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This paper presents a kinematically constrained planar hy-
brid cable-driven parallel robot (HCDPR) for warehousing
applications as well as other potential applications such
as rehabilitation. The proposed HCDPR can harness the
strengths and benefits of serial and cable-driven parallel
robots. Based on this robotic platform, the goal in this pa-
per is to develop an integrated control system to reduce vi-
brations and improve the trajectory accuracy and perfor-
mance of the HCDPR, including deriving kinematic and dy-
namic equations, proposing solutions for redundancy reso-
lution and optimization of stiffness, and developing two mo-
tion and vibration control strategies (controllers I and II).
Finally, different case studies are conducted to evaluate the
control performance, and the results show that the controller
Il can achieve the goal better.

NOMENCLATURE
m; Mass of the jth (j = 1,2) link of the robot arm.
m,, Mass of the mobile platform.
I,, Moment of inertia of the mobile platform.
I; Moment of inertia of the jth (j = 1,2) link of the
robot arm.
1; Length of the jth (j = 1,2) link of the robot arm.
l.j Length between the joint j (j = 1,2) and the center
of mass of link j of the robot arm.
p, Vector of positions and orientation of the end-effector.
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Vector of generalized coordinates.

First order time-derivative of q.

Second order time-derivative of q.

Vector of positions and orientation of the mobile plat-
form.

Vector of generalized forces.

Vector of cable tensions.

External forces applied to the end-effector or the mo-
bile platform.

External moment applied to the end-effector or the
mobile platform.

Gravitational acceleration.

The position and orientation of the mobile platform.
Structure matrix.

; The position vector from the ith cable anchor point on

the robot static frame to the ith cable anchor point on
the mobile platform.

; Unit position vector of the ith cable.

Cable length vector.
Vector of unstretched cable lengths.

i Vector of the ith cable tension.

Stiffness matrix.
Stiffness matrix as a product of the cable tensions.
Stiffness matrix as a product of the cable stiffness.

. Cable stiffness matrix.

Elastic modulus of the ith cable.
Cross section of the ith cable.
Jacobian matrix.



1 Introduction

Serial manipulators are one of the most common types
of industrial robots, which consist of a base, a series of links
connected by actuator-driven joints, and an end-effector.
Usually, they have 6 DOFs and offer high positioning ac-
curacy. They are commonly used in industrial applications;
however, they have some key limitations, such as high mo-
tion inertia and limited workspace envelope [1]. For ex-
ample, the KUKA KR 60 HA is a 6-DOF serial robotic
manipulator with a high payload (60 kg) carrying capacity
and repeatability of £0.05 mm, but the maximum reach is
2033 mm [2]. CDPRs are another important type of indus-
trial robots. Their configurations usually bear resemblance to
parallel manipulators (e.g., Stewart platform [3]). The NIST
RoboCrane [4, 5] is a typical CDPR with 6 DOFs, which is
designed by utilizing the idea of the Stewart platform, and
its unique feature is its use of six cables instead of linear
actuators. For these robots, rigid links are replaced with ca-
bles. This reduces the robot weight since cables are almost
massless. It also eliminates the use of revolute joints. These
features allow the mobile platform to reach high motion ac-
celerations in large workspaces. For instance, some exist-
ing CDPRs were designed and analyzed in [6,7,8,9]. How-
ever, they are not without some drawbacks, such as their low
accuracy, high vibrations, etc., all of which limit their ap-
plications [10]. To overcome the aforementioned shortages
of serial and cable-driven parallel robots as well as aggre-
gate their advantages, one approach is to combine these two
types of robots to create a hybrid cable-driven parallel robot
(HCDPR).

Some research and applications have been developed
as follows: Albus [11] developed a cable-driven manipula-
tor, where a robot arm was fixed upside down to the bot-
tom of the RoboCrane robot’s platform [4, 5] for lifting a
load. Cable-driven camera systems are another type of cable-
driven robots (cameras are affixed to the CDPRs) that can be
used for different applications such as overhead filming [12].
Gouttefarde [13] developed a CDPR (called CoGiRo CSPR)
with the onboard Yaskawa-Motoman SIA20 robot arm for
contactless and interacting applications (e.g., spray painting
and metal cutting), but this project still has the main prob-
lems of low stiffness of the CDPR which will result in vibra-
tions.

However, the literature shows that existing research and
applications prefer to affix a robot arm upside down to the
bottom of a CDPR’s platform [14,15,16,17,11,18] or mainly
control the cable robot while treating the serial robot as a
manipulation tool or an end-effector rather than a whole sys-
tem [11, 18]. When a serial robot is mounted on a mobile
platform, the two constitute a new coupled system. Only
controlling the mobile platform (i.e., treating the serial robot
as a manipulation tool) or the serial robot may not guar-
antee the position accuracy of the end-effector. For appli-
cations that use such a system, the main goal is to control
the end-effector of the serial robot (e.g., its trajectories and
vibrations) in order to effectively accomplish tasks such as
pick-and-place. Another major challenge in the utilization
of these systems is maintaining the appropriate cable ten-

sions and stiffness for the robot. The stiffness of CDPRs is
an important issue, because driven cables are flexible, which
reduce the robotic overall stiffness of the robots (compared
to rigid cables) and produce undesired vibrations. When a
CDPR moves, driven cables should maintain enough ten-
sions to reduce vibrations, i.e., keep enough stiffness for the
robot [19]. Regarding stiffness problem, some research has
been developed: Behzadipour and Khajepour [19] have pro-
posed an equivalent four-spring model to express the stiff-
ness matrices of a CDPR. They also used a simulation exam-
ple to verify this model. Azadi et al. [20] introduced variable
stiffness elements using antagonistic forces. Gosselin [21]
analyzed the stiffness mapping for parallel manipulators by
considering the internal forces; conversely, Griffis and Duffy
[22] modeled the global stiffness of a class of simple compli-
ant couplings without considering the internal forces. While
for a HCDPR, the moving robot arm also generates reac-
tion forces acting on the mobile platform, resulting in mo-
bile platform vibrations. Hence, it is challenging to achieve
the goal of minimizing the vibrations and increasing the po-
sition accuracy of the end-effector simultaneously. To the
best of our knowledge, limited studies address the modeling
and control problems of flexible HCDPRs, especially, when
the redundancy and stiffness optimization problems are in-
troduced, the control of trajectories and vibrations becomes
more challenging. Although the research in [13] showed a
CDPR carrying a robot arm for painting large surfaces, vi-
brations were obvious and large based on their demonstra-
tion.

To solve the aforementioned problems in HCDPRs, the
goal of this paper is to develop an integrated control sys-
tem for the HCDPR to reduce vibrations and improve accu-
racy and performance. To achieve this goal, the following
tasks are pursued: 1) derive analytical kinematic and dy-
namic equations for the HCDPR; 2) propose solutions for
redundancy resolution and optimization of stiffness; 3) de-
velop motion and vibration control methods for the HCDPR;
and 4) conduct simulations to validate the effectiveness of
the control methods proposed in Step 3). Additionally, the
main contributions are as follows:

1. A kinematically constrained planar HCDPR is proposed
to harness the strengths and benefits of serial and cable-
driven parallel robots. Detailed kinematic and dynamic
equations are derived for this robot. An equivalent dy-
namic modeling (EDM) method is proposed to derive
the dynamic equations of the HCDPR. This method has
some advantages, e.g., by providing an effective solution
for different configurations of HCDPRs.

2. Based on the configuration and models of the HCDPR,
the redundancy resolution and stiffness maximization al-
gorithms are proposed.

3. Control strategies are designed for the HCDPR system
to reduce vibrations and trajectory tracking errors. Com-
pared to the existing study in [23,24], this paper empha-
sizes the reaction performance between the mobile plat-
form and the robot arm as well as trajectory tracking of
the end-effector.



Furthermore, the e-commerce explosion in recent
years [25] stimulates the growth of automated warehousing
solutions. By 2024, the market of global automated material
handling equipment is predicted to no less than US$ 50.0 Bil-
lion with a CAGR of 8% [26]. These increase of automated
warehousing applications offers a unique opportunity for the
development of cable-driven robots. This paper provides a
valid solution for these robots.

The rest of the paper is organized as follows: system
modeling for the HCDPR is proposed in Section 2. In Sec-
tion 3, the methods for redundancy resolution, optimization
of stiffness, and controller design are proposed. Simulation
results are evaluated in Section 4. Finally, in Section 5, con-
clusions are summarized.

2 Modeling of the Kinematically Constrained Planar

HCDPR
2.1 HCDPR Configuration

CDPRs are very useful in industries (e.g., warehousing),
but they have some limitations (e.g., accuracy and vibra-
tions). Serial robots have higher accuracy but are limited in
terms of their workspace envelope. In this paper, the CDPR
designed and studied in [8, 9,27, 28] is used for the devel-
opment of the HCDPR, its integrated controller and eval-
uation and validation of the results. The proposed planar
HCDPR consists of a 2-DOF robot arm (in the mechanical
model shown in Figure 1), a 6-DOF rigid mobile platform,
twelve cables, and four servo motors. The actuators are used
to drive the cables to move the mobile platform. The robot
arm is fixed on the mobile platform and moves with it. The
twelve cables include four sets of cables: two sets of four-
cable arrangement on the top and two sets of two-cable ar-
rangement on the bottom. Each set of cables is controlled by
one motor. In addition, the top actuators and bottom actua-
tors control the upper cable lengths and lower cable tensions,
respectively. The upper cables also restrict the orientation
of the mobile platform, i.e., the kinematic constraints. The
HCDPR parameters are shown in Figure 2 and Table 1, re-
spectively. The eight top cables and four bottom cables are
simplified into four cables and two cables, respectively. The
inertial coordinate frame O {xo,y0,z0} is located at the center
of the static fixture.

2.2 HCDPR Kinematics

The kinematics of the HCDPR includes forward kine-
matics and inverse kinematics. In this paper, analytical solu-
tions of the kinematics will be derived for the planar HCDPR
shown in Figure 2.

In Figure 2, the planar HCDPR has 5 DOFs (the mo-
bile platform has 3 DOFs and the robot arm has 2 DOFs),
where point Py, (X, Zm,Om) is located at the center of mass of
the mobile platform (indicating the degrees of freedom of the
mobile platform); point P; (x,z;) is located at the first joint
of the attached robot arm; point P, (x.1,z.1) represents the
center of mass of robot link 1; point P;(x,z5) is located at
the second joint of the robot arm; point P (x.2,z2) denotes

Fig. 1.
HCDPR.

Mechanical model of the kinematically constrained planar

Fig. 2. Configuration of the HCDPR. (a) planar HCDPR; (b) en-
larged figure of the mobile platform with the robot arm.

the center of mass of robot link 2; and point P,(x.,z.,q.)
represents the positions and orientation of the robot end-
effector. In addition, x,, and z,, denote the positions of the
mobile platform (the center of mass) in the X-direction and
Z-direction, respectively, with respect to the inertial coordi-
nate frame {O}. 0,, indicates the orientation of the mobile
platform with respect to the OYp-axis, 0; and 0, are the rel-
ative angles of the robot arms as shown in Figure 2. Other
parameters of the HCDPR are also shown in Figure 2 and Ta-
ble 1.

The forward kinematics is derived by given the
vector of generalized coordinates (joint variables) q =
[Xp1> Zim» Om, 01,02]7 € R to find the vector of positions and
orientation p, = [X, %, ¢.]7 € R? and the cable length vector



Table 1. Parameters of the HCDPR

Symbol Values Symbol Values
I 0.440 m lpd 0.055 m
I 0.268 m Iy 0.086 m
I 0.105 m Iy 0.105 m
lg 0.412m In 0.052 m
L, 3.000 m I 0.305 m
Iy 1.000 m 1) 0.305 m
le1 0.1525 m I 0.1525 m
My, 30kg In 0.83 kgm?
my 10kg I 0.18 kgm?
my 10kg b 0.18 kgm?
Tin 40N Tnax 2000N
K, 1.1x 10*N g 9.810 m/s?
L=[L,Ly,---,Lg|" € RO as follows:
X1 = X + L cos (0
P :{le Zy:-—:-_l,’:sin ((é,:,n)) M

.= 2
el =121 +lcl Sln(em +91) ( )

P .{xd =x1+1 COS(ém-i-e])
¢

X2 =x1+1 COS(ém +91)
P . &
2 {Zz =z1+1/;sin(6,, +6,) ©)
p, . [ X2 =x2+1acos(8, + 61 +6)) @
2\ 22 =22+ L2 sin(6,, + 0 + 62)

where 0,, = 6,, + /2, (x1,21), (Xc1,21), (%2,22), and
(xc2,2¢2) represent the positions of joint 4, the center of mass
of link 1 of the robot arm, joint 5, and the center of mass of
link 2 of the robot arm, respectively.

The end-effector positions and orientation (x,,z.,q.) are
described as

Xe=X2+1p cos(_em +6;+6,)

P, :Q 7= X2 + lpsin(0,, + 61 +92) . 5)
de = 6m +91 +62

The velocities of the center of mass of link 1 and link 2

are calculated as

xcl == xm - lcl (em + el ) Sin(ém + el )
—1,,0,,sin (ém)

Zet = Ym+1Le1 (O +61) cos(B,, + 61) (©6)
+ LB cos (8,,)

va = (& +2)"

X = Xm —11(6m+61)sin(ém+61)
— lm_ém sin(ém) — lcz(em + 61 + 92)
sin(8,, + 01 +6;)

22 = Y+ le1 (8 +61) cos (8, +61) @)
+ 1nOm €08 (0) + 12 (8 + 01+ 02)
cos(0,, +0; +6;)

ver = (1%, +2%)"?

where (%.1,z01) and (%c2,Z.2) represent the velocities the cen-
ter of mass of link 1 and link 2 in the X-direction and Z-
direction, respectively. v.; and v, denote the total velocities
of (%c1,2¢1) and (%c2,%2), respectively.

The Jacobian matrix J, is calculated as

—1ysin (8, +01) — Ly sin (6,,)
—1Ip sin (ém +0,+ 92)
[; cos (ém + 61) + 1, cos (ém)
415 cos (ém +0;+ 92)

1

10

Je="1q = |01

00

—I[; sin (ém + 91)

—L sin (6, + 01 +6,) ~Lysin (8, + 61 +6,)

I cos (8, +61) ) "
+15 cos (8, +61 +65) 1> cos (8,,+6; +6,)
! 1

For the cable length L, first, the corresponding vectors
shown in Figure 2 are computed as

Prte = [le/2— 1, 0 zf/z]i
Pm2e = [16/2 0 lf/z - 17{!]
Prze = [le/2 0 =17 /2] ) ©
Pmde = [—19/20 _lf/z] ’
Pmse = [—1le/2017/2— zh]T
Pube = [—le/2+15 0 17/2]
and
T T
Pm1 = [xm 0 Zm} r + Ry(em) [lb/z 0 lm} r
Pm2 [xm 0 Zm} +Ry(em) [la/2 01l,— lc}
Pm3 = [xm 0 Zm} ! + Ry(em) [ld/2 01,— lbd]
T r (10)
Pt = [ 0 2] ot Ry(6,,) [—1a/2 0 Iy — lbdl
Ps = [Xm 0 2] +Ry(8) [~1a/2 0 Ly — L]
D6 = [ 0 2] "+ Ry(0,)[~15/2 0 1]

where Pmie (l = 1727'“ 76) and Pmi (l = 1727"' 76) repre-
sent the position vectors of the ith cable anchor point on



the robot static frame and the ith cable anchor point on the
mobile platform, respectively. Ry(6,,) is the rotation matrix
along the Y-axis (moving frame).

Then, the cable position vector is calculated as

Li:pmie_pmi i:1,2,~~-,6. (11)

Finally, the cable length vector is computed as

L=[Li Ly L3 Ly Ls Lg)"

T
= (I [} | L | [ La]] L] L] (12)

The inverse kinematics is calculated by given the vector
of positions and orientation p, = [xg Ze qe]T € R3 and the
cable length vector L = [Ll L --- L6] T to find the vector of

joint variables q = [xm Zm " 92] T as follows.

Suppose the cable lengths L and Lg are given and the
kinematic constraints are applied (i.e., L = L, and L5 = Lg,
then 6,, = 0). Then, the solutions of x,, and z,, are computed
as

_ L1
Xm = 30, T, 20,)

_ 1
=5 —letlnt 2(l,—le+21g)

((Ly —L6+lb—le+21g) (L6—L1+lb—le—|—21g) 1

(Li+Le+1p —lo+2l,) (Li +Le — Ip + 1. — 2)) 2.
(13)

Substituting x,, z, and 6,, into (1), we can find (x1,z;).
Other terms are calculated as

1/2
2 2
Fle 1= ((xefxl) +(ze —21) )
¢ := atan2 (z, —z1,X, —X1)
2 2_12
L —1 (. th—5
O := COs ("2”7

2,72_.,2
e (lith—r,
B:=cos ( G )

(14)

Finally, two solutions for 8; and 8, are computed (using
(14)) as

0 =0F0—0,
A (4>
where (14) and (15) are available whether the cable kine-
matic constraints are applied or not.

2.3 HCDPR Dynamics

In this paper, a method called equivalent dynamic mod-
eling (EDM) is used to derive the dynamic equations of
the HCDPR using the following steps: 1) mapping cable
tensions (n cables) to the equivalent joint forces/torques (k

DOFs) for the cable-driven robot; 2) derive equivalent m-
DOF robot dynamic equations (the attached robot arm has
(m — k) DOFs) which include equivalent joint forces/torques
(k DOFs); 3) express the corresponding terms of equivalent
joint forces/torques (in the equivalent m-DOF robot dynamic
equations obtained in Step 2) in terms of the n cable ten-
sions. Then, the analytical dynamic model of the HCDPR
will be introduced. The EDM method has some advantages
of deriving dynamic equations for HCDPRs. For example,
it provides an effective solution for different configurations
of HCDPRs. In this paper, the EDM method will be applied
to the planar HCDPR shown in Figure 2. The equivalent
dynamic modeling method applied to the planar HCDPR is
conducted as follows:

1) An equivalent three-spring driven model shown in
Appendix 5 is developed. A cable-tension transformation
equation T, = —AT is satisfied and proved, where T, :=
[1,7.,70)]) €R3, A €R¥>" and T := [T, »,---,T,]" €R”
represent the equivalent joint forces/torques applied to the
mobile platform, the structure matrix A, and the cable ten-
sions, respectively.

2) The kinetic and potential energy are calculated as

1 1 1. . 1
Kr :fmm)'c,zn + fmmzf,, + 51,,19,%1 + fmlvgl

2 2 2
1 . | 5 1 . . . \2
+5h (6, +61)"+ 3mavea+5h (6, +61+6,)
(16)

and

1
Pr =mpu g2, +m182c1 +magzer + Ekx(xm _me)Z

1 1
+ ke (am —zm0)* + ko(Bn — 6,0)° (17)

where ky, k., and kg come from the equivalent three-spring
driven model shown in 5, which represent the corresponding
spring constants based on Hooke’s law. Also, the expression
L (X — Xm0)* + 3k (zm — 2m0)” + Lk (8 — Bo)” indicates
the spring potential energy of the equivalent joints.

Then, the Lagrange’s equation is described as

d <a<KE—PE))_8(KE—PE> =125

dr\  9g; 9g;
(18)

The dynamic equation is computed as

M(q)§+C(q,4)q+G(q) +Pis(q)=1 (19

where q € R, ¢ € R’, and § € R, represent the vectors
of generalized coordinates, velocities, and accelerations, re-
spectively. M(q) € R¥3, C(q,q) € R¥, G(q) € R, and
P,(q) € R’ denote the inertia matrix, Coriolis and cen-
tripetal matrix, vector of gravitational force, and vector of



elastic force, respectively. T € R represents the vector of
generalized force. M(q),C(q,q),G(q), and P,4(q) are pro-
vided in Appendix 5.

When an external force F, and moment M, are applied
to the end-effector, the dynamic equation can be rewritten as

T
=T

(20)

M(q)§+C(q,q)q+G(q) + Py (q) +J; [Fe M,]

where J, is the Jacobian matrix. Here, (19) or (20) is the
equivalent HCDPR dynamic equation.

3) For the planar HCDPR, (20) and (50) are rearranged
as

M(q)d+C(q,4)d+G(q)+J! [F. M.]"

T1 — Pyt

T — P2

=T—Py (q) = (13— Pys3
T4
Ts

21

Using (10), (11), and (12), and by supposing £ = HI%H €

R3 and ry = (pmi — Pm), where i =1,2,--- 6. Then, a matrix
A is defined as

A= (22)

z z_
Ix % I:lx | Tex « I:()x
Fizg Ly, r6z Le;

Combining (54) and (22), AT is the force and moment
(applied at the center of mass of the mobile platform) coming
from the flexible cables. Based on the Lagrange’s equation
(18),7; (j=1,2,...,5) denotes the generalized force/torque
applied to the dynamic system at joint j to drive link j, but
in the specific HCDPR, the mobile platform is driven by six
cables, i.e., there is no direct input (force/torque) applied to
the center of mass of the mobile platform, so T =T, =13 =
0. From (21) and (56), we get

T
[Tl _val T _vaZ 3 _va3]

= [_val —Py _va3] ! = —T, = AT. (23)

Then, by combining (21) and (23), the dynamic equation
of HCDPR is described as

AT
M (q){+C(q,4)a+G(q)+I7[F, M, = | 4
Ts5

. (249)

In addition, consider the configuration and constraints
of HCDPR shown in Figure 2. The upper cables and lower

cables are based on position control and force control, re-
spectively. Then, the cable tensions T shown in (24) are cal-
culated as

= %(L1—L01)
=12 (Lo —Lo2)
=T
Ty, =T,
Ts = 7= (Ls — Los)

Ts = 1> (Lo — Los)

(25)

where the unstretched cable lengths are Lo; = Lo and Los =
Los (because of the kinematic constraints), L; (i =1,2,---,6)
are the state of current cable lengths, and Kj is the specific
stiffness. Hence, suppose the inputs of the real HCDPR are
u=[Lo T3 T3 Log| T and 145 = 4 5] r (torques applied to
the revolute joint on the robot arm). Also, the outputs are
assumed to be q = [xm Zm Om 01 62] T, where x,, and z,,, are
the equivalent prismatic joints on the mobile platform; 6,, is
the equivalent revolute joint on the mobile platform; and 6,
and 0, are the revolute joints on the robot arm.

3 Control Design

Based on the system modeling in Section 2, the redun-
dancy resolution, stiffness optimization problem, and con-
troller design will be proposed to address vibration control
and trajectory tracking issues.

3.1 Redundancy Resolution

For the HCDPR shown in Figure 2, the robot is redun-
dant in terms of the number of degrees of freedom (i.e., six
cables drive the 3-DOF mobile platform). Suppose an exter-
nal force and moment [Fe,Me]T are applied to the center of
mass of the mobile platform, we get

T=A* (mm [00g"+ [Fe,Me}T) eR®.  (26)

By supposing the wrench vector W,,, := my, [O 0 g} Ty
[F,,M,]" € R3, then

T=A7 (AA7)'W,,. 27)

In (27), the elements of T (i.e., cable tensions) might
be negative. However, in the real system, they cannot drive

the mobile platform if they were negative. The redundancy
resolution of the cable tensions T can be formulated as

T=AT(AAT) "W, +Null (&) [\ 2 As]7 (28)

where T = [Tl T --- T6:|T € RS, Null(A) represents the
null space of structure matrix A (A is calculated using



(22), and Aj,Az,A3 € R are three arbitrary values. In
(28), Null (A) [A1 A2 7»3]T belongs to the null space of A,

since it can be described as A (Null (A) [kl A kﬂT) =

(ANull(A)) A A2 A3]" = 0[A1 A2 A3]" = 0. The expres-
sion Null (A) [7»1 Ao 7»3]T denotes antagonistic cable ten-
sions. The cable tensions T increase if all the antagonistic
cable tensions are positive. Hence, the values of A, ;3,73
can be selected to maintain that all the cable tensions are
positive.

By supposing T4 := AT (AAT)71W,,, and Ny :=
Null (A), then (28) is rearranged as

T=Ta+Na[M 2 As]” (29)

where Ty =
Na11 Naiz Nais
Na21 Naoa Naos
Na31 Na33 Nas3
Naa1 Naaz Nags
Nas1 Nasz Nas3
Nae1 Nas2 Naes |

combine the stiffness maximization method and constraints

in order to optimize cable tensions.

[Ta1 Tao -+~ Tag)' € RS and N,y =

€ R%3. Eq. (29) is introduced to

3.2 Maximizing Stiffness of the HCDPR

To calculate the stiffness matrix K for a static cable-
driven robot, first, suppose an external force and moment
[Fe,M,] T are applied to the center of mass of the mobile plat-
form. The stiffness matrix K is computed as

" d (m [00g]"+ [Fe,Me]T) _ d(AT)
= - dpm

dpm
dpm dpm  dpm dL J \ dpn
A
:d—T+AKcAT = Kr +K;
dpm

A
d T

(30)

where p,,, T, and L represent the position and orientation
of the center of mass of the mobile platform, cable tension
vector, and cable position vector, respectively. Matrices Ky
and K are a product of the cable tensions and cable stiffness,
respectively, where K. = Z—E = diag (ki,kp, - ki, ky) €
R™" and k; represents the cable stiffness, i.e., the stiffness
coefficient of the ith cable. If (30) is expanded in terms of
the kinematic parameters L;, I:,-, and r;, the matrices Ky and
K can be described as [9, 19]

and
. LT LT [rx)"
Kk - k ! Al A ! Al A ! (32)
i; < ELT ] DL [y x]"
Tix 0 —ry Tiy . l:‘ix
where 1; = Tiy | » [l‘iX] =|rg; 0 —ry|,Li= Liy s
Tiz —ry rix 0 iiz
0 _i‘iz i/iy
and [L;x] = | Ly 0 —Ly|. [rx] is defined as the
—Liy Ly 0O

cross product operator, k; is the ith cable stiffness, and I is the
identity matrix. Eq. (31) and (32) are equivalent to the re-
sults of the four-spring model proposed by Behzadipour and
Khajepour [19]. They also proved that a static cable-driven
robot is stable if the stiffness matrix K is positive definite
(sufficient condition).

The stiffness matrices in (31) and (32) are applied to
the cable-driven robots in 3D. For the HCDPR in this paper,
since the upper four cables are utilized for position control
and the lower cables are used to set cable tensions, the spe-
cific stiffness matrix can be rearranged as

6 T I—I:li;lT (I—iql:lT) [l‘,’X]T ;
Kr = i A oA ;X I—I:,']_A;T ;X
E{Li [rix] (I-LL]) [xi ]([ﬁix] [Ii,-)x[}T ]
(33)
and
n (i (17117
K, = k| bl Lieodt 1o gy
imizse  LEix]Lily [rox]LiLy [r;x]

where r;y, and 12,}, equal zero, and k; = K /Ly;. In addition, el-
ements of K; cannot be controlled, because they come from
the property of the cables. Hence, the stiffness of HCDPR
can be changed by optimizing Kr.

Then, maximizing the stiffness of HCDPR is achieved
by the following approach:

1) When the kinematic constraints (Lg; = Loy and Lgs =
Los) are applied, then set the two cable tensions as 71 = T
and T5 = Ts. By combining k; = K, /Lo; and (25), we get

M= byci—bicp
{ _ aatad (35)
- albz—azbl
where
air = Na11 —Naoy
b1 = Na12 —Nax
c1 =kt (L1 — Lp) 4+ Tao — Ta1 + (Na2z — Na13) A3 (36)

az = Nas1 — Nl
by = Nps2 — Nae2
¢2 = ks (Ls — Lg) + Tag — Tas + (Nas3 — Nas3) As.



Hence, there is only one variable A3 to optimize, such
that:

byci=bicy ajcp—apey T
T=Ts+Ny [ A3 37)

aiby—axby ayby—axby

2) Maximizing any diametric matrix K in (30) pro-
vides a unique solution for cable tensions [29] and satisfies
K = g(A3), where g(-) is a monotonic nondecreasing func-
tion. So, maximizing the stiffness K and maximizing A3
are equivalent. Here, the maximum A3 will maximize the
HCDPR’s stiffness K in x,,, z,,, and 6,, directions (i.e., in
the directions of X-axis, Z-axis, and rotation about Y-axis).
Then, we have

T = 3D, +Ey, D4, E4 € R® (38)

where matrices D4 and E,4 are calculated using (57) and (58)
shown in Appendix 5. The solution for (38) can be described
as

1 Ey4i .
A3=—T — , i=1,2,---,6. 39
3 DAi i DAi ( )
3) The objective function is defined as
maximize A3 (40a)
subjectto T =A3Ds +Ey (40b)
OgTiminSTiSTimax, i:1725"'76
(40c¢)

where T;, Timin, and Timax represent the ith cable tension,
minimum allowable tension, and maximum allowable ten-
sion, respectively. Eq. (40) can be easily solved using solvers
such as CVX [30] to find the optimal value A3. After Az is
obtained, the corresponding optimal cable tension T is cal-
culated using (38). Compared to the method of stiffness
maximization in the softest direction in [31], (40) provides
a simpler and effective approach. In this research, the above
algorithm (used to calculate T from (38)) is combined with
controller design to meet the control objective while simulta-
neously satisfying required stiffness along each motion axes.

3.3 Control Strategies

For the proposed configuration of the HCDPR shown
in Figure 2, four upper cables, two lower cables, and the 2-
DOF robot arm are based on position control, force control,
and torque control, respectively, i.e., their corresponding in-
puts are positions (cable lengths), forces, and joint torques.
Furthermore, the elastic cables reduce the overall stiffness of
the robot, so vibrations become a serious problem for precise
control [19,29,32]. Another major problem is maintaining
cable tensions to keeping large enough stiffness for the robot.
As mentioned above, the goal of this paper is to develop an

integrated control system for the HCDPR to reduce vibra-
tions and improve motion accuracy and performance. In or-
der to achieve this goal, different controllers can be designed,
such as PID, LQR, and feed-forward controllers. In the stud-
ies, PID-based control strategies are designed to control the
motion of the HCDPR.

In addition, for the actual HCDPR system, since the
driven cables are flexible, the positions of the mobile plat-
form or actual cable lengths cannot be computed directly
from the measurements of encoders (embedded in the cor-
responding driven actuators). In this case, the upper cables
are considered as a rigid body with the given cable lengths
while optimizing the lower cable tensions. In other words,
each cable is fitted with a force sensor which provides ten-
sion magnitude to the robot feedback control system to en-
sure that the HCDPR has the desired stiffness. The control
strategy includes tracking the motions of the mobile platform
and the robot arm as well as optimizing the cable tensions to
satisfy the required stiffness of the robot.

Based on the above method, the proposed control struc-
tures of the HCDPR are shown in Figure 3. Figure 3(a)
shows the desired inputs being cable lengths (L;,Ls) and
robot arm joint variables (01,0;). In this case, the goal is
to control the rigid HCDPR for the desired (L;,Ls) using
PID controller I and the desired (8;,6) using PID controller
II, respectively. Figure 3(b) represents the desired inputs as
joint variables q = (X, Zm,0m, 01,62). In this case, suppose
(Xmy, Zm,Om) (€., Py (Xmy2Zm,0m)) is given (e.g., using exter-
nal cameras to track the trajectories). In the control scheme,
the corresponding PID controllers continuously calculate er-
rors as the difference between the desired and actual values.
The controllers’ outputs are then used to command the ca-
bles and the robot arm actuators to drive the HCDPR. Also,
the optimal cable tensions are obtained using (38).

The HCDPR system with position controllers developed
is shown in Figure 3(a) and Figure 3(b). The system consists
of the system dynamics in Section 2, the redundancy resolu-
tion derived in Subsection 3.1, and the stiffness maximiza-
tion approach proposed in Subsection 3.2.

Defining an error vector e(¢) for the controllers above as

[Li(t) Le(t)]T —[L1(¢t) Le(t)]" PID controller I
e(t) =< [01(r) 02(1)]" —[01(¢) B2(r)]" PID controller II
q(r) —q(r

(41)

where (-) denotes actual values. Based on the diagram shown
in Figure 3, the control law is designed as

m(t) ’ de(t)
|:lllla([):| :I(Pe(l‘)“‘l(i\/0 e(t)dt+Kd :

(42)

where K, K;, and K; are the proportional, integral, and
derivative terms, respectively. u, and u, represent control
inputs to the mobile platform and robot arm, respectively.
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Fig. 3. Control structures of the HCDPR. (a) The desired inputs are cable lengths and robot arm joint variables; (b) The desired inputs are

joint variables.

4 Numerical Results and Discussion

To evaluate the control performance in Section 3, the
following cases will be studied. All the scenarios are im-
plemented using MATLAB 2019a (The MathWorks, Inc.)
on a Windows 7 x64 desktop PC (Inter Core i7-4770, 3.4
GHz CPU and 8 GB RAM), and the initial condition is
qo = [0,0,0,0,0]7.

Case 1: Control the CDPR by Given Cable Lengths
(leLﬁ)

In the first case, assume L;,Lg,0;, and 0, are obtained
from the actuators encoders. The PID controller I is applied
(parameters are set as K, = 2 x 102,K; = 10, and K; = 0)
to control the upper cables, where L; = 1.35 m and Lg =
1.35 m. Meanwhile, the PID controller II is applied (param-
eters are set as K, = 6 x 10%,K; = 20, and K; = 1 x 10°) to
control the robot arm, and the desired joint variables [0, 05]
are equal to [0,0]. This means that it is desired to maintain
the robot arm stationary. The results in Figure 4(a) and Fig-
ure 4(b) show that the vibrations are not damped out using
the proposed PID controllers.

Case 2: Control the CDPR by Given Py, (X, Zm, Om)

In this case, suppose Py (X, Zm,0m) (€. (X, Zm,Om)
measurements are available (e.g., vision based feed-
back). When the PID controller is applied (K, = 5 x
103,K; = 3.5 x 107, and K; = 1.1 x 10%), the desired po-
sitions of the mobile platform [x;;,2m,0,01,0,] are set to
[2x1073,4x 1073,0,0,0]. The corresponding results are
shown in Figure 5(a), Figure 5(b), and Figure 5(c). The re-
sults show that the errors between the desired input q and the
actual output q go to zero very quickly (about 0.3 seconds),
and the dynamic inputs (cable lengths, cable tensions, and
robot arm joint torques) applied to the HCDPR are quick to
stabilize. In this case, the states of the upper cable tensions
stabilize at the set point in less than 0.3 seconds. In addition,
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Fig. 4. Responses of Case 1. (a) Errors between the desired inputs
and the actual outputs and (b) trajectories of the center of mass of
the mobile platform and the end-effector.

it is clear that the vibrations are well controlled when the PID
controller is applied.

In summary, based on the results from case 1 and case 2,
when the desired L, Lg, 01, and 6, are given, vibrations in
actual positions of all degrees of freedom need to be damped
out (or controlled better).

Case 3(a): The Mobile Platform is Fixed and the Robot
Arm is Moving

In this case, the mobile platform is fixed (the cable
lengths (Lj,Lg) are given) and the robot arm is moving.
Also, PID controller I (K, =2 x 10?,K; = 10, and K; = 0)
is applied to control the upper cables and PID controller II
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Fig. 5. Responses of Case 2. (a) Errors between the desired input
q and the actual output ¢, (b) the dynamic inputs (cable lengths,
cable tensions, and robot arm joint torques) applied to the HCDPR
and the states of the upper cable tensions, and (c) trajectories of the
center of mass of the mobile platform and the robot arm end-effector.

(K, =6 x 10%,K; = 20, and K, = 1 x 10?) is applied to the
robot arm. The desired trajectories are defined as

Li=L¢=1.35
0, =0.1¢7, € [0,fmax]
0, =0.1¢7, € 0,tmax]

(43)

where ¢ and . are the current and maximum running time.

The corresponding results are shown in Figure 6(a) and
Figure 6(b). The results also show that tracking errors are
not acceptable, and vibrations are not controlled with near
sustained oscillations in cables L; and Lg.

Case 3(b): The Robot Arm is Fixed and the Mobile Plat-
form is Moving

In this case, the robot arm is fixed and the mobile plat-
form is moving. This is the same as in Case 3(a), PID
controller I (K, =2 x 10?,K; = 10, and K, = 0) is applied
to control the upper cables and PID controller II (K, =

Ly vs. L
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Fig. 6. Responses of Case 3(a). (a) Errors between the desired
inputs and the actual outputs and (b) trajectories of the center of
mass of the mobile platform and the end-effector.

6 x 10%,K; = 20, and K; = 1 x 10?) is applied to the robot
arm. The desired trajectories are given by

Ly = 1.35-0.01¢,
Lo = 1.35+0.011,
0, =0
0, =0

t € [0, fmax)

t € [0, fmax) (44)

where t and . are the current and maximum running time.

In this case, the results are shown in Figure 7(a) and
Figure 7(b). The results again show that tracking errors are
not satisfactory and vibrations are not damped out using the
two PID controllers.

Case 4(a): The Mobile Platform is Fixed and the Robot
Arm is Moving

In this case, the mobile platform is fixed and the robot
arm is moving, i.e., the robot arm moves from one point
to another. When the PID controller is applied (K, = 5 x
10°,K; = 3.5x 107, and K; = 1.1 x 10*), the desired trajec-
tories of the mobile platform are described as

Xn=0

Zmn =0

0,,=0 45)
01 =t, t€0,fmax

0 =—t, t€I0,tmax]

where ¢ and t,« are the current and maximum running time.

The corresponding results are shown in Figure 8(a), Fig-
ure 8(b), and Figure 8(c). The results show that the errors be-
tween the desired input q and the actual output q go to zero
very quickly, and the dynamic inputs applied to the HCDPR

10
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Fig. 7. Responses of Case 3(b). (a) Errors between the desired
inputs and the actual outputs and (b) trajectories of the center of
mass of the mobile platform and the end-effector.

are quick to stabilize. Moreover, although the mobile plat-
form remains stationary and only the robot arm moves from
one point to another in the joint coordinate frame, the robot
arm motion still generates reaction forces/moments which in
turn create oscillations on the mobile platform. The states of
the upper cable tensions are stabilized in less than 0.2 sec-
onds. Because of the action of the PID controller, vibrations
of the HCDPR are well controlled in this case.

Case 4(b): The Robot Arm is Fixed and the Mobile Plat-
form is Moving

In this case, the robot arm is fixed and the mobile plat-
form is moving. When the PID controller is applied (K, =
5x10°,K; =3.5x 107, and K; = 1.1 x 10*), the desired tra-
jectories of the mobile platform are as follows

Xm=—0.1¢, 1 € [0,fmax]

zm = —0.05t, 1€ [0,tmax]

0,, =0 (46)
0,=0

6,=0

where ¢ and t,« are the current and maximum running time.

The results are shown in Figure 9(a), Figure 9(b), and
Figure 9(c). The results show that the errors between the
desired input q and the actual output { go to zero in about
0.25 seconds. The dynamic inputs (cable lengths, cable ten-
sions, and robot arm joint torques) applied to the HCDPR are
also quick to stabilize. Meanwhile, cable tensions 73 and 7
are always positive since the algorithm for maximizing the
stiffness of HCDPR is applied. In this case, the upper ca-
ble tensions reach the set values in about 0.2 seconds. The
tracking trajectory errors of the center of mass of the mobile
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Fig. 8. Responses of Case 4(a). (a) Errors between the desired
input  and the actual output q, (b) the dynamic inputs (cable lengths,
cable tensions, and arm joint torques) applied to the HCDPR and the
states of the upper cable tensions, and (c) trajectories of the center
of mass of the mobile platform and the end-effector.

platform shown in Figure 9(c) are very small. In addition,
when the proposed PID controller is implemented, the vibra-
tions of the HCDPR are well controlled.

In summary, redundancy resolution and stiffness opti-
mization methods for the HCDPR were introduced. PID-
based controllers are also designed for position control of
the HCDPR system. The performance of the HCDPR us-
ing the position PID controllers is analyzed via different sce-
narios: when the positions/orientations of the mobile plat-
form and the end-effector positions of the rigid robot arm (or
joint variables) are given, the trajectory tracking and vibra-
tion suppression can be well handled.

5 Conclusions

This paper proposed a kinematically constrained planar
HCDPR which can harness the strengths and benefits of se-
rial and cable-driven parallel robots. Based on this HCDPR,
kinematics, dynamics, redundancy resolution and stiffness
maximization algorithms were developed. Controllers (I and
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Fig. 9. Responses of Case 4(b). (a) Errors between the desired
input  and the actual output q, (b) the dynamic inputs (cable lengths,
cable tensions, and robot arm joint torques) applied to the HCDPR
and the states of the upper cable tensions, and (c) trajectories of the
center of mass of the mobile platform and the end-effector.

IT) were also designed to address trajectory tracking and vi-
bration suppression problems. Control performance was an-
alyzed by using different scenarios, and the results showed
that the controller II can achieve the goal better. Besides,
compared to the existing research, this paper showed the re-
action performance, i.e., the mobile platform was fixed and
the robot arm was moving or the mobile platform was fixed
and the robot arm is moving, as well as the trajectory track-
ing of the end-effector, and both results were satisfactory.
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Appendix A: HCDPR Derivations
The terms in (19) are computed as follows:

My My Mz M4 M5

My My My Moy Mos

M3y M3y M3z Mg M3s |,
My Map Myz Mag Mys

Msy Msy Ms3 Msy Mss

Ci1 C12 C13 Ci4 Cis Gi

C(qaq) =

G G Co3 Gy G5 G
C31 C32 C33 C34 G35 |, Glq = |Gs], and
Cy1 Cup Cy3 Cyq Cys Gy
Cs1 Csp Cs3 Csy Css Gs
PVA‘(q) = [val Py Pys3 0 0} T, in which
My = m + m + my, My = 0, M3y =

—l,my Sin(em) — Lpmy sin(0y,) — lomysi (em +0;+6;) —
limy sin(6m+61) — l.am sin(em+61), My =
—leamy sin(9m+91 —|—92) — llmzsin(9m+el)

leymy sin(0,, +01), Msy, = —lompsin(6,,+6;+ 6,

>

~—

My = 0, My = m + my + my, Mzp =
Immy cos(0,,) + Lymacos(0,,) + lomaycos(0, + 01 +6;2) +
limycos(0,+61) + Iymjcos(6,,+6;), My =
leamy cos(0,, + 01 +6;) + limycos(0,, +01) +
leymycos(0,, +01), Ms, = lomycos(0,,+60;+6,),
Mi; = —mp(l;sin(6,, +01) +  Ipsin(6,) +
leasin(0, +01+02)) — my(le1sin(6,, +01) + I, sin(6,,)),
M = my(lycos(0,+61) +  Iycos(8,) +

le2co8(0,, + 61 +62)) + my (le1 cos(0,, +01) +
lmCOS(em)), M3z = L + 5L + I, + 112m2 + lclzml +
lczzmz + lmzml + lm2m2 + 2lpl,my COS(el +92) +
2l1lomycos(0y) + 2hL1umpcos(0;) + 2lqlLu,mycos(0;),
Myz = mgl12 +2mycos(02)!11e2 + Iymy cos(01)] +mllc12 +
Lymy cos(81)le1 + male® + Lympcos(01 +82)lo + I + b,
Msy =1 + lczzmz + oo lymo COS(G] + 92) + lloomo COS(GQ),
My = —mp(l;sin(0,,+01)+1sin(0,+0;+6;)) —
leymy sin(6,, +61), My = mp(licos(0,+0;) +
l2cos(0, +614+62)) + Il.ymicos(0,+6;), M3y =
mzllz + 2mzcos(92)l1lcz + lleQCOS(el)ll =+ mllc12 +
Iumycos(01)ler + mala® + lumacos(01 4+ 62)le2 + I + b,
Mas = moly* +2ma cos(02) 11 + myle* + molea® + 1) + b,
Msy = mlo® + Lhmycos(®)la + L, M5 =
—lomy Sin(em +0; —|-92), Mps = lczmQCOS(Gm + 0 +92),
Mszs =1, + lczzmz + Lo lmo COS(91 + 92) + lloomo COS(ez),
Mys = malea”® + himycos(02)la + b, Mss = La*ma + b,
Cii1 =0, Cp =0, Ci3 = —em(mz(ll COS(em + 9]) +
Iy cos(0y,) + 12 cos(0,, + 01 +02)) +my (l1 cos(0, +01) +
Ly COS(em))), Cuy = —(Zém + 61)(1621712 COS(em +0,+ 92) +
limycos(0,,+01) + Il.gmicos(0,+01)), Cis
—leam) cos(8,,+ 01 +62) (26, +261 +62), C21 =0,C =
Coz = —0,,(ma(ly sin(0,, + 01) + 1, sin(0,,) + L2 sin(6,,
01 + 02)) + my(le1sin(0, + 01) + Lysin(0,))), Cou
—(26,, +61)(l.oma sin(B, + 01 +6) + [ymysin(8,, +01) +
leymy sin(6,, +01)), Cos = —l.omy sin(6,, + 0 + 92)(29,,, +
261 + 62), C351=0,C3p=0,C33=0, C3y4 = —lm(zém +
61)(111112 Sin(el) + lam Sin(el) + lomy sin(61 +92)),
Css5 = —laamy (L, sin(8) +0) + 11 sin(0,))(26,, +26; +6,),
Cy1 = 0, Cp = 0, Cy3 =
lmém (11m2 Sin(el) +1l.1m Sin(el) + l.omy sin(61 + 92)),

Cys =0, Cy5 = —l1l.omyp sin(ez)(29m+291 +62), Cs1 =0,
Csp = 0, Cs35 = lczn/lgem(lm sin(61 +92) +1 Sin(ez)),

=]
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I+
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Csq = lilomy Sin(ez)(26m+91) Css =0, G, =0, G
(my +my+my)g, G3 = miglycos(0,,) + magly, cos(0

magloncos(0,, +0;+62)  +  moglicos(6,,+06))

mygle1 cos(0,, +01), Gy mpglicos(0,,+01) +
my gl cos(0,,+61) + mglo cos(Bm +6;+6,),
Gs mZgICZ COS(em+91 +92) Py = ke ( me)
P :kz(zm_ZmO) vs3 —ke(9 _emO) P4 =0, Pys =0.

2 =
m) +
+

Appendix B: Equivalent Cable-Driven Model

Theorem 1. Assume an external force and moment
[Fe,Me]T € R3 are applied to the mobile platform in a 2D
CDPR (shown in Figure 10), then the equation T, = —AT
will be satisfied. In this equation, T, := [TX,TZ,TG]T € R3,
Ac R and T := [T}, T, - ,Tn]T € R" represent the
equivalent joint forces/torques applied to the mobile plat-
form, the structure matrix A, and the cable tensions, respec-
tively. In Figure 10(b), suppose T.,7T;, and T always parallel
axes 0Xy, OZy, and OYy, respectively.

Equivalent

(La.k1)

Mobile Mobile
: platform platform
(Mm,Im) (Mm,Im)

(Lo,ko)

@

Fig. 10. An equivalent three-spring driven model for a 2D flexible
CDPR. (a) A 2D flexible CDPR; (b) an equivalent three-spring driven
model.

Proof. Suppose an external force and moment [F,,M,]” €

R are applied to the mobile platform (as shown in Fig-
ure 10(a) and Figure 10(b)) and generate the same posi-
tion and orientation accelerations [xm,zm,ém} T. Using the
Newton-Euler formula, the following equations can be de-
rived.

For the model shown in Figure 10(a), we have

where I:i denotes the unit cable vector. Furthermore,

(r;xT))+M, = I,,6,,

D=

- L

- ((I‘,’ X IAJt) T;) = ]mém - Me (48)
i=1
Combining (47) and (48), we get
n ~ My Xy 0
L; .. F.

- ~ | Tip = m<m - 49
,gi { [fi x L:] } an'me mg § [MJ @
For the model shown in Figure 10(b), we also have

Te| _ My | 0 _F (50)
Tz MmZm mm& ¢
and
To = Imém - Me (51)
Combining (50) and (51), we get
Ty MyXm 0 F
| = mm.:Z.m mmg |:N[e :| (52)
To 1,,6,, 0 ¢

Clearly, the right sides of (49) and (52) are equal, so

Tx n t
sl
T i=1
Eq. (53) is expanded as
IAJI I:2 I:i I:n
=_ . L ~ L | T (54
n leLl roxLly - rixL;--r,xL, 4
A
where I; = [ﬂ L ] €R% r;=[rp,rz] €eR% and T =
N T - ] € R". Hence, we get

Ty = —AT (55)

where A represents a structure matrix, determined by the po-
sition and orientation of the mobile platform.
Furthermore, t,, is satisfied with T, = [Ty,T;, ‘ce}T
[kx (xm me) (Zm - ZmO) ,ko (em - emO)}Ta where
ky,k;, kg € R denote equivalent spring constants (parallel



the X-axis, Z-axis, and rotation about Y-axis, respectively),
(X5 Zim, Om) and (Xm0, 2Zmo,Omo) represent the current and
initial positions and orientation of the mobile platform,
respectively. For the six-cable HCDPR shown in Figure 2.
Then, we also get

AT = —1,, = _[kx (xm _me) Jk; (Zm - ZmO) s ke (Gm - emO)]T

(56)

Besides, suppose T; =
ki(L; —Lo;)  input is the ith cable length .

T; input is the ith cable tension Itis clear that

(55) is available to the cable position (cable length) control,
force (cable tension) control, and hybrid cable position/force
control.

Appendix C: Derivations of the Maximizing Stiffness of
the HCDPR

T
D4 = [Dai Daz Das Dag Das Dag) (57)

where

Da1 = Nais
_ Na1o((Na11—Na21)(Nas3—Nae3) = (Na13—Na23) (Nas1 —Nae1))
(Na11—Na21)(Nasa —Nag2)—(Na12—Na22) (Nas1 —Nae1)
Na11 (Na12—Na22) (Nas3 —Nae3) = (Na13 —Na23) (Nasa —Nae2
(Na11—Na21)(Nas2—Nae2) —(Na12—Na22)(Nas1 —Nae1)

+

Dj2 = Naz3
_ Na2p((Na11—Na21)(Nas3—Nae3) —(Na13—Na23) (Nas1 —Nae1))
(Na11—Na21)(Nasa—Nae2)— (Na12—Na22) (Nas1 —Nae1)
Naz1 ((Na12—Na22 ) (Nas3 —Nae3) = (Na13—Nao23) (Nas» —Nae2))
(Na11—Na21)(Nas2—Na62) — (Na12—Na22) (Nas1 —Nao1)

+

Dp3 = N33
_ Nazo((Na11—Na21) (Nas3—Nae3) —(Na13—Na23) (Nas1 —Nae1))
(Na11—Na21)(Nas2—Nae2)—(Na12—Naz2)(Nas1 —Nae1 )
Na31 ((Na12—Na22)(Nas3—Nae3) —(Na13 —Na23) (Naso —Nae2))
(Na11—Na21)(Nas2—Na2)—(Na12—Na22)(Nas1 —Nae1)

+

Djg = Nag3
_ Naa2((Na11—Na21) (Nas3 —Nae3) —(Na13—Na23 ) (Nas1 —Nae1))
(Na11—Na21)(Nasa—Nag2)—(Na12—Na22) (Nas1 —Nae1)
Naa1 (Na12—Np22) (Nas3 —Nae3) —(Na13 —Na23) (Nasa —Nae2))
(Na11 —Na21)(Nasa—Nae2) — (Na12—Na22) (Nas1 —Nae1)

+

Dps = Nas3
_ Nasa((Na11—Na21) (Nas3—Nae3) —(Na13 —Na23) (Nas1 —Nae1))
(Na11—Na21)(Nas2—Nae2)—(Na12—Na22 ) (Nas1 —Nae1)
Nas1 ((Na12—Na22)(Nas3 —Nae3) —(Na13—Na23) (Nasr —Nae2))
(Na11—Na21)(Nasa—Nag2)—(Na12—Na22) (Nas1 —Nae1)
Dps = Nae3
_ Na62((Na11—Na21)(Nas3—Nae3) —(Na13—Na23) (Nas1 —Nae1))
(Na11—Na21)(Nasa—Nae2)— (Na12—Na22) (Nas1 —Nae1)
Nae1 (Na12—Na22) (Nas3 —Naes) —(Na13—Na23) (Naso —Nae2))
(Na11—Na21)(Nas2—Na2) —(Na12—Na22)(Nas1 —Nae1)

+

T
EA = [Ea1 Ex2 Eaz Eas Eas Eg) (58)

14

where

Na1o(Na11—Na21)(Tae—Tas+ks(Ls—Le))

E :T Al2

Al A1+(NA11*NA21)(NA52 Na62)=(Na12— NAzz)(NASﬁNAél)
Na12(Nasi—Nae1)(Tao=Tar ki (Li—Lo

"~ (Na11—Na21)(Naso—Nae)—(Na1o—Na22) (Nas 1 —Nas1)
Na11(Na12—Na22)(Tae—Tas+ks(Ls—Le))

~ (Nat1—Naz21)(Nasa—Naez)— (NAlz—NAzz (Nasi—Nae1)
Na11(Naso—Naea)(Tao—Ta1+ki (L1 —L 2)1)

+<NA11 —Na21)(Nasy—Nae2)—(Na12—Na22)(Nas;—Nae;)
Exr = Thy+ /a22((Na11—=Na21) (Tae—Tas+ks(Ls—Le)))
27 Na11=Na21)Nasa—Naea)—(Na12—Na22) Nas1—Nao1)
Na2o((Nas1 —Nae 1) (Tap—Ta1 +ki (L1 —Lp)))

(Nat1i NAzl)NAsz Naop)—(Na1o— NA22 (Nasi—Nas1)
Na2 1 (Nato— NAzzf(TAs Tps+ks(Ls—Le)))

~ (Na11—Na2))(Nasa—Naez)— (NAlz—NAZZ (Nasi—Nae1)
+ Na2 1 ((Nasp—Naeo)(Tao—Ta+ki (L1 —L 21)

(Na11—Na21)(Nas2—Nae2) —(Na12—Na22)(Nasi —Nae1)

Na3o((Na11—Nao1)(Tag—Tas+ks(Ls—Le)))
Na1i *NAZI)(NASZ*NA()Z)*(NA12*NA22>(NA5l*NA61>
Na3o((Nasi —Nae1)(Tao—Tay+ki (L1 —L

Eaz3 =Tasz + ¢

(Na11—Na21)(Naso—Naen)— (NAlz—NAzz (NAs —Na61)
Na31(Na12—Na22)(Tag—Tas+ks(Ls— LGI)
T Van NAzl)NAsz Na62)—(Na12—Na22)(Nasi —Nae1)
+ Na31((Naso—Naeo)(Tap—Ta1 +ki (L1 —Lp)))
(Na11—Na21)(Naso—Na62)—(Na12—Na22)(Nas1 —Naey)
Epg = Ty + 422 ((Na11—Na21)(Tag—Tas+ks(Ls—Le)))
4 (NAI1_NA21)(NASZ_NAﬁz)_(NA12—NA22)(NA5l_NA61)

I)_NA() 1)

+ (Na11
Exs =Tas+ 1

_ Naar((Nas1—Nae1)(Tar—Ta1+ki (L1 —L
(Na11—Na21)(Nasy—Naeo) - (NAlz—NAzz (NAs
_ Naa1((Na12—Na22)(Tae—Tas+ks(Ls—Le)
(Na11—=Na21)(Nasa—Nae6)—(Na12—Na22)(Nasi —Nae1)
Naa1((Naso—Nae2)(Tar—Ta1+ki (L1 —Lp)))
—Na21)(Nas>—Nae2)—(Na12—Na22)(Nasi —Naey)
Naso(Na11—Na21)(Tag—Tas+ks(Ls—Le)))
NAI1*NAZI)(NASZ*NAM)*(NAIZ*NA22>(NA51*NA61)
Nasy((Nas1—Nae1)(Taor—Ta1+ki (L1 —L
(Na11—Na21)(Nasy—Naeo) - (NAIZ—NAZZ NAS
Nas ) (Na12—Na22)(Tag—Tas+ks(Ls—Le)
"~ (Na11—Na2))(Nasr— NA62) (Na12—Na22)(Nas; —Nas1)
+ Nasi((Nasy—Nae2)(Tao—Ta1+ki (L1 —L2)))
(Na11—Na21)(Naso—Na62)—(Na12—Na22)(Nas1 —Naey)
Enc = Tae + 462 ((Na11—Na21)(Tae—Tas+ks(Ls—Le)))
A6 = SA6 T (N4 11 =Na21)Nas2—Naea)—(Na12—Na22) Nas1—Nae1)
Na62((Nasi1—Nae1)(Tar—Ta1+k1 (L1 —Lp)))
— Van NAzl)NAsz Nasp)—(Na12 NA22 (Nasi—Nas1)
Nag1 (Nato— NAzzf(TAs Tys+ks(Ls— L6l)
© Na11—Naz) (NASZ_NA62() (NAlz—NAzz (Nas

)
+ Na61(Nasr—Naeo) (Tao—Tas +ki (L1 —Ls)
(Na11—=Na21)(Nasy—Na62)—(Na12—Na22)(Nasi —Nae1)

I)_NAﬁ 1)

I)_NA6 1)
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