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Abstract

We study the application of a recently introduced hierarchical description of traffic flow
control by driver-assist vehicles to include lane changing dynamics. Lane-dependent feedback
control strategies are implemented at the level of vehicles and the aggregate trends are studied
by means of Boltzmann-type equations determining three different hydrodynamics based on
the lane switching frequency. System of first order macroscopic equations describing the
evolution of densities along the lanes are then consistently determined through a suitable
closure strategy. Numerical examples are then presented to illustrate the features of the
proposed hierarchical approach.
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1 Introduction

In recent years an increased level of automation invested transportation industry thanks to new
technologies in algorithmic sensing. Even if the automation of vehicular traffic is nowadays at its
germinal state, the rapid changes that we are facing in modern societies in the definition of sus-
tainable management of resources should inspire substantial questions about traffic management,
its governance and its relations with a zero-emission society. All these aspects can boost effect-
ive developments in driver-assist and self-driving cars, having a tremendous impact in designing
new transportation systems [7]. Furthermore, among the main goals of such technologies is the
enhancement of driver’s safety through the mitigation of road risk factors, like the ones related to
the heterogeneity of velocities of the traffic stream, that are responsible, as reported in [42], for
an increase of crash risk, see also the field experiment [34].

Recent efforts have been devoted to understand the impact of automation on observable mac-
roscopic quantities characterizing the vehicular flows, see e.g. [10, 16]. Among them we highlight
the role of kinetic modelling of vehicular traffic which is capable to organically link microscopic
dynamics, where autonomous decision-making processes are active, with macroscopic emergent



features of traffic [9, 31]. The main idea relies in incorporating optimal control strategies in the
definition of speeds’ variations [37, 38] whose observable effects are then consistently defined.

In the present work we formalize a kinetic multi-lane traffic flow model where driver-assist
controls are activated in a portion of the traffic stream allowing vehicles to switch lane if the local
density in the neighboring lane is sufficiently small. The idea in this context is to exploit the
possibility to control few vehicles, i.e. the automated cars, to reduce speed dependent risk factors
and to induce a regularization of the traffic flow. Recent experimental observation highlighted
the emergence of Beta-type speed distributions [21, 28]. For this reason, the in-lane dynamics
is supposed to be given by a kinetic model based on anisotropic binary interactions recently
introduced in [21, 38, 39] and reproducing the class of observed speed distributions and that are
consistent with macroscopic features related to the fundamental diagram of traffic. Other binary
interaction models producing consistent fundamental diagrams of traffic have been designed in
the literature [19, 20, 41]. Regarding the dynamics between lanes, without intending to review
the huge literature on this topic, we highlight that the designed switching dynamics has been
introduced in agreement with existing modeling for traffic dynamics at the mean-field [17], kinetic
scale [20, 22, 25, 26] and at the macroscopic scale [18, 35]. The importance of incorporating lane
switching is fundamental in traffic modelling since it incorporates an important realistic feature of
the traffic phenomena under study which should be taken into account for a robust implementation
of driver-assist technologies.

The description and modelling of emerging phenomena in traffic dynamics is related to the
possibility to describe the effects at different scales of possible external control actions [31]. To this
end we will define suitable controls to modify speed-based costs whose impact essentially depend on
the switching dynamics. Indeed we will show how, in relation with switching coefficients, radically
different hydrodynamics, i.e. macroscopic models describing evolution of the lane densities, may be
computed starting from the kinetic-controlled model. In details three main regimes are detected:
the collision dominated regime, when in-lane interaction dynamics are prevalent with respect to
lane crossing, the fast switching regime, when viceversa lane crossing is more frequent than drivers’
interactions, and finally the slow switching regime, emerging as a precise balance between the two
possible behaviors. It will be proven how the introduced control is capable to modify the flux of
first order hydrodynamic equations for traffic flow by inducing alignment of in-lane speeds.

In more details, the paper is structured as follows. In Section 2 we design a multilane kinetic
model where binary control problems are introduced to mimic the action of driver-assist vehicles
taking into account their penetration rate into the traffic stream. Hence, we introduce an inhomo-
geneous Boltzmann-type model which incorporates also lane changing which takes place locally in
space and is based on both the densities of the two lanes. An analytic insight is given to determine
the evolution of densities, mean speeds and energies of the lanes. In particular, the fundamental
diagram of the controlled dynamics is studied. In Section 3 we derive three different hydrodynamic
models for the constrained traffic dynamics by distinguishing between three main regimes for lane
changing. Finally, in Section 4 we investigate the solution of the kinetic and hydrodynamic mod-
els by means of suitable numerical methods to observe the impact of the introduced driver-assist
technologies.

2 Multilane kinetic model with driver-assist controls

Let us consider a two lanes road. We introduce therefore two distribution functions fi = fi(x,v,t)
and fo = fo(x,v,t) such that f; dvdx and fs dvdx are the fraction of vehicles at time ¢ > 0 in the
first and second lane, respectively, and traveling with speeds in [v,v 4+ dv] in [z,2 + dz]. All the
variables are dimensionless and, in particular, we consider normalized speeds v € [0, 1].

As for classical kinetic theory, we define the densities p; = p1(x,t) and py = pa(x,t) as follows

1 1
pr(a,1) = /0 fule, o, 0o, paat) = /0 fola, v, t)do,

In a Boltzmann-type kinetic approach for traffic dynamics we study the evolution of the intro-



duced distributions by means of microscopic stochastic binary interactions among drivers, which
determine the registered speed change. Suitable driver-assist controls will be implemented at the
vehicles’ level and the upscaled.

2.1 Constrained binary interactions

If we denote the pre-interaction speeds for the vehicles in the first lane (v1,w;) and (vy, wsy) for
the vehicles in the second lane, we may express their post-interaction states (vf,w}) and (v, w})
using the formalism

v = vi +y (L(vi, i, pi) + Ow;) + D(vi, pi)mi, 1)

wi = w;,
with ¢ = 1,2. In (1) we denoted with v > 0 a proportionality parameter and with I(-,-,-) a
general interaction rule expressing the speed change through interaction with another vehicle in a
given density regime. Centered random variables 71, 7o with finite variances 02 and o35 have been
introduced, expressing the deviations from the prescribed dynamics, while the function D(-,-) > 0
is a local diffusion coefficient.

It is easily observed how a consistent part of the modeling efforts for traffic dynamics relies in
the definition of the interaction rule. Without the aim to be exhaustive we point the interested
reader to [19, 20, 41] and the references therein for several examples. More recently in [38] the
following interaction rule has been introduced

I(vi,wi, pi) = P(pi)(1 —vi) + (1 = P(ps))(P(pi)wi — vi), 1=1,2. (2)

This rule expresses the tendency of an agent to naturally relax towards the maximal nondi-
mensional allowed speed and, at the same time, to decelerate to a portion of the speed of the
vehicle with which the interaction takes place. This behavior is expressed in (2) as a convex com-
bination weighted by the dimensionless density-dependent function P(-) whose general form can
be assumed as

P(pi) =1 —-p)", p>0. (3)

The function P(-), expressing the probability of acceleration, is typically linked to the class of
vehicles of the traffic flow, see [21]. In the present work we fix for simplicity a deterministic g > 0
or, in other words, we concentrate on a traffic flow composed by a single class of vehicles.

The terms u; are controls representing instantaneous corrections of the usual interactions op-
erated by vehicles equipped with a driver assist technology. Since in real traffic dynamics the
number of those automated cars is usually small, we multiplied the controls by a Bernoulli ran-
dom variable © € {0,1} with that © ~ Bernoulli(p), where p € [0,1] is a given probability,which
can be seen as the fraction of driver-assist vehicles in the traffic stream, i.e. the penetration rate.

The controls u;, ¢ = 1,2 are chosen in such a way that they optimize a suitable binary cost
functional J = J(v’,u), whose minimization links the control to some recommended behavior, i.e.

w = argmin Ji(vi,w),  i=1,2 (4)

subject to (1),where U is the set of admissible controls such that v, € [0,1]. Among the possible
cost functionals we will consider in the following

1 _ .
Ji(vi,ui) = SEy, [(@i(pi) —v)* +wa?],  i=1,2,
where E,, [-] denotes the expectation with respect to the random variable 7;, so that the control
mechanism minimize the L? distance of the post-interaction speeds with some recommended speed
7; € [0,1] which may depend on the lane’s density, i.e. 9; = 0;(p;).



2.2 Optimal binary controls

We may determine the minimization (4) subject to the dynamics (1) through a standard Lagrange
multiplier approach. Let us define the Lagrangian

L(vj,ui, X) = Ji(vj,u5) + AEy, [v; — vi — v (I(vi, wi, pi) + Ow;) — D(vy, pi)n]

being A € R the Lagrange multiplier associated to the constraint (4). Hence, we can compute

8u£ = V;u; — ’7@)\
{ (5)

Oy L = (v — 0i(pi)) + A

By imposing 9,£ = 0 and 9,, £ = 0 we have the lane-dependent optimal control
g _
uj = By, [0i(pi) = vi],

which can be expressed as a function of the pre-interaction speeds (v;, w;) as follows

o 0 o)) —
u; = v; +72@2 (vl(pl) U’L)

7?0

m“vmwhpi)- (6)

We obtained a feedback formulation of the introduced control which can be inserted in the
original binary interaction rules which modify then as follows

7292
vi + 7702

viy

WI (T)i_vi)—’—D(Uivpl)nlv

’Ul/' =v; + (Ui7wi7pi)+

(7)

I
w; = W;,

with ¢ = 1,2. With the following result we can guarantee the physical admissibility of the control
actions, see Proposition 3.1 in [38].

Proposition 2.1. In (7) let v € [0,1], v; > 0 and I(v;, w;, p;) like in (2) for i = 1,2. If there
exists ¢; > 0 such that
Vi +o
il < e (1 - 7) :
v

K2

¢iD(vi, pi) < min{v;, 1 —v;}

then the pre-interaction speeds v; € [0,1] for any v;,w; € [0,1], p; € [0,1] and with i =1,2.

2.3 Inhomogeneous Boltzmann-type model for multilane dynamics

Let us introduce a inhomogeneous Boltzmann-type equation modeling multilane traffic dynamics

Ocf1 +v0:f1 = Q(f1, f1) — B1(1 — p2)“ f1 + B2 (1 — p1)“ fo,
Oif2 + 00z fo = Q(f2, f2) — B2(1 — p1)* fo + Bi(1 — p2)“ f1,

where a > 0 measures the sensitivity of lane changing with respect to the density of the adjacent
lane, and where Q(f, fi), ¢ = 1,2 is the Boltzmann collision operator with localized interactions

(8)

1
QUi 5w = 5Be, | [ (e v 0w 00) ~ vt o] @

where ('v,’w) are the pre-interaction speed sampled from the distribution f; and generating the
post-interaction speeds according to the binary rules (7) and 'J; is the Jacobian of the transform-
ation.

The additional reaction terms mimic a dynamics where a given vehicle belonging to lane 4
changes its lane with probability 8;(1 — p;)%, j # i, where p; is the density of the second lane



j. We point the interested reader to [22, 25, 26, 35] for a more detailed multi-lane model at the
kinetic and macroscopic scale.

In order to compute evolution of observable quantities, it is more convenient to recast (8) in
weak form. Let us introduce a test function ¢(v), we have

Gt/l o) f1(z,v,t)dv + 0y / vp(v) fi(z, v, t)dv =
on i [/ / () f1(z,v,t) f1(z, w,t) dvdw] (10)

1
—&ﬂ—m)A (M@wﬁ®+@ﬂ—mfl¢@m@mﬂm

and

875/1 o) fa(z,v,t)dv + Oy / vp(v) fo(x,v,t)dv =
Eo s [/ / (v)) fa(x,v,t) fa(z, w,t) dvdw] (11)
—@ﬂ—m)A <m@w@m+ma—mwlkwmw@wm

2.3.1 Space homogeneous case: evolution of observable quantities

In the space homogeneous setting, i.e. f1 = fi(v,t) and fo = fa(v,t) we may compute the
evolution of densities by setting ¢(v) = 1 in (10)-(11). We obtain the following nonlinear system
of differential equations

d
Pl —B1(1 = p2)%*p1 + B2 (1 — p1)¥p2 = =Bt + Baps ™
(12)
d
%02 = —Fo(1—p1)%p2+ B1(1 — p2)*p1 = —52,02 + 51,0(1)Hrl

since in this case we may set p1(0) 4+ p2(0) = 1, p;(0) € [0,1], without loss of generality. Further-
more, it is easily seen that the total mass p; + ps is conserved in time for any choice of o > 0 and
81,82 > 0. It is worth to notice that if 51 = B2 = 0 no exchange is active and both densities are
conserved.

In Figure 1 we depict the evolution of the system (12) in the case p1(0) = 0.2, p2(0) = 0.8
and two possible values of the coefficients 1, B2 > 0. It is easily seen how the asymmetric case
b1 < B2 leads to a density reduction in the first lane and a density gain for the second lane. In
the symmetric case f; = 2 = 0.2 we get an asymptotic balance of the two densities.

Setting instead ¢(v) = v in (10)-(11) we get the evolution of the mean speed of the first and
second lane, respectively

1 1
my(t) = p—ll/o vfi(v,t)dv, ma(t) = %/0 v fa(v,t)dv

Their evolution is given by

d 2 1-—
9 (prmy) = ﬁ?{”iﬁ+7 — (P(o1) + (1= P(p1))?)m)
o 1 2 } Br(1 = p2)*prma + B2(1 — p1)*pama
(13)
d
4 (pams) = Y?{”i@+7 (P(p2) + (1~ P(p2)?)ma)
o ’fv Vg — My } B2(1 — p1)*pama + B1(1 — p2)®p1m;.
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Figure 1: Evolution of the densities from (12) supposing p; = 1 —ps = 0.8 and o = 1, o« = 2. Left:
asymmetric lane switching 8; = 0.1 and 8y = 0.2. Right: symmetric lane switching 8, = 82 = 0.2.
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Figure 2: Evolution of the mean speed under the scaling (14) in the case 8; = B2 = 0, corres-
ponding to excluding lane-switching dynamics. We present the case k1 = ko = K and from left to
right we considered the following penalization constants k = 400, k = 107 and k = 1072 and a
penetration rate p = 0.05. We fixed also 91 = (1—py1), 02 = (1 —p2) and p1(0) = 1 —p2(0) = 0.8 in
(12) whereas m1(0) = m2(0) = 0.5. For the acceleration probability P we considered the constant
w1 = 2. The solution of (13) is compared with the analytical large time mean speed m°, i = 1,2,
obtained in (16).
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Figure 3: Evolution of the mean speed under the scaling (14) in the case 5 = 0.1, B = 0.2
and o = 1 (top row), @ = 2 (bottom row). We present the case k1 = k2 = & and from left
to right we considered the following penalization constants k = 400, kK = 107! and k = 1072
and a penetration rate p = 0.05. We fixed also 71 = (1 — p1), U2 = (1 — p2), initial densities
p1(0) =1 — p2(0) = 0.8, and the initial mean speeds m;(0) = m2(0) = 0.5. For the acceleration
probability P(p;) we considered p = 2. We compared the solution of (13) with the analytical large
time m®, ¢ = 1,2 in (16).

The evolution of the mean speeds in each lane is therefore coupled, in principle, to the evolution
of the lanes’ densities. In order to get an analytic insight on the asymptotic mean speeds, since
(12) is decoupled from the evolution of the mean speeds, we can suppose that p;(0), p2(0) are at
equilibrium such that p;(0) = p$° > 0, p2(0) = p3° > 0 for all £ > 0. To simplify notations in
the following we denote by p1, p2 the equilibrium densities. Furthermore, we introduce the new
time-scale 7 = ¢/ and we introduce the following scaling

Bi — Biys Vi = Ki, 1=1,2 (14)

to obtain in the limit v — 0T the evolution of the rescaled mean speeds mq(t/7), ma(t/v) given
by

d p% 2 * (=

pma(r) = o [P(p1) — (P(p1) + (1 = P(p1))?) m1 + pi (1 — m1)]

—251(1 = p2)*prmy + B2(1 — p1)*pama (15)
L pama(r) = 22 [Plps) — (Plp2) + (1= P(p2)?) ms + p3 (02 — m)]

—B2(1 — p1)*pama + B1(1 — p2)*prm

where p; = L is the effective penetration rate of the traffic flow [38]. Under the introduced
o

1
assumptions, the large time mean speeds are therefore given by

1
= (4B B
M S AA0r0, =1 ABiGiCe + CoBe) (16)
1
X=—(A1B B
m2 A1A201C2—].( 1 20102+C1 1)
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Figure 4: Traffic diagrams of the first lane (left column) and of the second lane (right column)
obtained from (16) and o = 2. Furthermore we present the unconstrained case k1 = kg = K = +00
(top row) and the constrained case with k1 = kg = k = 1072 (bottom row). In both cases we
considered 81 = 0.1, B3 = 0.2
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Figure 5: Traffic diagrams of the first lane (left column) and of the second lane (right column) for
penetration rate p = 0.05 and different penalizations £ = 1072,10~! and parameters conformal to
Figure 4. The unconstrained case corresponds to x = +00.



where

Py Bi=P)epin. Co= P
pi 7 ' v C28p(1 = pi)e
with 4,7 = 1,2, ¢ # j. In Figure 2 and Figure 3 we test the consistency of the large time mean
speeds m$° in (16) with the solution of (13) under the scaling (14) with v = At = 1073, To obtain
asymptotic densities we first solved (12) supposing p1(0) =1 — p2(0) = 0.8.

From (16) one observes that for infinite penalization k; — +oo no effect of the control is
present in the 7th lane since pj = 0. This corresponds to the case of zero penetration rate p = 0,
i.e. in the absence of driver-assist vehicles in the stream. On the other hand, in case of negligible
penalization, we obtain for the ith lane

Ai = P(pi) + (1 = P(ps)* +p} +

mi= (pi) = i,

even if k; > 1, j # 4, meaning that we are capable to obtain lane alignment of velocities also if
lane switching dynamics are allowed.

In the case 81 = B2 = 0, the densities p; and py become conserved quantities and (15) reduces
to

Loy = P(pr) = (P(pr) + (1 = P(p0))?)ms +pi (51 = ma),

M2 = P(p2) = (P(p2) + (1 = P(p2))*)ma + p5(02 — ma),

and therefore the large time mean velocities are given by

P(p2) + p502
P(p2) + (1 = P(p2))? +p5

P(p1) + pivy
P(p1) + (1= P(p1))? +p}’

This solution is coherent with the single lane mean speed of [38].

In order to get a deeper insight on the effects of lane switching dynamics we consider in
Figure 4-5 the flux-density diagrams both in the unconstrained and constrained regimes with
a = 2. Those diagrams establish a relationship between macroscopic flux of vehicles to the traffic
density in homogeneous conditions. Empirical observation, that are common to all measured traffic
diagrams, suggest, that the mean speed is nearly constant in the free flow regime corresponding
to small densities and that the fluxes decrease once the density is higher than a critical density.

To obtain the fundamental diagrams, we solve (12) with initial densities in [0, 1], such that
p1(0) + p2(0) = p € [0, 1] and determine the associated asymptotic densities. Then, (16) give the
large time mean speed and the lane’s flux as pf*ms®, i =1, 2.

In the second row of Figure 4 we plot the resulting traffic diagram in presence of vehicles
with the introduced driver-assist technology. As previously discussed, we are indeed capable to
drive the macroscopic flux also in presence of switching dynamics to induce alignment of velocities
towards a recommended speed, which can also be based on the external information on the local
traffic density. The action of the introduced controls is able to increase the flux as we can observe
in Figure 5.

The evolution of the energy of the first and second lane

my(p1) = ms”(p2) = (17)

I I
E(t) = 7/ Pho o, Es(t) = 7/ o2 fow, t)dv
P Jo P2 Jo
are obtained from (10)-(11) setting ¢(v) = v2. Their evolution is coupled to the evolution of both
the lanes’ densities and mean speeds therefore, to have an analytic insight on their behavior we
> and we

consider D = 0 in the binary interaction term (7), we consider p;(0) = p°, m;(0) = m$
introduce the scaling (14) to obtain in the limit v — 07 the evolution of the rescaled energies



Ex(t/7), E2(t/v) given by

d _
oPE(r) = pi [P(p1)(mi — Er) + (1= P(p1))*(mi — Ef) + pi (0ymy — B1)]
—B1(1 — p2)*p1E1 + B2(l — p1)*p2Es
d _
02 Ba(7) = p3 [P(p2)(m2 — Ez) + (1= P(p2))*(m3 — E3) + p3(0ams — B»)]
—B2(1 — p1)*p2Es + B1(1 — p2)®p1 En,
with 7 = ¢/. We observe that for x; — 0% we have
E;, — 512

and therefore E; —m? — 0 such that the large time solution of the space homogeneous version of
(10)-(11) are Dirac delta d(v — v;).

3 Hydrodynamic regime

3.1 Homogeneous equilibria of automated traffic

Before discussing hydrodynamic limits of the introduced traffic dynamics we study the asymptotic
distribution of speed and variance of the homgeneous equation in more detail and give an approx-
imation for the stationary solution of the homogeneous equation. We consider equation (10) and
(11) with ﬁl = /82 = 0, i.e.

o) fi (0 )0 = Fe [// o) (0D fi(w, ) dvdw|, =12 (18)

We introduce the scaled homogeneous distribution function f(v,7) = f(27/7,v) and consider the

large time limit v — 0%. Although the large time density and mean speeds could be determined

in the previous section, the exact shape of the stationary distribution function is not available A

reduction of complexity can be achieved in the quasi-invariant interaction limit v,0? — 0T, for

1 =1,2. This limit is reminiscent of the grazing collision limit of gas dynamics, see [15 31, 4()].
On the new time scale we study

/ o) fi(v, 7)dv = 7EQ s {/ / (W) fi(v, 7) fi(w, ) dv dw]| , 1=1,2. (19)

Assuming a sufficient regularity of » € C3([0, 1]) we can perform a Taylor expansion

1 1
P(v) = p(v) = ') (V" = ) + 59" () (V' = v)? + 2" (D) (v —v)?,
with ¥ € (min{v, v'}, max{v,v'}). Now we can plug the expansion in (19) and use the scaling

Vi = ki, 02 =\ (20)

Then, v — 0T gives

T

P (0) (v, 7)dv = / / o) [100,0) + L0060) = 0] o 7) i, )t

+ 2201/ " (0)D*(v, pi) fi(v, T)dv + Ry (fi fi)-
0

It is possible to prove that if the random variables 7; are sufficiently regular, namely with bounded
third order, i.e. E,,[|n|*] < 400, the remainder term R, — 0 for v — 0%. A detailed analysis can
be found in [8, 36 39]

10



This gives a Fokker-Planck equation with nonlocal drift and nonconstant diffusion

O-fi = 0y [(ppzv —/0 (I(uw,pi) + :m) fi(w,T)dw) filv,7) + )\Qpl Oy (Dz(v,pi)fi)

Ki

Compare [22] for another Vlasov-Fokker-Planck approach to multilane traffic. Asymptotic states
can be explicitly computed for choices of the diffusion function D(v, p;). If we chose

D(Uv pi) = a(pi) V U<1 - U)v a(pi) >0,

the stationary distribution f°(v) are such that

SO0 f) — (14 290, (3 = 0)17) =0, 2

where mg® are given in (17). In particular, the solution of (21) reads

) o SR (=1 () ) B G mm (o)1 )
i V)= _ v ’
B (2= (00, 2 (- mi= ()

where B(z,y) = fol t*=1(1—t)¥~1dt is the beta function. We observe that (22) are beta probability
distribution B(I;, J;) with
2(1+ 2 )m°(p:) 2(1+ )1 —mi(pi))
) Ji = y
Aia(pi) Aia(pi)
and it is easily checked that if the random variable X ~ f describes the asymptotic distribution
of vehicles’ speeds we have

I =

EX] = ' = m®(p),

I;J; Aia?(p;) (23)

Var(X) = mg® (pi) (1 —mg® (ps))-

Remarkably enough, beta-type velocity distributions are often observed in experimental literature.
We point the interested reader to [21, 28] for extensive discussions on a data-driven approach based
on experimental data.

3.2 First order hydrodynamics

We may recover transport models from the inhomogeneous system (8) by introducing a hyperbolic
scaling of space and time

t
t— -, 2 0<ex ),
€ €

to define proper time and space observable at the fluid regime. In the following we will denote
with f(x,v,t) the scaled distribution f(x/€,v,t/€). The scaled model reads

1 1 1
o [ eoa+o, [ vewnt o =1 [ @i i) o

N L (24)
2= [ ettt + 20 =) [ o) a0
and
1 1 1
o, / o (0) fal, 0, t)dv + O, / vp(v) faler,v, t)dv = - / P()QUfas fo) (20, )
0 0 €Jo (25)

—@—alvxvvﬁ—zallev?f
(1=p) [ e io+ La=p [ oo

€
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We will consider three different regimes generating several fluid models for the multilane con-
strained traffic dynamics:

i) Collision dominated regime: 1,82 = o(e)
i1) Fast switching regime: /51,82 = O(1)

iii) Slow switching regime: (1, f2 = O(e).

3.2.1 Collision dominated regime

If 31/e — 0%, meaning that 81, 82 = o(e), no effect of the lane changing is noticed in the fluid
regime. The dynamics on the fast and on the slow time scale of the scaled two-lane model (24)-(25)
are

1 1
8t/ ) fi(x,v,t)dv = 1/ e(MQ(fi, fi)(z,v,t)dv
0 €Jo (26)

O /01 o) fi(z,v,t)dv + Oy /01 vp(v) fi(z,v,t)dv = 0.

If ¢ — 0T, in the quasi-invariant regime (20) we may take advantage of the space-homogeneous
equilibrium solution based on the derived Fokker-Planck operator

filx,v,t) = pi(z,t) f2°(v), 1=1,2,

which provides us with the local equilibrium closure. Hence, going to the transport step we obtain
the macroscopic decoupled system of conservation laws with i = 1,2

2 (pi / 1 w(v)ff"(v)dv> ‘o, (pi / 1 w(v)ff"(v)dv> 0

Since, in this regime, density is conserved, corresponding to the zeroth moment of the kinetic
distribution function, a closed hydrodynamic system of equations can be obtained by choosing

p(v) =1
Opi(w,t) + 0z (pi(x, t)mi (pi)) = 0

being m®(p;) = fol vf(v)dv, i = 1,2. Since in the regime f1, f2 = o(€) no effect of the lane
changing is detected on the kinetic dynamics, we can take advantage of (??). The explicit system
of first order hydrodynamic equations is then derived

P(pi) + £v;
(pi) + £ )0'

P(p))+(1—P(p))2+ 2 (27)

az?

atpi ((t, t) + aﬂﬁ (pl (IB, t)

This macroscopic model is coherent with the one proposed in [38] since the frequency of lane
changing dynamics is too weak compared with ithe nteraction frequency. The obtained decoupled
system of first-order hydrodynamic traffic model has the flux F = (p1m§°, pom$®), where ms°
has been defined in (17). This flux is not necessarily concave for all p; € [0,1] as for classical
Lighthill-Whitham-Richards models for vehicular traffic. Furthermore the flux F depends on the
microscopic control strategy defined by the portion of driver-assist vehicles in the traffic.

12



3.2.2 Fast switching regime

In this regime we consider 51,82 = O(1) and the scale of interactions is the same as the one of
lane switching. Therefore, in the limit € — 0" we may split the dynamics (24)-(25) as follows

o [ ctpi@tdo =1 [ o@Qh f) i
“2-p0 [ oo+ 20 p) [ @i @)
0 1 0

1
3t/0 o) fi(x,v,t)dv + Oy /0 vp(v) f1(z,v,t)dv =0

and
1 1

8,5/ o(v) fa(z,v,t)dv = 1/ ©(0)Q(f2, f2)(z,v,t)dv
0 €Jo

_& — « ' v T, v & — « 1 [ Tr,v v
L1-p0 [ e on+ 20" [ ew)pnd (9

1 1
3t/0 o(v) fa(z,v,t)dv + 0y /0 vp(v) fao(x,v,t)dv = 0.

In the quasi-invariant limit (20) and € — 0% this regime makes the lane changing more frequent
than interactions between vehicles. Considering the terms of order % in the above equations and
using ¢(v) = 1 we obtain for each z € R

—B2(1 — p1)*p2+ B1(1 — p2)*p1 = 0. (30)

Moreover, using ¢(v) = v gives, following the computations in the previous sections, the equations

2 141 - 2 _
0 =”p1{““””(P(m)—<P<p1>+<1—P<p1>>2>m1)+ il 2<v1—m1>}

2 v+ 72 vy (31)
—B1(1 = p2)®pimy + Ba(1 — p1)“pama
0 = B[ LT I (Plon) = (Pl + (1= Pl Pm) + e}

—Ba2(1 — p1)*pama + B1(1 — p2)*p1my

Alltogether we have obtained 3 equations for the unknowns mi, ms, p1, p1, that means we obtain
a one-parameter family of solutions. As the free parameter the collision invariant p; + p2 = p,
i.e. the total density, is used. We proceed as follows: defining the monotone function f(z) =
U=2)% 2 € [0,1] equation (30) gives

x b

Baf(p1) = P1f(p2)

and we obtain the following equation for po

1 (5r0)) 2=, (33)

We observe that the function

glw) = ! (g;f(w)> o

is for any o > 0 monotone increasing for x € [0,1] with values in [0,2]. This yields a unique
solution pa(p) of equation (33) and then p; = p1(p) = p — p2(p).

13



Using these computations in equations (31) and (32) yields, after solving a linear system,
expressions for mq(p) and ma(p). Using these expressions for mj(p) and ma(p) in the second
equations of equations (28) and (29) and adding the two equations yields finally a dynamic equation
for the sum of the densities

Oip + 92 ((m1 +m2)(p)) = 0. (34)
The densities p; and py on each of the lanes are then given by equation (30) and p; 4+ p2 = p. .
Remark 3.1. In case a = 1 we obtain explicitly f~1(x) = H% and
! +
T Bl 2=
1+ 5, -1

Rewriting with 5 = 51 we obtain the quadratic equation

5
(1=B)p5+ p2(1+B—p(1=B)—Bp=0

with 8 € [0,00), p € [0,2]. We are looking for solutions py in [0,1]. For 8 = 1 the solution is
p2 = 5. For general 8 one easily observes that there is a unique solution in [0, 1].

3.2.3 Slow switching regime

In this regime we have (1,82 = O(e). Therefore two time scales are detectable, the one of
interactions, fast in time, and the one of transport and reaction.

In the limit ¢ — 0% we have that 81/¢ — ¢; and Ba/€ — ¢z, where c1,ca > 0. The fast and
slow dynamics in equations (24)-(25) are

1
o [ o)l v, /Qfl,fl (2.0, 1)
0
1
Gt/ o(v) fi(z,v,t)dv + Oy / vp(v) fi(x, v, t)dv
0
1
=) [ )i o+ s = [ (o)t
0 0
and
1
0 [ o) fala v, t)de /Qf2,f2 (2.0, 1)
0
1
8/ ()fz(xvtdv+3/ v) fo(x,v,t)dv
0
1
=t [ ) ol o+ s [ o(w) o
0 0
Once again, if ¢ — 0", we reach fast in time the local equilibrium and, in the quasi-invariant
regime (20) we may substitute the Boltzmann collision operator with one of Fokker-Planck-type,
see Section 3.1, i.e.

filw v, t) = pula, O (0), = 1,2.

We plug the local equilibria in the transport-reaction step to obtain a system of balance laws

A 1w(v)f1°°(v)dv> ‘o, (ml / 1w(v)fi’o(v)dv) |
——all=p [ GOS0+ = p) s [ o))

A 1 PO )) +0, (p / 1 oplo)f5odo O

= (1 — ) / o) [ W)dv + er(1 — p2)pr / () [ (w)do
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Since the only conserved quantity during interactions is the mass, we may set ¢(v) = 1 and
we obtain

P(p1) + Eu N N
atp1+ax pl ( )+(1 P( )) +% :_Cl(]‘_pQ) p1+62(1_p1) P2

P(p2) + L2 (35)
Op2 + Oy rp Pl + (- P(p2)? 1 L = —co(1 = p1)¥p2 4+ c1(1 = p2)p1.

It is worth to remark that the introduced control modifies the definition of the macroscopic
flux, as for the collision dominated case, whereas the switching dynamics is observable at the
hydrodynamic level only in the case of slow switching. Lane changing, in particular, determines a
reaction term in the system of first order macroscopic equations which disappears when looking
at the evolution of p; + pa.

4 Numerical tests

In this section we present several numerical tests which highlight the features of the proposed
control strategy for traffic dynamics in the multilane framework. In the collision dominated regime
we obtained in Section 3.2.1 a decoupled set of first order macroscopic equations which is coherent
with the tests performed in [38] for the one lane case. Therefore we will concentrate on the slow
switching case.

First we will compare the introduced Boltzmann-type model with driver-assist controls with
its derived hydrodynamic approximation. In the following, we adopt a Direct Simulation Monte
Carlo (DSMC) approach for the numerical solution of Boltzmann-type model, see [29, 30]. The
evolution of the obtained macroscopic models are computed through finite volume WENO schemes
for conservation laws with non-convex fluxes [32, 33]. In all the subsequent tests we will consider
the function P(p;) defined in (3) with 4 = 2 and a recommended lane-dependent speed of the
form ;(p;) = (1 — p;), i = 1,2. For the designed DSMC solver we consider N = 2 - 10° particles
at time ¢ = 0. The density is reconstructed on the phase space (z,v) € X x V, where X = [-2,2]
and V = [0, 1] by means of N,, = 21 gridpoints for the x variable and N, = 128 gridpoints for the
v variable.

4.1 Test 1

In this test, we investigate numerically, whether the derived hydrodynamics equations resulting
from the kinetic model with constrained binary interactions in the slow switching regime 3.2.2 are
consistent with the considered Boltzmann-type equations.

We briefly describe the numerical strategy adopted to solve the system of kinetic equations
(10)-(11). We begin by rewriting the considered inhomogeneous Boltzmann-type model in strong
form for the slow switching regime. This read

Oif1 +vopf1 = %Q(fl,fl) = B1(1 = p2)® f1 + B2(1 = p1)* fo
(36)

Oy fo+ 00, fo = %Q(fz,fz) — B2(1 = p1)*fo + B1(1 = p2)® fi,

where Q(,-) is a Boltzmann-type interaction operator defined in (9).
To describe the adopted numerical strategy we need to introduce a time discretization t"* =
nAt, At > 0 and n € N. We adopt the following approach

0) At time ¢ = 0 we consider the total initial density f(x,v,0) = fi1(z,v,0) + f2(z,v,0) which
is approximated by means of N labeled particles (z;,v;,¢), i =1,...,N and £ = 1,2 is the
label indicating the initial lane. In this way the number of particles (z;, v, 1) is [y p1(z,0)dx
and the number of particles (z;,v;,2) is [y pa(z,0)dz.
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1) In a single time step and in all space positions z € X and for a given ¢ > 0 we consider the
problems

d: fi(w, v, 1) = %Q(ﬁﬂ), te (" ", filw,v,t") = filw,o,th),  i=1,2, (37)

which are solved through Nanbu’s algorithm for Maxwellian molecules. We point the in-
terested reader to [29, 30] for a general introduction and to [38] for a direct application to
kinetic models for traffic dynamics.

2) The transport steps are solved subsequently by considering
Ocfil,v,t) + 00 filw,v,t) =0, te (@B T fi(a, 0, 7 = fi(w, v, "),
3) The lane changing dynamics is solved by considering

Ocf1(z,v,t) = —=B1(1 — p2)®*f1 + P2 (1 — p1)% fa, te (t”+2/3,t”+1]
Ofao(@,v,t) = =B2(1 — p1)*f2 + Bi1(1 — p2)“ f1,
il 0, 7213) = fi(z, 0, 72/3).

In particular, since the particles are labeled, step (3) has a clear probabilistic interpretation.
The lane ¢ = 1,2 which counts for particles (z;, v;, £) undergoes in ; € X aloss of S¢(1—pm),
m # £, particles and has a gain of §,,(1 — pg) particles.

We consider the following initial condition

reso={y G
| (38)
2 (x,v) €[-2,-1)x[0,1/2]

0 otherwise,

fa(z,v,0) = {

mimicking the condition where vehicles have uniform velocities between [0,1/2] and are uniformly
distributed in [—1, 0) in the first lane, whereas vehicles of the second lane are uniformly distributed
in [-2,—1), i.e. the vehicles in the first lane precede the ones in the second lane.

The initial conditions (38) translate to the following condition on the densities

p1(1'70) = X(m € [_170])7 pg(fC,O) = X({,C € [_27 _1))7 (39)

being x(-) the indicator function

1 z€A

X(”TGA):{O rd A

In Figure 6 we compare the densities p1, po computed from the numerical solution of the kinetic
model (10)-(11) with the ones of the system of macroscopic equations (35) for several € > 0. We
can observe how the densities of the kinetic model converge towards the macroscopic ones for a
sufficiently small e.

The action of the control is highlighted in Figure 7 where in the top row we represent the
evolution of p1, ps at three different times ¢ = 0, %,1 in the unconstrained case. Due to the
non-convexity of the flux of (35) the solution of the Riemann problem determined by the initial
condition (39) is a combination of shocks and rarefactions. The introduced control has the effect
of regularizing the flux such that for k — 0% converges to the solution of

Orp1 + Oz (p191(p1)) = —c1(1 — p2)¥p1 + c2(1 — p1)%p2
Otpa + Oz (p202(p2)) = —ca(l — p1)®p2 + c1(1 — p2)%p1,

where in this test we considered v;(p;) = 1 — p;.
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p=0.05 k=102 p=0.05 k=102
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- - Macro
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AAAAAAA

(a) Lane 1 (b) Lane 2

Figure 6: Test 1. Evolution of the kinetic model (10)-(11) and of the derived hydrodynamic
model (35) in the flow switching regime up to time 7" = 0.2 with penetration rate p = 0.05 and
penalization x = 1072 with At = € and decreasing ¢ = 1072,5-1073,1073 with an initial number
of particles N = 106 in each lane. Other parameters are o = 2, u = 2, 31 = 2 = 2e.

0.8
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(c) Lane 1, p = 0.05,x = 1072 (d) Lane 2, p = 0.05,x = 102

Figure 7: Test 1. Evolution at times ¢ = 0,1/2,1 of the macroscopic model (35) in the uncon-
trained case k = 400 (top row) and in the case with penetration rate p = 0.05 and x = 1072, We
considered rescaled switching parameters ¢; = 0.1, ¢z = 0.2
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Figure 8: Test 2. Initial densities in the two lanes defined in (41). We considered N = 10° in
each lane and the density is reconstructed with N, = 128 gridpoints for the velocity variable and
N, = 21 gridpoints for the space veriable.
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4.2 Test 2

In this test we exploit the structure of the introduced kinetic model to investigate the influence of
the mean speed in lane changing dynamics. Indeed, the possibility of lane switching may depend
also on the difference on mean speed between lanes such that radical difference of speed deters
the drivers in changing lane. We can take into account the described behavior by defining the
following time dependent switching parameters

Bi(a,t) = ¢ i=1,2, (40)

B |m1(m,t) _mQ(xat” +a’

where a € (0,1) and
1
plemiet) = [ ofiwode, =12
0
In the following, we will consider the following initial condition
2pL (ZL',U) € [_L 0) X [07 1/2]
fi(z,v,0) =< 2pr (z,v) €[0,1] x [0,1/2]
0 otherwise,
2pL (CE,’U) € [_27 _1) X [1/2a ]-]

fo(z,v,0) =< 2pr  (z,v) € [-1,0] x [1/2,1]
0 otherwise,

(41)

with pr, = 0.8 and pr = 0.2. The condition (41) corresponds at the macroscopic level to consider

pr = €[-1,0) pL T €[-2,—-1)
pl(fE,O) =4yPR TE [07 1} p2(z70) =4yPR TE [_1a0] (42)
0  otherwise, 0  otherwise,

see Figure 8. In Figure 9 we represent the evolution of the densities f1, fo in the unconstrained
case (top row) and in the case with driver-assist controls. As before we considered a penetration
rate p = 0.05 and penalization term & = 1072. The controls steer the velocities towards the
desired speeds v; = 1 — p;.

The §; defined in (40) induces stronger lane changing if vehicles’ speed are similar, i.e. in our
case in & € [—1,0], whereas inhibits switching for larger differences of the speeds. This behavior
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Figure 9: Test 2. Densities of the first lane (left) and of the second lane (right) in the non
controlled case (top row) and in the controlled case (bottom row). We considered p = 0.05 and
k = 1072. The switching coefficient 3; are defined as in (40) with a = 0.2.

can be observed in the first row of Figure 9 where the kinetic model is evolved up to time ¢t = 0.2
using initial condition (41). In the second row we show the effect of the considered control in
aligning the velocities of the vehicles.

In Figure 10 we represent p; and ps at time ¢ = 0.2 obtained by direct integration of the kinetic
densities fi(x,v,t) and fo(x,v,t) in Figure 9 in both the non controlled case, i.e. kK = +00, and
in the controlled framework with x = 1072 for a global penetration rate p = 0.05. The action of
the control is clearly observable through a regularization of the flux near discontinuities.

Conclusion

In this paper we developed a hierarchical approach to the control of multilane traffic dynamics to
understand the global impact of automated vehicles on the flow. In agreement with recent results
on kinetic modelling for automated traffic, we consider anisotropic binary interactions between
vehicles which include probabilistically the presence of driver-assist vehicles in the traffic flow. In
addition, lane changing operators are considered at the kinetic level and we showed the robustness
of the controls with respect to the considered switching mechanism in terms of the alignment of
velocities. Finally, fluid models are derived from the space inhomogeneous setting. To this end
we considered a suitable closure method which rely on the possibility of the introduced kinetic
model to provide explicit information on the constrained speed distribution at equilibrium. The
resulting fluid models are original macroscopic traffic models synthesizing controls embedded at
the microscopic scale and that depend on the lane switching frequency.
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Figure 10: Test 2. Macroscopic densities of the first and second lane in the controlled and non
controlled settings. The densities are obtained through integration of the numerical solutions of
the kinetic model with switching parameters in (40).
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