation parameter ¢. For ¢ = 1 the matrix
coincides with the Hilbert matrix and we prove

1)

—3/8
p2n ~n

, when n — oo.

We also discuss connections of the above to the persistence probability for random Kac
polynomials.

1 Introduction

In this paper we consider truncations of random orthogonal matrices distributed according to
Haar measure. We are mostly interested in the set of real eigenvalues of these matrices and in
the so-called persistence probability. This is the probability of the truncated random orthogonal
matrix having no real eigenvalue. However, before we go into details regarding the results, we first
want to give further motivation for considering this model in terms of random Kac polynomials.
Let {ai}io be a sequence of statistically independent copies of a random variable £ with zero
mean and unit variance. Then we define the random polynomial

N
Ky (2) = ) ap2" (1.1)
k=0

having random real-valued coefficients and random roots. Their probability distribution and
quantitative properties are a centrepiece of the theory of random polynomials dating back to
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the 18" century and attracting lots of attention since then. It was shown in [52], under mild
conditions on the probability distribution of £, that the normalized counting measure of the zeros
converges to the uniform distribution on the unit circle when N — oo. Restricting ourselves to
real roots only, the first major problem is determining their number

Ne(N) = #{zeR: Ky (z) = 0},

and its asymptotic behaviour when N — o0. The problem of calculating E [Ng(N)] has a long
history. The first significant results were obtained in a series of papers by Littlewood & Offord

[39, 40, [4T] and later improved by Kac in [33] where the author derives in the case of a; LN (0,1)
2
E [Nz (N)] = (; + 0(1)) logN, N — .

Later on this was shown to be universal for a wide class of probability distributions for £ by Kac
[34], Erdos & Offord [20], Ibragimov & Maslova [30] BT 32 29], Tao & Vu [54], see especially
[54, Sec. 1.2] for further references.

Further studies of real zeros of Kac polynomials led researchers to the calculation of correlation
functions. In [8] Bleher and Di found an explicit formula for all correlation functions between
zeros which is given in terms of a multidimensional integral of Gaussian type. Unfortunately,
their answer does not allow further progress in the study of the distribution of the zeros and did
not show any special structure of the correlation functions. However, P. Forrester found in [23],
generalizing methods of [27], a Pfaffian structure in the seemingly different model of eigenvalues
of truncated random orthogonal matrices when N — oco. He argued that Blaschke products of
the eigenvalues of rank-one truncated random orthogonal matrices converge to an infinite series
with NV (0, 1)-distributed coefficients. Here rank-one refers to truncations by one column and one
row. Comparing this to (L), it is natural to call this series

0
Ky (2) = > arz®, apeRareiid N(0,1), (1.2)
k=0

Kac series. This manifests the connection of roots of random polynomials and eigenvalues of
truncated random orthogonal matrices for large N. The model of truncated random orthogonal
matrices was first studied in [38] where it was shown that the eigenvalues form a Pfaffian Point
Process (PPP), meaning that the correlation functions can be expressed in terms of Pfaffians Pf
of the form

k
pl(cN) (’217 B2y ey Zk) = Pf {’Cé]:g (va Zq)} 3
pq=1
N N
ICéN% (z,w) = be\)[)(z,w) K%\r; (z,w)
X Y 9
_K12 (’LU,Z) K22 (z,w)

with skew-symmetric functions K11 (z,w) = —K3; (w, 2) and Ko (2, w) = —Kas (w, ). For the
definition and basic properties of Pfaffians we refer the reader to Appendix [Bl Later Matsumoto
and Shirai in [43], without using any relation to random matrices, proved that the roots of the
random Kac series (L2) form a PPP as well, with corresponding kernel being just the pointwise
limit of the one obtained in [23]. This was another strong evidence that there is a hidden Pfaffian
structure behind random roots of Kac polynomials. This Pfaffian structure was recently explained
in [46] in terms of Gaussian Stationary Process with sech(¢/2) correlation. This Gaussian process
was introduced to the area in [I3] when studying the so-called persistence probability for Kac



polynomials. The persistence probability of Kac polynomials is defined by
py i=P[Ne(N) =0] = 2P[Ky () > 0,Vz € R] [

Obviously, this question makes no sense for odd values of N, and therefore from now and on we
put N = 2n for some integer n. One can also study more complicated probabilities of having
some prescribed number of real roots as well, i.e.

PN,k = P [NR(N) = k] . (1-3)

First results on the persistence probability were obtained in [40], where it is proved that ps, =
O (1/1logn). Only 60 years later power-like decay

pon ~ n 0% when n — o0, (1.4)

for some unknown Ok,., was proven in [I3] reducing the problem to the study of persistence
probabilities for Gaussian Stationary Processes (GSP) Y; with correlation function

R (t) = (YyY;) = sech(t/2),
where < - > denotes the expectation value. The authors showed that
P[Y; > 0,V0<t<T]~ e OxacT

with fkac being the same as in (4. Despite being explicitly defined, the constant Ok, remains
unknown and the best known results are Ok, € (1/8, 1/4] (theoretically, [55]) and Okac ~ 0.1875+
0.01 (numerically, [13],[49]). Over time this constant became very popular as it had appeared
in many applications such as persistence of integrated Brownian motion [2], [56], no flipping
probabilities in Ising spin model [I6], persistence probabilities for solutions of diffusion and heat
equations with random initial data [49, [42] 48] [14]. However no single model was rigorously
solved and the constant remained unknown. Gaussian stationary processes and the calculation
of the corresponding persistence constant using Pfaffian structure is the main content of the
upcoming paper [47].

In the paper, however, using the connection suggested in [23] and explained before, we analyse
the model of truncated orthogonal matrices and the corresponding ”persistence” probability.
Let £ € N and O (N + £) be the group of orthogonal (N + ¢) x (N + ¢) matrices equipped with
the probability distribution given by normalized Haar measure. Decomposing O € O (N + ¢)

according to
My Bnxe
0= , 1.5
( Cexn Dy (15)
the main result of the paper can be formulated as follows.

Theorem 1.1. Let {Ms,,} be the ensemble of the 2nx2n top left minor of the orthogonal matrices
of size (2n + £) x (2n + £) chosen uniformly (with respect to Haar measure) at random. Then
the “persistence” probability

pgg := P[Ma,, has no real eigenvalues | = det (In - Dgf)H,(f)D,(f)) , (1.6)

is a determinant given in terms of the n x n Hankel matriz

B(p+q+1/2,0)
(Hnl)) = — ) p,q=0,n71,
g U—1T2 (%)

Lusually the persistence probability is defined as half of what we use here



where B stands for the Beta-function, and the n x n diagonal matriz DW with diagonal elements

I'(2p+¢) _—
) [ PT) B -
(D), = Toprn) P 0,n— 1. (1.7)

Remark 1.1. For { =1 the above expression further simplifies to

W _ det (I — HOY. where (HD) -+ 1.8
P2 = a0 ), e (), < kG

p,q=0,n—1. From now on we use the superscript (©) only when £ # 1, otherwise we drop it.

In fact our method allows us to find not only the probability of having no real eigenvalues,
but also the moment generating function of the number of real eigenvalues.

Proposition 1.2. Let ./V#) (R) denote a number of real eigenvalues of the random matriz Moy,
taken from the ensemble defined above. Then for any s € C

<esj\/7(f)(]R)>M — det (In ~ (1) D%Z)Hée)pg)) ’ (1.9)
2n

where < . >M2 denotes the expectation value with respect to the ensemble.

A similar result for the moment generating function of the number of real eigenvalues for
products of truncated orthogonal matrices was recently also obtained in [24]. The result was
obtained in the regime of large truncations ¢ > N and is expressed in terms of Meijer G-
functions, which makes its asymptotic analysis not feasible by our methods. We are interested in
the application of our result to the study of random Kac polynomials, and therefore we stay in
the so-called universality class of weak non-orthogonality (see review [26] and references therein).

Proposition 1.3. Identity (L3) gives access to the probability of all eigenvalues being real. The
result reads

o G+ 5)Gn+E)Gn+0G (n+l—3)
P T ) G () G (F) 06 v (= 5) 10

where G is the Barnes G-function and péen)gn is defined similar to (IL3)). For n — o and ¢ either
growing with n or being fized the probability of pure real spectrum has the asymptotic expansion

Loz ) —2log2, {4/n—0,
. ng2n,2n
hn%OT =< ¢ (a), l/n=ace(0,0), (1.11)

—log2, {/n— .

3 2
() = —10g2—a<1+1a) 1oga—%+(1+a)210g(1+a)— (1+%) log (2 +a),

with ¢ (0) = —2log2 and ¢ (0) = —log 2.

Formula (ICI0) was previously obtained in [25 Cor. 2] by a different method. Our main
result here is the asymptotics (LII) which clearly gives an interpolation between the weak non-
orthogonality class (small ¢) and the Real Ginibre Ensemble (¢ » n) in terms of the probability
pé@zn. The corresponding result for the Real Ginibre ensemble can be found in [19, Cor. 7.1].

The second main result of this paper is the asymptotic analysis of the probability (L8]).



Theorem 1.4. The asymptotics

log det (I, — Hy,) = —20logn + o (logn) (1.12)
holds as n — o0 with
1 7 3
= —— [ log (1 — sech S 1.1
0 27r/ og (1 — sech(mu)) du 16 (1.13)
0

In particular this implies that
lim 12822 _ 3 (1.14)
n—o logn 8
Remarks 1.2. (i) The constant 3/8 was recently also encountered in [10] in the context
of persistence probability of so-called Peron polynomials. This is a very intriguing coincidence
because Kac polynomials are defined through random coefficients, while the probability distribution
on the space of Perron polynomials is defined in a far more complicated way.

(ii) The relation of truncated orthogonal matrices to Kac polynomials in the case ¢ = 1
explained earlier on strongly indicates that the decay exponent 405,. in (L4) for the persistence
probability of Kac polynomials is given by

Okac = 13—6. (1.15)
as well and therefore 40k,. = 12/16 = 3/4. This will be content of the upcoming paper [{7]. Also
note that introducing the coefficient in (LI2) as 7207 is justified by the following observation: All
eigenvalues of the random matriz My, are positioned inside the unit disk and can model random
roots of a polynomial (1)) only within this domain. However, random roots of Kac polynomial
lying outside of the unit disk in the large N limit are independent and equally distributed (up
to a transformation z — 1/z) with those inside. Therefore, the persistence constant for Kac
polynomials is expected to be twice as big as the one for truncated orthogonal matrices.

(iii) Related asymptotics of the form (LI2) for det (I — aHy) with |a| < 1 were proven in
[21)]. It is shown there that

det (I —aH,)=— (arcsin®(a) + 7 arcsin(a)) log n + o(log n).

pres
The proof works for a larger class of Hankel matrices but does not generalize to a = 1 which we
need in our case. This result yields that the moment generating function of the number of real
etgenvalues can be written as

1 2 et |2 log 2
<eSN">= <§P[arccosﬁ] >logn+0(logn), s€ <OC, § ]

To conclude, we would like to mention that the same expression previously appeared in [16, Eq.
(7)] when studying the problem of the number of persistent spins in the Ising model on the half-
line.

The matrix H, is a variation of the Hilbert matrix, known since the end of the 19*" century.
Its spectral properties are well studied but, to the best of our knowledge, the known results
do not allow us to compute the determinant we are interested in. The determinant can also
be considered in the context of so-called Toeplitz + Hankel determinants. These determinants
are of independent interest where we refer to the review [12] and to [I1], 3 4, Bl 6] for recent



progress in that area. The results in the mentioned papers solely deal with Toeplitz + Hankel
determinants of particular forms, more precisely of Toeplitz and Hankel matrices having either
the same symbol or symbols which differ by just a factor eT?. Our result corresponds to symbols

O‘T (eit) = 1, O‘H (eit) _ ie_it/Q,

where the last one has a jump discontinuity at ¢ = 0.

The paper is organised as follows. In Section2lwe prove Theorem [ Iland derive (L9) - (IIT).
The proof of Theorem [[.4] is the main content of Section[Bl The proofs of a number of auxilliary
results is deferred to Sections @HGl Finally, in Section [7] we discuss some open problems and
conjectures in the scope of our interests.

Acknowledgement: The authors would like to thank Gregory Schehr for bringing the
problem to their attention and stimulating this research by providing links to other yet unsolved
problems. We are very grateful to Emilio Fedele and Alexander Pushnitski for numerous fruitful
discussions on modern progress of Hankel matrices and sharing their unpublished results to-
gether with the correction to the result of [57, Thm. 4.3] (see Lemma B.2)). This research was
partially supported by ERC starting grant SPECTRUM (639305) (MG) and by EPRSC Grant
No. EP/N009436/1 (MP).

2 Ensemble of truncated orthogonal matrices

In this section we give the details for the derivation of (L6). First we find the joint probability
distribution function for the eigenvalues of Ms,,. It was previously calculated with a mistake in
the coefficients in [38] and then corrected by a different method in [44] in the case of ”large”
truncations. For rank-one truncations (¢ = 1) this was also calculated in [37, Thm. 6.4, Rmk.
2]. We follow the strategy of [38], to obtain the result for small truncations, and fill some holes
and correct some minor mistakes in their proof. In the second part we note that the distribution
fits in the framework of Point Processes Associated to Weights developed in [51),[9]. This enables
us to calculate the corresponding averages in terms of a family of skew-orthogonal polynomials
found in [23].

Proof of Theorem[L1l We start by considering the orthogonal group of size N + ¢ with the
probability distribution defined by the measure

1
dp(0) = ——6 (070 — Inse) d O, (2.1)
UN+2
N+t ,
where dO = [] O;; is the flat Lebesgue measure on RV+" and
i,j=1
- N+4 7Tj/2
= 0 (0"0—-1 dO = , 2.2
ovee= [ 6 we) 40 = I 5 (2.2)

is the volume of the orthogonal group (see Proposition M) We decompose O € O (N + {) as
(cf. [@L.5))
0 - My  Bnxe
Cixn Dy '

Firstly, we compute the induced measure for the ensemble of the top-left minor My. We denote
the space of all possible matrices My by (9%). One can integrate out (see Lemma L] for details)



the variables By x¢ and Dy to obtain the joint distribution of M and C'nx¢. Then the probability
distribution on O%) is written as
Ve

dP(My) = ( 5 (MEMy + CL xCoxn — In) ngxN)dMN, (2.3)
UN +/¢ REN

where d My is Lebesgue measure on RN’ and d Cyx N is the Lebesgue measure on RN The
constraint imposed by the d-function yields ML My = Iy — C’éTX ~Cex N, which implies that all
eigenvalues of My belong to the unit disk D = {z]|z| < 1}. We are now left with the integration
over Cyxn. The dimension of the d-function inside the integrand is M, i.e. the number
of constraints imposed on the matrix in the integrand of the J-function, and the number of
independent variables in Cfx NCoxn is equal to Z(ZQ—H). This means that in the case of ¢ < N
the integration over Cypx n will lead to a singular measure concentrated on the boundary of the
matrix ball ML My < Iy (see [38]). We concentrate on the case of fixed £ and N — 0, so the
measure will be singular. If £ > N then the integration over Cyy n gives [38]

,02 —N—1
dP(My)= —2%t—det (I — MEM > dM
(Mn) UNTEVEN et ( N N)+ N

where we write M, to denote M, when M is positive definite and 0 otherwise.

In the singular case, i.e. £ < N, we calculate the eigenvalue distribution by following [38§]
and fill missing details. We start by noting that there are two types of eigenvalues for matrix
Mp: they can be either real or come in pairs of complex conjugate ones. We introduce disjoint
subsets of O given by (see [9])

Xr.m = {MN € Of\,‘ My has L real and M pairs of complex eiv’s} ,

for all pairs L, M € Z, such that L + 2M = N. For all My € Of\, we define a lexicographical
order of the 2M + L eigenvalues:

Alye s AL, T+ 0Y1, 1 — WY1, - TM + WYM, T — YM,
where \;, z;,y; € R and
Ai = ANig1, i > Xip1 OF Ty = Tjp1 With y; > yig1.

In what follows, we restrict ourselves to even IV and therefore L is even as well. In the case of
odd N we can obtain similar results, but the expressions would become lengthy and we omit this
case.

It was suggested by Borodin and Sinclair in their seminal study [9] on the Real Ginibre
ensemble that, instead of the full distribution, one should rather compute the distribution of the
eigenvalues conditioned on My € X ps. We follow this idea and prove

Lemma 2.1. Let My be the top left corner of an orthogonal matrix O € O(N + £) drawn
randomly with respect to the measure [2.Jl). Then the density of the joint distribution of the
ordered eigenvalues of My conditioned on having L real eigenvalues X = (M,...,AL) and M
pairs of complex conjugate eigenvalues 7 = (21,215 -+, 2M, ZM) 18

PP (X, Z) = i VX <(2w>é>w2 A (50 2)
YA )

UN+¢ o

M

Hwe M) | Jwe (z5) we (2)),

1




where A (Cr,...,C) = 1 (G —¢j) is the Vandermonde determinant and we (z) = 0 outside
1<i,j<p

the unit disk D while for z € D

1 _
2—|17z|1, (=1
s

w (2) = 6(6*1)‘1722’5—2 / (1—u2)[;3du /=9 (2.4)
27 -

2|Imz|
[1-22]

We prove the above lemma in Section [ that generalizes the corresponding result of [44] to
any integer £ either larger than N or not. In the following we will use wy a lot, which is of course
the square root of the latter function. The above expression for the conditional distribution
of the eigenvalues fits in the framework of point processes associated to weights developed by
Borodin and Sinclair in [9]. We use their main result which can be stated as

Theorem 2.2. [9, Thm 3.4] Let P be a point process of even size N in the complex plane con-
taining either real or pairs of complex conjugate points. Assume that the probability distribution
function for ordered configurations = = (§1,82,...,&n) conditioned on E € Xy, is given by

N
pEM(E) = Ox2M (A )| ] [w (&) Tzex,
j=1

with C being a normalization constant.
Then for any sequence of monic polynomials {pk (2) =2F+ ... 2:01 we obtain

1. For any function f : C — C
5 PE (Ui ()
<ﬂf(€j)>P=ma (2.5)
where - ), is the average with respect to P and
Ui (f) = /f(Z)Pi (z)w (2) (e [fpjw]) (2) = f (2) pj (2)w (2) (¢ [fpaw]) (2) d 2z
C

Here Pf denotes the Pfaffian of a matriz and € : S (C) — S (C) is the operator defined on
the class of Schwartz functions S(C) by

1

— [ f(t)sen(t—z2)dt, zeR,
LM ) =12 /

isgn (Imz) f (2), z e C\R.

2. The point process P is a Pfaffian point process with kernel

_ [DSy (z,w) SN (z,w)
Ky () = (Szj\\; (w,z) ISn (Zva) +5(sz)) ,



where

N—-1
DSy (z,w) =2 Y vigpi (2)p; (w)w (2) w (w),
4,j=0
N—-1
Sn (zw) =2 )" vijpi (2)w(2) (€ [pjw]) (w),
,j=0
N—-1
1SN (z,w) =2 ) v (e [paw]) (2) (¢ [pjw]) (w)
i,j=0
e (5 w) = %sgn(z—w), z,w e R,
, 0, otherwise.

and v; ; are the matriz elements of (UZ-TJ-1 (1) )T

Remark 2.1. The matriz elements U; j (f) can be written in terms of the skew-product
(f.9)" = / F(@w () Elgu]) (2) g () w(2) (e [fu]) () d 2= (2:6)
C

The product should be thought of consisting of two parts because the action of the operator e
heavily depends on the argument being real or complex. More precisely one can introduce “real”
and “complex” parts of the skew-product

(19 = [ 1@ w(@) Eloul) @) - 9 @) w @) E[Fo) (2) da,

(f9)" = i/(f (x +iy) g (x —iy) — g (z +iy) f (z —iy)) w (z +iy) w (v — iy) sgn (y) dxd y.
RZ

We see that the distribution found in Lemma 2] satisfies the assumptions of the latter

theorem with
o\ N/2
2
Cp = VN (( ) ) C w—uwy

UN+¢ 2

defined in ([24). The latter formulas can be further simplified by choosing a family of monic
polynomials skew-orthogonal with respect to the skew-product (Z6) with w = wy, for which
we use notation (f, g)(e) (and (f, g)g) , (f, g)g) for its parts). Such a family of skew-orthogonal
polynomials was found in [23] and later generalized in [24] to the case of products of truncated
orthogonal matrices. This family reads

Lemma 2.3. Let k € Ng. Then the polynomials defined by

2k
2k 2k+1 2k—1
= = - 2.
T2k (Z) Z7, T2k+1 (Z) z 2k+£z P ( 7)
are skew-orthogonal with respect to the skew-product [2.8), i.e. fori,j € Nog with i < j
01 (2k)! ) .
—— i =2k,j=2k+1,
(mim)) @ =4 @k+ o) J
0, otherwise.



Moreover for any i,j € Ng

i 1
B S0}, i=2pj=2¢+1
(mim)) = 3 207102 (£) (29 + 0) (p“” 2’ > PSR = s

0, i —j even.

We prove the above lemma in Section Bl Our final step is to apply the result of (ZX]) to the
function

1, (eC\R,
-1 — 2.8
£ =1-x2(0 {07 i 28)
Then the average <H§V=1 f (fj)>M with respect to the random matrices ensemble coincides

with p;ff and using (2.5) we obtain

2n—1 2n—1

Pf { (m;, m;)Y Pt { (mi, 7)) = (s, m))P
o DT P - om0} o

Top {(m,m)“)}%_l Pf {(m,wj)w}"_l

The matrix in the denominator is block-diagonal and the one in the numerator has a check board
pattern. Both Pfaffians can be reduced to determinants by the use of

4,7=0 i,7=0

Proposition 2.4. Let A = {a”}f?;é

7 have the same parity. Then

be a skew-symmetric matriz with a; ; = 0 whenever i and

-1
Pf A= det {a2i72j+1}?’j:0.
We prove this proposition in Appendix [Bl Inserting this in (2.9)), implies

n—1

o det {(7r2p,7r2q+1)(e) — (T2p, Tog11)p }

2n T

P.9=0 (2.10)

n—1

det {(mp, 7T2q+1)(€)}
p,q=0

The multiplicative property of the determinant, Lemma and the diagonal structure of the
matrix in the denominator yields

©® (Tap, Togs1)Yy " Bp+qg+3i.0) (2p+0) !
Py, = det { [ — ———K- = det {I— 2 :
0 P,q=0

(T2p, T2g+1) 20172 (%) (2p)! (2¢ + ¢)

p,q=

To obtain (L), we conjugate the latter matrix by the diagonal matrix @ given by Q,, =

A/ %, i.e. multiply by @ from the left and Q" from the right. This proves Theorem [l
([l

Proof of Proposition .2 Identity (L9)) follows along the same lines as (L6]). We change the test
function (Z8) to
9(z)=1-(1-¢)xr(z).

One can easily see that g (z) = e® if z € R and 1 otherwise. Therefore,

[1 9@)), =@

zespecMay,

10



Applying ([2.3) to the above function, we obtain, compare also with ([Z.10), that

2n—1
Pf {(ﬂ'i,ﬂ'j)(é) — (1—¢*) (m,ﬂj)ﬁf)}

<es/\/§l’»’>(R)> _ i,j=0
- n—1 :
Man, Pt {(m, 7r]_)(e)}
i,j=0
Mimicking the analysis at the end of the proof of Theorem [T gives the result. O

Proof of Proposition[I.3. Expanding the expectation according to

2n

SA%D s _
<e >M2n 2 FP(ND = k), (2.11)

implies that the probability pgff,% is given by the coefficient in front of e“™® in this expansion.

The latter expectation can be expressed in terms of the determinant (I9). Expanding this
determinant in the same way as (ZI1)) in terms of powers of e** using Leibniz formula, we obtain

2ns

0, = coctt [ det (1, - DOHODE 4 #DOHODO) 2o0].

25n]

where coeff[-, e stands here for the coefficient in front of €2*” in this expansion. The power
2sn

e**™ is the maximum power of the exponent in the expansion and thus writing down the latter
determinant using the Leibniz rule, one sees that

p) . = det DO HODY = det HY - (det DP)>.

For the determinant of Hff) we use a well-known identity for Hankel matrix determinants. Let
H= {hj+k}?;i0 be a Hankel matrix with

hy = /x”,u (x)dz, (2.12)

for some weight function u (x). Then using the symmetry of the integrand

n—1
det H = det {/x?rkﬂ(xj)dxj} //Hz]det {xk} . 01—[# ;) da,
1 n—1 ; i el
ﬁ//Z H)xg(j) det {za(j)}j,k=0 H)H(Scj)d:cj
o j= j=

- // I] (:cjf:ck)QhM(xj)dzj-

1<j<k<n 7=0

1 _
In the case of Hy we takeu(m)=qu/2(l—x)é ' 2 €[0,1]. Then
- +HDTG+OT (G +2
detH,(f)z e 1—[ J FG+0rQ )
2n(f— 1)F2” (%) j+n+€+ 3

=
_ 1:[1 g+e G+HTrG+1)
n(l= 1)F2” ) 320 F(G+n+t—1) ’



where we used the value of Selberg’s integral [50]. Using definition (7)) of DY and the value of
its determinant, together with the Gamma function duplication formula, we get

n—1 . 4 . £+1 .
0 _p-a(t P+ TU+5)TG+0
Panzn =1 <2>H F(j+n+€*%) .

Jj=0

The former can be rewritten as in (II0) by using

= ~G(n+a)
EF(]+G)_ G(a) ’

with G being the Barnes G-function. The asymptotic expansion of Barnes G-function at infinity
reads

2

1
logG (2) = =2%logz — §z

log 27 )
3 1 zlogz+z(1+ )

5 +Elogz+0(1), z — 0.

Let o, = % be bounded by strictly positive constants from above and below when n — 0.
Applying the latter asymptotic expansion to (II0) and «,,, we only keep the first two terms as
the rest will contribute to lower order terms. We then obtain

Qp

1ogpéen)12n =n? <log‘2 — oy, log vy, (1 + %an> -5

2 On 2
+ (14 an) 10g(1+o¢n)7(1+7) 1og(2+an))+o(n2),naoo,

where we also used

1
logT (z) = <z§>logzz+0(z),2Hoc,

to analyse the denominator of (II0). The result derived above is valid even for a,, = 0 (1) ,n —
00, and thus for ¢ « n we get

logpgg% = —2log2n® + o (n2) .

One can also argue that for o,, — o0 the coefficient in front of n? converges to — log 2, which gives
the answer. However, to prove rigorously the asymptotic result in the regime of large truncations
with £ » n we need to take all non-constant terms of the Barnes G-function expansion into
account. While expanding (I.I0) with respect to £ one can see that terms containing ¢2 log ¢, £ log ¢
and log ¢ vanish and for 8, = n/f =o0(1),n — © we get

log ply) 5, = ((1 + 60108 (14 ) — (B + 3 ) log (14 26,) — 2 — 52 o 2)%2

+ (g (1+ Bn)log (14 Bn) + % (1 +28,)1og (1 +26,) + fBn (1 + log 23/27r)> ‘

+ %(210g(1+2ﬁn)—510g(1+5n))+0(1), ? — oo,

For small 3, the first bracket is dominated by 32 log 2, this together with the definition of 3,, gives
the result. The second and third brackets are of order O (8,,) and therefore will not contribute
to the leading order. This finishes the proof of (LIT). O
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3 Asymptotic analysis of det (I, — HS))

In this section we use the short hand notation H, = Hr(ll). The asymptotic analysis of the
determinant det (I, — H,,) follows along similar ideas used in [36], where a similar persistence
problem led to an analysis of a determinant of identity minus a weighted Hankel matrix as well.
We use the trace-log expansion of the determinant which leads to analysing traces of powers of
the Hilbert matrix H,gl). The asymptotic behaviour of the trace of a fixed power of the Hilbert
matrix are studied in [57]. However, to obtain the asymptotic behaviour of the infinite series,
we need to work a bit harder to obtain proper upper and a lower bound. The upper bound is
simple and follows from truncating the trace-log expansion to a finite number of terms. For the
lower bound we change H™ — H, H™ ! where H,, denotes the infinite Hilbert matrix, as it
was suggested in [36]. Finally, using the explicit diagonalization of Hy, found in [35], we conclude
the proof.

Proof of Theorem[I-j] In what follows we use the notation D,, = det (I, — H,) and H = Hg,
for the infinite Hilbert matrix acting on ¢3 (Ng). From [35] Sec. 4] it follows that o(H) = [0, 1]
and consists of purely absolutely continuous spectrum only. In particular, |H|| = 1, where || - ||
denotes the operator norm. For the n x n restriction we have H,, of H we have

Lemma 3.1. For all n € N we obtain |H,| < 1.
We prove this lemma in Subsection[G.Il Our analysis relies on the well-known series expansion
log(l —z) = Z — (3.1)
meN
valid for all |z| < 1 and hence the latter lemma implies
Tr (
log D, = — Z r
meN

The above series is convergent because of Lemma [B.1] and consists of negative terms only. Thus
any finite truncation of the series gives an upper bound on the series.
For the upper bound we rely on the following result proved in [57, Thm. 4.3 and Cor. 4.4].

Lemma 3.2. [57, Theorem 4.3] For any fized m € N the moments of H, satisfy

[e¢]
1
lim ——*= = —/sechm um) du =: fip,. (3.2)
n—00 1ogn i
0

Remark 3.1. Compared to the result stated in [57], we have an additional prefactor 1/2m in
B2). This was missed in [57] and pointed out to us by A. Pushnitski and E. Fedele, see [22].

From the latter lemma we readily obtain an upper bound on the determinant D,,:

Corollary 3.3 (Upper bound). We obtain the bound

0
limsup — 2 Hm —/ log (1 — sech(ru))d u.

logn
n—0o0 g meN

13



Next, we prove a lower bound. Since the matrix elements of H are all positive we obtain the
inequality
Tr (H') < Tr (1,H™1,),

where 1,, denotes the projection on ¢2({0,1,...n — 1}) = £2(Np). Hence we obtain for all € > 0

log Dy > — ). T (1 H™ 1)

m
meN
o 2 Tr (1,H™1-.(H)1,) B Z Tr (1, H™1<.(H)1,) (3.3)
meN m meN m

Here 1..(H) is short for the spectral projection of H on the set {x : x > £}. We first estimate
the second term.

Lemma 3.4. We obtain

=0.

lim sup lim sup Z Tr (L, H™1<.(H)1,)

em0  n—oo logn e m

We prove this lemma in Subsection 6.1l In order to treat the first term on the left hand side
of B3) we use the explicit diagonalization of the operator H found in [35] Sec. 4].

Lemma 3.5. We define for | € Ny

4(3 )(l)(l)(l)(%)(l) F(

1(3)

where Iy denotes the generalized hypergeometric function. Moreover, let

Py(2?) :=

p(x) := 2sech(mzx).
and H := L?((0,0),dp). Then U : £?(Ng) — H defined by (Ue;)(x) := Pi(22) is a unitary and
(UHU* f)(x) = sech(mz) f(x), x>0,

i.e. U diagonalizes the operator H.

The latter lemma, Fubini’s theorem and (3] readily imply

> %Tr (1, H™ = (H)1,,)

meN
=2 Z / (sech(mx)) ™ 1-.(sech(rz)) | dz
mEN =0
sech—1(e) —
_ _/ log (1 — sech( P(=?)*da. (3.5)
0

Next we are interested in the asymptotic behaviour of Pl(acQ) as | — oo.

14



Lemma 3.6. Let x > 0 be fixed. Then as | — oo the asymptotics

Py (2?) = % cos (zlogl + arg A(iz/2)) (L + O(I™")) + 1732Ry (2)

holds, where arg is the argument function,

‘ 92i=3/2 cogh(ra) /2
A(ix/2) = 32

and the O-term is independent of x > 0 and

sup sup |R; (z)| <r (M)
z€[0,M] leNg

for some constant r(M) depending on M > 0.

We prove this in Subsection

Lemma 3.7. Let € > 0. Then we obtain the upper bound

Tr (1,1 (H)H™1, 1 [*
lim sup Zmeti T (In1><(H) ) < ——/ log(1 — sech (7z))d z.
n—oo 10gn T Jo

We prove this in Subsection The bound (B.3)) implies that

1 Dn
lim inf %8 — lim sup lim sup
n—w logn em0  m—00 1ogn
Tr (1, H™1 T 1H 1<«.(H)1,
(3 DA ) 5 Dl )
meN meN

From Lemma 3.4 and Lemma [3.7] the assertion follows.

4 Proof of Lemma 2.1]

In this Section we assume that if the region of integration is not specified, it is over whole space
of corresponding dimension.

Lemma 4.1. Let O € O (N + £) be an orthogonal matriz drawn randomly according to (ZTI).
Then the joint distribution of the top left minor My and bottom left minor Cyxn (cf. ([LH)) is
given by

Uy

dP(Mn,Cixn) =

- ea (MEMy + Cl nyCoxn — In) dMyd Coxn (4.1)
+

where d My and d Cyxn denote Lebesgue measure on RNV*N | respectively RE*N .

Proof of Lemma[{.1l Block decomposition of the matrix O yields

OTO - M&MN + Cfxycmv M7]§BNX4 + CZTX¥D@
ByweMN + Dy Coxn ByyyBnxe+ Dy De )’

15



and the corresponding measure on the set of tuples My, Cyx vy now can be rewritten as

dP(MN,ngN) 1 / T T
= 6 (MM C C -1
dMndCoxn UN 40 (MyMy + Gy Coxn = 1)

§ (M Bywi+ ChnyDye) 8 (BYyweBnxe + Df Dy — 1) d By xed Dy.

Integration over dByx¢ gives

dP(My,Cixn) 1 T T
= §(MLM CiunCoxn — 1
dMydCixn UN+£ / (My My + CixnCoxn = In)

8 (DF Coxn M MNTCE Dy + DI Dy — ) det ~*Myd Dy.

A change of variables D, = (Ie + CexNMﬁlM;,TceTxN)fl/Q Dy yields

AP (My,Cpen) _ 1
dMydCoxn UN ¢

0 (ﬁeTﬁé - Ié) det ~/2 (I + CexNMglM];TCfo) det ~*Myd D,.

/5 (MEMy + CE NCoxn — In)

Integrating over D, gives vy, see ([Z2). The condition MEMy + CF, yCoxn = In implies that
the two determinants in the latter integrand cancel which can be seen as follows

det (Ip + Cox nMy'MNTCE y) = det (I + Coxn(In — CF nCoxn) ' Chin)
-1
det (Ig — CfXNC,eTxN)

det ' (In — C/ yCixn) = det >My.

And the statement is proved. O

Proof of Lemma[2l We start with the distribution of My given by ([23) (cf. (@I)) and try to
integrate out all variables of My except of its eigenvalues. Below we follow a method described
by Edelman [19].

We first note that any matrix can be uniquely written as a special product called real Schur
decomposition. Let

spec My = {1, Ao, ... AL, 21,21, 22,22, - - -y ZM , ZM } 5

be the ordered set of eigenvalues of My € X7 5. Any such matrix can be uniquely decomposed
into a product of real matrices

M Rip .. Rirn Rirn+ . v Ripsm
0 Ao .. R27L RQ,L+1 .. .. R27L+]\/[
0 . 0 AL Rr i1 . . Rprpim T
My =0 : : o,
N 0 . . 0 Aq RL+1,L+2 . RL+1,L+M
0 . . 0 0 Ao . RL+2,L+M
0 .. . 0 0 . 0 Ay

16



for an orthogonal matrix O € O (N). Here A1, Ag, ..., Ay are 2 x 2 blocks of the form

(%)

-

with 3; = «; and B;v; > 0, corresponding to complex eigenvalues z;,z; = o; & i4/3;7; ordered
in lexicographical order, and finally

1x1 blocks j<k<L
R = 1x2 blocks j<L <k,
2x2 blocks L<j<k.

Remark 4.1. In fact the decomposition is not unique. One can change O — O - Oy, where Oy
is a diagonal orthogonal matriz. However, we will make it unique by assuming that all elements
in the first row of O are positive.

Next we use a result of Edelman regarding Schur decomposition

Theorem 4.2. [Theorem 5.1, [19]] Let My be written in form of the Schur decomposition
My = O (Z + R)OT. The Jacobian for the change of variables is given by

dMy =2" [T =Xl [T == 1 |z -zl -=

1<j<k<L 1<j<L 1<j<k<M
1<ks<M
L M
[T Bi=v)[[dN]]dAsdRdyO,
1<j<M j=1 k=1

where z;,%; is the pair of eigenvalues corresponding to the block A;,
dAj = dajdﬂjd’yj,

d R is the product over all N?/2 — N /2 — M real parameters of R and d gO is the product over
all independent elements of the antisymmetric matriz OTd O, which is the natural element of
integration (for Haar measure) over the space of orthogonal matrices.

For any function F:M (IRN) — C, where M(RY) is the set of all N x N matrices, its
average over Of\, is given by

(F) =

This average can be naturally splitted into averages over the disjoint sets X7, ps. If one assumes

2 é/ (M) 8 (MEMy + CFy Coxn — In) d Myd Co.
+

that F depends only on the eigenvalues, i.e. it can be written as

F(My)=F (A1, ..., AL, @1+ iy1, . .., Ty + iyar)
for some function F : RY x (CM — C, then the joint conditional eigenvalue distribution p(L M) 5
defined by the identity

P 47
(Fyy, = // (X.2) (XZ)a%az.

RL (CM

17



We start with changing variables from My to the triplet (O, Z, R) and use Theorem to get

<F>XLM—2MUN ’ /dHO / dR/ngxN/d)\ /
+

o) REN RL RM x (R2 )M

[1Be—w) F(2)A(Z)5 (2" + R") (Z+ R)+ CLinCoxn — In),  (4.2)
k=1

where RL := {(1131, cwrp) CRE iy <o < < xL} and (R2)M is defined accordingly and

A= [T W=M TT W==l TT 5 —alle -l

1<j<k<L 1<j<L 1<j<k<M
1<k<M

Now integration over the orthogonal group gives the prefactor vy. Next we integrate over R.

Proposition 4.3. Integration over R in [£2)) gives

(B, , =228 /dA/dCexN / dAF (2)A(Z)

UN+2
]REN ]RIWX(Ri)Al
L M Mk
]_[ NPTV (A2 + CTX05 = 1) T (Br — ) (det 72A4)
j=1 k=1
M cT
H (ATA + ( LJTF%1> Vi (Crton—1 Criar) — 12) , (4.3)
paliet CLyon

where C; is the i’s column of the matriz Coxn and X;, Y; are £ x £ real symmetric, positive
definite matrices defined recursively by

Xl - Ilv
X1 =X+ XiP Xy, k=1,L—1,

respectively

Y =Ie+2f:1 X;PiXj,
Yir1, =Y +YiQrYe, k=1,M-1

. c;cr 1 T
with Pj = J)\?] and Qj = (CL+2j71 CLJer) A]- 1A]- T (CLJrQ];l CL+2j) . MOT'@O’U@?“,

det X1 =1, det X1 = A, 2 det Xy.
det Yy 41 = det “2A; det Y.

Proof of Proposition[{.3 We start by rewriting the d-function in ([@2) element wise. The corre-
sponding term can be written as a product of lower dimensional, e.g. 1x1,1x2,2x 2, §-functions.
For the top left corner we have L §-functions of the form

6<ZR?1,€+A%+C,€TC;€—1>, 1<k<L, (4.4)

i<k

18



and (Lgl) o-functions of the form

k—1
5 (Z R;kRjm + MeRiom + c,{cm> , 1<k<m<L. (4.5)

J=1

By solving equations corresponding to restrictions (L) inductively one can see that Ry, can
be expressed as f)\;leTX £Cm for some matrix Xj. Applying the ansatz one gets

k—1
MXTPX;— X+ 1, =0,
j=1
and the former is solved by the X;’s defined above and therefore
Ripm = =\ ' CE X100y

The top right corner d-functions, corresponding to 1 x 2 matrices, can be written as

N

k=1
o <Z Rk RjL4m + MeRi4m + [CF CrLiam—1 CkTCL+2m]> ,1<m< M.

j=1

These conditions can be resolved inductively in a similar way and one gets

M.

N

1
Ry pvm = —/\—kaTXk [Cry2m—1 Cryom], 1<E<L,1<m

Finally, the bottom right corner §-functions, corresponding to 2 x 2 blocks, are given by

L k—1
T T T
o (Z Ry xRysam+ D) Rl nwRosgam + AL RL vk Lom
j=1 j=1

T T
+ CLat2k—ICL+2m*1 CLat2k_1CL+2m 1<k<m<M
CL+2kCL+2m—1 CL+2kCL+2m ’

with diagonal ones

L m—1
T T T
S\ Y R pemBiram + Y Ry pymBRisspem + AL A
j=1 j=1

T T

N CL%mechJFQm*l CL%szch”m -1 l<m<M

, .
Cr1omCrLy2m—1 CLt2mCL+om

The ”non-diagonal equations” are solved by
e
Rrtk,p4+m = —AL ( é%r%kl) Vi (Cr2m—1 CrLiom),1<k<m<M.
+2

where the Y, are defined above. Positiveness of the matrices Xy, Y is obvious from their defini-
tions. Finally, we integrate out the variables R from (£2]) to obtain the first statement. We just
mention that all §-functions constraints contained Ry, elements with a prefactor of the form
either Ay or Ay and this is the source of Jacobian

L

M
[TGP™ T (det ~240) ",

j=1 k=1
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appearing in the final result. For the determinants we note
det Xy41 = det (Xk + X P X)) = det Xy det (I + P Xk) .

Py is up to a constant the projection onto Cy, and therefore the matrix I + P X} can only have
one eigenvalue different from 1 with corresponding eigenvector C}. Therefore,

det (I + P Xk) =1+ )\];2<Ck, Xka>

Finally, we note that there is a d-function of the form (4] left in the integration with argument
)\i -1+ <Ck,Xka>. Thus

1- 22
=\2
A2 4§

det (I+ Pka) =1+

For Yj the proof is analogous. |
In the next step we integrate out the C' variables in (£3)). We first change coordinates
o — X%, 1<j<L,
[Cr+2j—1 CL42i] — Y_j_1/2 [Cri2j-1Cry2;], 1<j<M.

It follows from Proposition [£3] that all determinants coming from Jacobians cancel and we
obtain

V¢UN N -
(F >XLM_ MUNM/dA / dA/dchNF(Z)A(Z)
RL  RMx(®RZ)M RN

L
Br =) [[6 (X3 +CFC;—1)

1=

k=1 j=1
H 0 (AmAm + ( CLVJTr2m1> (CLJerfl CL+2m) — 12) ,
m=1 L+2m

Now we are ready to integrate out the variables C'. The first L integrals are given by Proposi-
tion [A1] and using the corresponding result we integrate over the variables C; for i = 1, L

Le/2

=~ M _VeUNTTT

<F>XL,M =2 UN4 EFL /d/\ / / ngX(N_L)F(Z)A(Z)
]RL RM x (R2 )M RE(N-L)

dCyx(n- L)l_[ (1-23) _Ef H Br = k)
j=1 k=1

~

RE(N—-L)
1_[ 0 <ATA + <CL+2m 1> (Cryzm—1 Cryom) — 12> ,
m=1 CVL-ﬁ-Q’m

For every 2 x 2 dimensional d-function we have 2¢ variables of integration and 3 d-functions.
Therefore we need to distinguish two different cases: ¢ = 1 (singular) and ¢ > 2. In the first case
we have

[(A) = /dzdyé (¢ — Au) 8 (47 — Aua) 6 (ay — Aro) 8 [det (I — ATA)].,

20



where (ﬁn £12> = I, — ATA. For ¢ > 2 we have a non-singular integral of the form
12 Aog

10):= [ azags (12 - 4)s (jai - €) 6 (@5 - B).

We change variables ¢ to t = | Pzy| = ﬁéu@ and 7= (r1,72,...,7¢—1) such that
o 1 !
Yy =tz + (Tl, .. "Wl’x_gj;xjrj)'
Then the corresponding Jacobian is given by J = i; Applying this to the above, yields
) -1
I(A) = /dfdfd 65 (2 — Ay )8(¢ 2] — Au)%a(ﬂ 1 + 171 + 272 (Y zm—f ~ )
j=1

=/dfd7?5( |Z)* — A1) o (P VY = U) ||~

where V = I,_1 + zZQ (x1,22,... ,xg,l)T (x1,22,...,2¢—1) is a positive definite matrix of size
2

(=1)x(l—1)and U = Ay — Hj\fﬁ If U < 0, then the integral with respect to 7 vanishes.

Otherwise we get after changing variables 7 = V=125 and applying the result of Proposition [A1]

£—1
T2 . . £-3 _ _
I(A) = F(é__l)/dx5<|:c|2/\11) U7 det ~V2V |z "
2
It is easy to see that
5 o2\,
detV=1+(ij)/xé=?.
j=1 ¢
Then
£-1 £—3
T(A) = —=—— [ dzs (|#* - A ) (Aso |#]% — AZ,) © 7>~
W) - Fer [ 47 (I21° - Au) (Aze 2~ A%) 7l
2@—271_@—1 -3
—Z T _det (I, — ATA) 2
r(e—1) " (I> )

where we used one more time Proposition[A.]] Summarizing the above, we have shown for £ = 1

L
- M V1IUN N _1
(Fdy, =2 - /d)\F 2)A)][]0=x)."

j=1
RL

(Be — k) 6 (det (I — AfAR)),

1=

dA

k
RY x (R2)M

1
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while for ¢ = 2

9M(£—1)  N&/2—M

L
-~ VyUN
<F>XL,M :’UNJreFL (%) I‘M(gl)/dAF 1:[ 17A2

RL

-1

+ Nlr\

M
/ ]_[ (Bi — i) det = (IQ—AkAk)

R x (R2)M
Any real symmetric 2 x 2 matrix is non-negative iff Tr M > 0, anddet M > 0. Therefore,
condition AfAk < I, is equivalent to
2
2(1—a2 - ﬁk’7k2) — (Br — )
2
(1—ai = Biv) — (B — )
It is easy to see that the second condition implies the first one and therefore we suppress the
first one. The last step is a change of variables from («g, Bk, Vi) to 2k = xk + tyi. Let

=0
=0

Ty = Q,
ye = VB,
ok = Br — Yk

This change of variables is two to one and its Jacobian is equal to
2yk
VAyi + 6

Finally, for £ = 1 integrating out the variables §; we obtain

Ji =

~ 2My L L M2y,
F = AXdZAdGF (Z2) A (Z 1-x2)72 :
< >XL*M 'UN-H/ A )j=1( J)+ 1}:[1|1_Zl%|
2
For £ > 2 let Q, = {(ak,ﬁk,%)iﬁ > A (B — )’ < (1—% Br k) },then
/(ﬁk—%) ((1—ai—ﬁk%) (Be — ) 2) dakdﬁkd%
Qp
|1 :nk yk| A 6 s
yk k 2 2)2 2\ 2
dz | d ( 1—a7 — ) )
o v ot
RM RM 0
o 1
£=2 2\ 7>
—4yk dgc;€ dyk|1—zk| (1—u) du,
2y
122
where we made the substitution u = y/4y? + 07 |1 — z,ﬂf1 in the last integral. Introducing
1 _
— 122 (=1
whesr ,
2(z)=<L(—-1 - ]
wi (2) 7(2 )‘1—z2‘e ’ / (1-v?)* du, £>2,
T

2|Imz|
[1-22]
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one can rewrite the answer as stated in Lemma 2.1 We like to stress that for real z the weight
function can be written for any ¢ as

re+1) -2
w3($)=mf —902’ )

which follows from calculating the integral

[a-)% - tp (1) - 2oreey
/ )T TR

5 Proof of Lemma

Proof of Lemmal2.3. First we note that the skew-product of polynomials with indexes of the
same parity is zero: The real part of the skew-product changes sign after changing r — —=x
and y — —y in the integral and hence has to vanish. For the complex part we first note
that wy (z + iy) we (x — dy) is an even function of y, therefore only odd powers (because of the
additional sgn(y) factor) contribute to the integral when expanding 7; (z + iy) 7 (x —dy) in
powers of x and y. However, these term will contain odd powers of x at the same time and
thus will vanish when integrated over [—1,1]. For indexes with different parities we begin by
calculating (e [wm;]) (x) for even and odd values of ¢ and real z. For complex argument there
is no need to calculate anything, as the transformed polynomials are different from the original
ones by a factor iIm (z) and complex conjugation only. Let |z| < 1 and ¢ > 2, then

1/2 =
(2 [wez™]) (2) = %/t%we (t) sgn (t — ) dt = —sgn (z) <%> /t% (1—2)2 " at

R

1 1l i 14
e Bl k+Z 2
5 (221"2 (%)> sgn (z) (ac ik o+ 232)

and

12 1
(¢ [wez"™*1]) () = %/t%ﬂwe (t) sgn (t —z)dt = (ﬁ) /t2k+1 (1—)7"ae
R 2

||

1/2
1 o ¢ ) ‘

Using definitions of polynomials 7; (z) together with the identity

p tr(1—t)*
p+q p+q
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1/2
1 o 10
(e[wemak]) (2) =3 2 <261"2 (%)) sgn (v) B (ac o+ 2’ 5) » TER, (5.1)

isgn (Imz) %, z € C\R.
1 L) 2
° 2k 1 _ 2 % R
(e [wemar+1]) (2) = { 2k + £ (251"2 (%)) v ( v ) TER (5.2)
isgn (Imz) Z2F+1, z e C\R.

Now we proceed with the calculation of the skew-product.
¢ ¢ ¢
(725, Tak+1) = (T2j, Tak+1)p + (725, Tak+1)c -

For the real part we use (5.1) and (5.2)) to write
1

il ) ¢ 2k ‘
(T2, Tok+1)n =m/x2a (1 _xz)é 1w (1 _ggz)ﬁ dz
2

-1
1

¢! 1 2k+1 2k 2k—1 o\ £—1 5 . 10
ooy | o - 1-— 2 B . i I P
+2ér2(§)/2<$ %t 0" (1-2%)*" sgn(v) a5+ 5 g ) de

B(j+k+1.0)

sn7—» While for the second one we use the important obser-

The first integral is given by
vation

dd_x <z2k (1- ﬁ)é) =—(2k+20) <x2k+1 _ %z2k1> (1- xg)g_l .

Applying integration by parts to the second integral, we obtain

1
£ ) 1 , -1
(7T2j,7f2k+1)]1€< = T2 (ﬁ) k1 0) (B (] +k+ 5,5) +2/z2k+2j (1 7502) d:c)
2
0

o 1
= Blj+k+2,0).
2112 (L) (2k + 0) (‘7 3 )

For the complex part of the skew-product and ¢ > 2 symmetry of the integrand yields

L—-1 o 2k _gp_
(7T2j77T2k+1)é = 21% /22] (z%ﬂ - Qk——i-fZ% 1> sgn (Imz) |wy ()] d?=.

One can check that

i (1- (@ )?)

L
2

Nl

— it (@ -i™ (1- - w)?)

£
L1

= — (2k + 0) mop41 (x —iy) (1 —(z— zy)Q)
Using this, integration by parts with respect to x implies

21 L 0 . L_ R
(7r2j,7r2k+1)f; =m /E% (1-2%)2 P (zQJ (1-2%)2 1) sgn (Imz) @y (2)d 2z
D

+ m /EQk (1 *22)4 22 (1 _ 2’2)%_1 sgn (Imz) %@e (Z)dQZ, (53)
D
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where

Integration by parts with respect to y gives

2 £ . i R
(2, Toks1)e = — kT D) /_% (1-% )é > (Z2J (1- 2’2)§ 1) sgn (Imz) @y (2)d 2
D

2 o ok 2jy sl O . 9
27r(2k+£)/z (1-2%)22% (1-27) ay(sgn(lmz)wg(z))dz

D
-1y | 1
g 2542k ( ) 1/ (1- . 4
27r(2k+€)/$ w’) * du (54)
—1 0

We now add together (B3] and (4] to obtain twice the skew-product. When adding the first

terms of the above expressions, we note that the integrand can be written as F' (z) (az 7 (?E;) P(2),

for some function F' and a polynomial P. This obviously vanishes since (a% — z%) (x +iy) = 0.
The third term in (5.4) can be calculated explicitly, while the second terms of (5.3)) and (5.4
can be merged together to obtain

¢ 1 _ vt o L1 (.0 0 .
(T2, Tok41) ¢ ST D) /,22]C (1-72%)% 2% (1-27) (z% — 8_y> (sgn (Imz) @, (2))d 2z
D

ek
o (D) @kt o)\ 27" )

The former term coincides with (ma;, 7T2k+1)é. For the first one we note

This yields

20(6—1) =2
(7T2j;772k+1)é =—(7T2j,7T2k+1)l I 2h T 0) / z2k 23 - |Z|2) d?z

¢
— (725, Mot 1)g + W&w
¢

The derivation for £ = 1 is even simpler and one should just put @, (z) = 1 for all z. O

6 Auxiliary results used in Section

6.1 Proof of Lemma 3.1 and Lemma 3.4

Proof of Lemma[3dl. Assume by contradiction that there exists an n € N such that |H,| = 1.
Hence, there exists a ¢ € £?(Np) with ]2 = 1 such that (¢, Hp) = 1. Since |H| = 1 this
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implies that 1 is a boundary point of the numerical range of H but this implies 1 is a proper
eigenvalue [I7]. This contradicts purely absolutely continuous spectrum of the operator H and
the assertion follows. O

Proof of Lemma[37 The operator inequality H™1<.(H) < ™ 'H implies
Tr (1nH™l<(H)1,) <™ ' Tr (1,H1,).

Hence, we obtain

5 Tr (1, H™ < (H

meN m meN

< é log(1 — &) Tr (1, Hhe(H)),

(1, Hl<o(H)1,,)

where he € C([0,1]) is a continuous function such that 1., < he < 1<2.. It follows from Lemma

that

0
. Tr (1 Hml 1 m
limsup ——— =~ = — [ sech™ (um)
n—oo logn T

0

From this and a Stone-Weierstrafl argument we infer that

a0
Tr (1, Hg(H 1 1
lim sup ll 9U1) == /g (sech (um)) sech (um) du
n—m logn s
0

for all g € C([0,1]). Therefore, we obtain that

. Tr (1, Hhe(H))
lim sup ———————
n—oo0 10gn

0
1
= —/h‘E (sech (um)) sech (ur) du
7r
0

and from dominated convergence the assertion

Tr (1, Hho(H))

lim sup lim sup = 0.
0  n—w® logn
O
6.2 Proof of Lemma and Lemma [3.7]
Proof of Lemmal3.8. For x > 0 and | € Ny, we define
1 1 3 x x 113
a8 = (1)), (3) (-1 3351555 351)
Then, it follows from [58, Eq. (2.5)] that we have the asymptotics
Fy(z) = (2m)%2e33! (2|A(iz/2)| cos (wlogl + arg(A(iz/2)) + I"'R, (z)) (6.1)

as [ — oo with

sup sup |]?El (z)| <7(M)
z€[0,M] leNg
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N ) ) cosh(rx)'/?
for some constant 7(M) depending on M. We recall |A(iz/2)| = o On the other hand,
7r
the asymptotics
73113l4l 1 1
— +0(573) 6.2
Dy 2/l \BE 2
: L +2) - -
holds as [ — o0. To see this, we use that (5)21 = w and Stirling’s formula. This impies
2
e—3L3ly! B 6_2112l4lﬁ ( 1 ) (6 3)
(%),  Vemib@i+ 3 \1+01/)/ '
47)!
Now, the identity I'(20 + 1) = (421)(2\1/)77 and Stirling’s formula give
e~ 2 21430/4x1 (21 Je)?
63 - 9 (1+0am)
V2mlv/8ml(4l/e)
1 n4l
T2y Vi
1
=———(14+0(1/1)).
This proves ([6.2)). Inserting (G.1)) in 4], (6.2), gives the assertion. O

Proof of Lemma[3.7 Using (B3] and Lemma [3.6] we obtain

D Loy (Lnlse(H)H™1,,)
meN

sech—1(¢g)
2 T
=—— / log (1 — sech(z))
T Jo

(2 % (zlogl + arg(A(iz/2)) + 1—3/21%l(z))dx,

where the error term satisfies sup;y, |Ry(x)| < r(e). Since the latter is integrable and =32 R; ()
is summable in [, we obtain

Shnen o T (Loloe(H)H™1,)

lim sup
n— 00 log n
sech—™1(¢e)
= li?j;gp ~Togn log (1 — sech(z))
1
( Z ? (zlogl + arg(A (Z:I:/Q)))dx (6.4)
1=0
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The identity

1 1
5 t5cos (2z1ogl) cos (2 arg A(ixz/2))

1
~3 sin (2z log!) sin (2 arg A(iz/2))

cos® (zlogn + arg(A(iz/2))

: % + F(a) (6.5)

and the asymptotics of the harmonic series yield

0
©4) < — l/ log(1 — sech(xm))dx
T™Jo

sinh— 1 (¢g)
™

1
+ lim sup -
n—ooo T log nJo l

log(1 — sech(x) Z (x,l)d . (6.6)

We are left with estimating the second term. To do this, we split the latter integral further. For
fixed § > 0 let 0 < g5 € OL ([0, 22 (E)]) and gs(z) = 1 for all z € (J,sech™'(¢) — §). Set

G(z) := log(1 — sech(am) Z %

and we split the latter integral in the following way

sinh—1(e) sinh—1(e) sinh— 1 (e)

G(z)dx = % ! 95(x)G(x)dz + —/ ! (1—gs(x))G(x)dx.  (6.7)

2
T 0 ™ Jo

0

The function g;s(-)log(1 — sech(m -))e?*212(A(()/2) is smooth, compactly supported and expo-
nentially decaying for any fixed ¢, > 0. Hence, integration by parts implies that for any k € N

sinh—1(e)
™

gs(2) log(1 — sech(zn))et2 (@ los I+are(AGz/2))) 4 - — O(1/(log1)¥) (6.8)
0

as | — oo. Writing the sin and cos terms in F(x,n), see (6.5, in terms of exponentials and using
the latter with k = 2, we obtain that

sinh—1(e)
™

2[ 7 swo@i-o (leogl) o), (69)

as | — o0. For the second integral in (6.7), we note that

sup sup |F(n,z)| < 1.

z€(0,00) n€Np

Therefore, using the asymptotics of the harmonic series, we obtain as n —

sinh ™

’—/ (1—gs(x))G(z)d ZL" < logn/oOO |(1 = gs(z)) log(1 — sech(am))|dz + O(1). (6.10)
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We obtain from (6.6]), (67), (69) and (EI0) that for all § > 0

Ltr (1, H™1-.(H)1, 1 [*®
lim sup Lmert i o = (H)1n) < f—/ log(1 — sech(z7))dx
n—w logn T Jo
sech™1(e)
+ / |(1 = gs(x)) log(1 — sech(zm))|d z.
0

Taking the limit 6 — 0, the last term in the latter vanishes by dominated convergence using that
log(1 — sech(-)) is integrable. This gives the assertion. O

7 Open problems and conjectures

In this paper we derived an explicit expression (LL6]) for the ”persistence” probability of trunca-
tions of random orthogonal matrices of size ¢. In the case £ = 1 we were also able to perform
an asymptotic analysis of this probability in (II4). It is natural to ask what happens for £ > 1
or even for ¢ growing with n. These questions have their own applications to the distribution of
roots of random, matrix valued, polynomials with coefficients given by Real Ginibre matrices of
size ¢ x ¢, see [23] for details. Looking at (L6]), one has to analyse the determinant of identity
minus a weighted Hankel matrix in the case of £ > 1. We claim that the methods described in
this paper are also applicable to this case and a similar analysis using the results of [53], gives

Conjecture 7.1. Let £ be a fized integer number and the ensemble of random matrices Mo, be
defined as in Theorem [T 1. Then the corresponding persistence probability decays as

i logpy _ 20 (¢ th 0(0) = —— 001 1 (g +in)[" d 71
vy logn (), wi ()_727T/Og a r (%) v (7.1)
0

A rigorous proof of the above will be the content of a future work. So far we were not
successful in finding a closed form of the integral (T.I]). However, we could rewrite the above in
terms of a random walk. More precisely, we obtain

Lemma 7.2. Let {&; }20:1 be a family of i.i.d. random variables having probability density func-
tion

1 ¢ (T
pe(x) = ———7— sech (—) ;
2B (3:3) 2

k
and Sk = Y, & be a random walk with corresponding steps. Let T be the first hitting time of the
j=1
origin, then

0(0) = ip [S, € do],

where by P [¢ € d0] we mean the probability density function of the random variable ¢ evaluated
at the origin.

This lemma will also be proved in a future work. As discussed in the introduction, the persis-
tence probability of rank-one truncations of random orthogonal matrices has evident connections
to the persistence probability of sech correlated Gaussian Stationary Processes (GSP). The anal-
ysis of the corresponding GSP led us in [47] to the study of the related persistence problem for
the latter random walk with the parameter ¢ set to one. One may expect that for general £ > 1
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there should be a connection of (1)) to GSP with sech (%) correlated process. However, an
accurate comparison of our numerical results with the one found in [45] shows some mismatch.

Another intriguing and challenging question is to study the asymptotics of the persistence
problem for our ensemble of random matrices when the parameter ¢ is growing in n. Here
one would expect some phase transition from the weak non-orthogonality universality class,
corresponding to £/n = o (1), to the Real Ginibre universality class when ¢/n — oo (compare to
Proposition [[L3]). In full generality the problem is yet to be solved, but some partial results can

be already obtained given the above conjecture.

Conjecture 7.3. For large integers ¢ the decay exponent 6(£) behaves as

6(0) = i\/;g (3/2) (1 +0(1), €— . (7.2)

This can be either confirmed by an asymptotic analysis of the Gamma-function or by approx-
imating the random walk described above by a random walk with Gaussian N (0, %) distributed
steps. By formally taking ¢ = 2n, corresponding to a transition from singular to non-singular
measure in (23), one gets half of the corresponding result for the Real Ginibre ensemble (see,
[36, Thm. 1.1])). The factor one half originates from the fact that truncated orthogonal matrix
can not have eigenvalues outside the unit disk, but the Real Gibre random matrix can.

Apart from studying the probability of having no real eigenvalues for a random matrix, one

can also look at the probability péQ’% of having 2k real eigenvalues. For k = 2n we computed
this probability in Proposition In the intermediate regime, 0 < k£ < 2n we expect that the
answer doesn’t change until the point when k changes from 0 to roughly the average number of
real roots, see similar results [36]. For k being of order of n, analogously to the result of [I5],
we expect that the probability will decay exponentially in terms of n? with some non-trivial
coefficient depending on a ratio k/n. For other values of k the problem seem very challenging
and technical.

A Volume of orthogonal group

Proposition A.1. Let A be a real number. Then

ﬂA%J
Im(A)=/5(fo—A)dx=m7+, where 2, = max{0,x}.

ey

Proof of Proposition[A.1l For m = 1 the statement is obvious. For m > 2 we change to polar
coordinates The integral above is now equal to

o0 2 m—o T
I, (A) = /rm—la (r® fA)dr/dqu,l 1_[ /smm—l—j ¢;id b;
0 0 =179
| w2 M2 i1\ pRALT
AT [[B( o) =
2 L. 2 2 r(2)
j=1 2
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Proposition A.2. The volume of the orthogonal group O (N) is equal to

oy = /5(0T0—1N)d0=ﬁ

RNZ

where d O is the flat Lebesgue measure on RN,
Remark A.1. This is different to what was stated in [38].
Proof of Proposition[A.2. We proof the statement by induction. For N = 1 one can easily check

that
/5(952_1)@:1.
R

Let now IV =k + 1 and we split every matrix into blocks of the following form

gT
Orq1 = (ng D) ;

where b, ¢ are k-dimensional column vectors and D is a k x k real matrix. The corresponding
integral can now be written as

Vis1 = /5(m2+6TE—1)5(ml_;T+6‘TD)5<55T+DTD—Ik)dmd5d8dD.
Integrating out I_;, we obtain
> 2 AT rect T —k
Vg1 = dmdcdDé(m +c 0—1)5 D" —D+D"D—1Ix | |m| .
m

Integration over D can be performed by using the induction hypothesis. We define

cc

V=Ik+—2,
m

which is a real symmetric, positive definite rank one perturbation of the identity with determinant
T =
det V = I + <5. Changing variables with

D=V"'2D,
one gets

Vgt = /5 (m2 +cle— 1) ) (ﬁTﬁ — Ik) |m|71c det “*2Vdmdéd D

vk/é (m? +&@e—1) (m? + &) " dmde
=vk/6(m2+é’Té’—1)dmdé’.

Finally, we integrate over ¢ using Proposition [A.1] and obtain

k

k k+1

T2 k1 T2 k1 T 2
Vg1 = U /dm(lme)2 —vy— B <_,_> — ,
Gk Crem ) T

and the statement follows. O
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B Properties of Pfaffians and Proof of Proposition 2.4

The Pfaffian is an analogue of the determinant defined for skew-symmetric matrices of even size.

Let A = {aj,k}?j;czl be a skew-symmetric matrix with entries a; = —ag,j, j,k = 1,...,2n. Then

its Pfaffian is defined by
1 n
PfA= | 2 sgn (o) H Ug(2j—1)Aor(25) 5
UESQn ]:1

where the sum is taken over all permutations of elements (1,2,...,2n). For skew-symmetric
matrices of odd size the Pfaffian is defined to be zero. The Pfaffian can be thought as a square
root of the determinant because of an identity

Pf2A4 = det A4,

valid vor any skew-symmetric matrix. Below we also use another definition of the Pfaffian via inte-

gration over Grassmann (anticommuting) variables. Let (¢1, 2, ..., ¢j,...) and (1,92, ..., ¥;,. ..
be two families of anticommuting variables
PPk = —Pkbj, Pk = —Vr@j, itk = —Yr;. (B.1)

Functions of Grassmann variables are defined by the corresponding Taylor series, which are
always finite because of Grassmann variables being nilpotent. The Berezin integral with respect
to these variables is formally defined using the identities

[dor= [av; =0 [ao0,~ [avw -1, (B.2)

and a multiple integral is defined to be a repeated one. Then for any matrix M of size n x n one
can see that

/d¢1d1/)1d¢2d1/)2-~-d¢nd1/1nexp{ Z Mj,k¢j7/)k} = det M.
k=1

The above follows from two simple observations: Expanding the exponential function and using
(BI) and (B2), one sees that the integral on the left is given by the coefficient in front of the

1 = n
monomial ¢y P22 ... ¢p1,. This term comes only from expanding —'< — Z Mjﬁkgbﬂ/)k) .
n!
j k=1

Analogously, one can also write the Pfaffian in terms of the Berezin integral. Let M be a
skew-symmetric matrix of size 2n x 2n, then the result reads

1 2n
/d¢>1 ... d danexp {5 > ijk¢j¢k} = Pf M.
Gk=1
This also follows from finding the coefficient in front of the monomial ¢1¢s . .. 2, that in its turn

2n
1 1 n
comes from expanding — ( ~3 2 M; r0; (bk) . For more information about Berezin integrals
n!
j k=1

and Grassmann variables we refer to [7] and about Pfaffians to [28§].
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Proof of Proposition [2.4] Writing Pf A as a Berezin integral over Grassmann variables, we obtain

1 2n—1
PfA= /dwo . ..dwgn_lexp{—§ Z Aj,kijk} .

7,k=0

A has checkboard pattern, and therefore there are no terms in the exponent containing ;1
with even j—k. Let us split the Grassmann variables into two groups: with even and odd indexes
which do not ”interact”. Then

n—1
1
PfA= /dl/io .. dop_1exp {—5 Z Yo or—1 (Agjok—1 — A2k—1,2j)}

J,k=0

n—1
= /d¢0---d¢2n—1eXp{— Z ¢2j¢2k—1142j,2k—1} = det A',

7,k=0

. . . . . -1
where we used determinant representation via Grassmann variables with A’ = {a2; 2541 }?jfo' O
=
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