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ITO’S FORMULA FOR JUMP PROCESSES IN L,-SPACES

ISTVAN GYONGY AND SIZHOU WU

ABSTRACT. We present an It6 formula for the L,-norm of jump processes having stochastic
differentials in Lp-spaces. The main results extend well-known theorems of Krylov to the
case of processes with jumps, and which can be used to prove existence and uniqueness
theorems in Ly-spaces for SPDEs driven by Lévy processes.

1. INTRODUCTION

1t6 formulas for semimartingales taking values in function spaces play important roles in
the theory of stochastic partial differential equations (SPDEs). To get a priori estimates
in the Lo-theory of SPDEs, driven by a cylindrical Wiener process (w},w?, - )tefo,T]> one
usually needs a suitable formula for |u|?%, the square of H-valued solutions (ut)eejo,r) to
SPDEs, when H is a Hilbert space. In the framework of Ls-theory there is a Banach space
V', embedded continuously and densely in H, such that u; € V for P ® dt-almost every
(w,t) € Q x [0,T], and from the definition of the solution it follows that for some processes
(v} )eefo,r) and (g1 )iefo,7], With values in V* and H, respectively, for r = 1,2, ...,

duy = vf dt + g; dw; for P ® dt-a.e. (w,t) € Q x [0,T], (1.1)

where V* is the adjoint of V. (Here, and later on, the summation convention with respect
to repeated integer valued indices is used, i.e., (g;,¢)dw; means ) (g,¢)dwy;.) A basic
example for such couple of spaces V and H is the couple of Hilbert spaces Wi and Ly of
real functions defined on the whole Euclidean space R%. In this case equation can be
rewritten as

dus = Do fi" dt + gy dwy (1.2)
with some Ly-valued processes (f{*)iejo,r), @ = 0,1,2,...,d, where D, = 8% fora=1,2,...,d,
and D, is the identity operator for o = 0. It was first proved in [I3] that if holds and w,
f and g satisfy appropriate measurability and integrability conditions then u has a continuous
H-valued modification, denoted also by u, such that |u;|% has the stochastic differential

d\ut|12q = (2 < ug,vf > +||gt||%{) dt + 2(uy, g7) dwy, (1.3)

where ||h||% = >, |h"|%, and (, ) and <, > denote the inner product in H and the duality
product of V' and V*, respectively. The proof of this result in [I3] was combined with the
theory of SPDEs developed there. A direct proof was first given in [I1], see also [I5] and
[16], and a very nice shorter proof is presented in [12] when V is a Hilbert space. To study
SPDEs driven by (possibly discontinuous) semimartingales, processes u satisfying with
dA; and dM; in place of dt and dw; were considered, and a theorem on It6’s formula was
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2 I. GYONGY AND S. WU

proved in [6], when A = (A;)sepo.r) and M = (M}, M?, ...),e0.1) are (possibly discontinuous)
increasing processes and martingales, respectively. In this situation a further generalisation
was given in [7]. In the special case when V = W3, H = Ly and equation holds, Itd’s
formula has the form

dlue|z, = (2(Dgue, ) + 19ellZ,) dt + 2(ur, g7 ) dwf, (1.4)

where D} = —D,, for « =1,2,...,d and D}, is the identity operator for e = 0. This formula
is an important tool in the proof of existence and uniqueness of solutions in W3 Sobolev
spaces for SPDEs driven by Wiener processes. To have the corresponding tool for solvability
in W, spaces, for p > 2 a theorem on It6 formula for |ut|1£p is proved in [10] when (ut)secpo,7]

is a Wpl—valued process and f* = (ff')ejo,r) and (g )iejo,r) in equation (1.2)) are Lj,-valued
processes. Our aim is to present an Ito formula for d\uﬂip when instead of (|1.2)) we have

dug = Do f*dt + gl du + / ha(2) d o (d2), (1.5)
Z

where (7;(dz))icpo,r) is a Poisson martingale measure with structure measure p(dz) on a
measurable space (7, Z), and h = (h¢)cjo,7] is a process with values in

LP(Rdv LQ(Zv M)) N LP(Rdv LP(Z’ :U’))

Our motivation is to present an Ito formula to study solvability in L,-spaces of SPDEs driven
by Wiener processes and Poisson martingale measures. Our main theorems on It6’s formula,
Theorem and Theorem generalise Lemma 5.1 and Theorem 2.1, respectively, from
[10]. We use them to prove an existence and uniqueness theorem for a class of stochastic
integro-differential equations in [§]. In [8] we need an It6’s formula for d|{u) ip, where

(ug) = (Zf\il |ui|?)'/? and (U%)te[o,T] is a Wg—valued process having a stochastic differential
of the type for each i = 1,2, ..., M. Therefore in Theorem of the present paper we
consider a system of stochastic differentials instead of a single one.

There are well-known theorems in the literature on It6’s formula for semimartingales with
values in separable Banach spaces, see for example [2], [I7] and [I§]. In some aspects these
results are more general than our main theorems, but do not cover them. In [2] and [18] only
continuous semimartingales are considered and their differential does not contain D;f*dt
terms. The semimartingales (uy)co,r) in [I7] contains stochastic integrals with respect to
Poisson random measures and random martingale measures, but the theorems on It6’s for-
mula in this paper cannot be applied to |ut\’2p.

The structure of the paper is the following. In the next section we formulate the main
results, Theorems [2.1] and In Section [3] we present a suitable Itd’s formula, Theorem
for the p-th power of the norm of an RM-valued semimartingale, together with a stochastic
Fubini theorem and a very simple tool, Lemma |3.8, which allow us to prove our main results
in Section 4} by adapting the ideas and methods of [10].

In conclusion we present some notions and notations. All random elements are given
on a fixed complete probability space (2, F, P) equipped with a right-continuous filtration
(Ft)e>0 such that Fj contains all P-zero sets of F. The o-algebra of the predictable subsets
of  x [0,00) is denoted by P. We are given a sequence w = (wj,w?, ...);>0 of Fi-adapted
independent Wiener processes w" = (wy);>0, such that w; — ws is independent of F; for
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any 0 < s < t. We are given also a Poisson random measure 7(dz, dt) on [0,00) X Z, with
intensity measure p(dz)dt, where p is a o-finite measure on a measurable space (Z, Z) with
a countably generated o-algebra Z. We assume that the process m(I") := 7((0,¢] xT"), t > 0,
is Fi-adapted and m(I') — 75(T") is independent of Fs for any 0 < s < ¢ and I' € Z such that
p(I') < oco. We use the notation 7(dz,dt) = n(dz, dt) — p(dz)dt for the compensated Poisson
random measure, and set 7,(I') = 7(T, (0,¢]) = m(T") — tp(T") for ¢ > 0 and I" € Z such that
u(I') < co. For basic results concerning stochastic integrals with respect 7 and 7 we refer to
[1] and [4]. The Borel o-algebra of a topological space V' is denoted by B(V).

The space of smooth functions ¢ = ¢(z) with compact supports on the d-dimensional
Euclidean space R? is denoted by C§°. For p, ¢ > 1 we denote by L, = L,(RY, RM) and £, =
L,(Z,RM) the Banach spaces of RM-valued Borel-measurable functions of f = (fi(z))M,
and Z-measurable functions h = (h(2))M, of x € R? and z € Z, respectively such that

1, = [ f@Pds ana b, = [ ) () < oo,

where |v| means the Euclidean norm for vectors v from Euclidean spaces. The notation £, ,
means the space £, N L, with the norm

vlc,, = max(|vlz,, [v]e,) forve L,N L,

As usual WI} denotes the space of functions u € L, such that D;u € L, for every i = 1,2, ...,d,
where D;v means the generalised derivative of v in z for locally integrable functions v on
R?. The norm of u € I/Vp1 is defined by

d

ulwy = lul, + Y | Diulr,.
=1

The space of sequences v = (v, 12, ...) of vectors vk € RM with finite norm

|V|g2 _ (Z ‘l/k|2)1/2

k=1

is denoted by #o = KQ(RM), and by Il when M = 1. We use the notation L, = L,({2) for
L,(RY, £5), the space of Borel-measurable functions g = (¢°") on R? with values in £ such
that

A p
ols, = [ latelf, dz < .

We denote by L, = L,(L,,) and L, = L,(L,) the Banach spaces of Borel-measurable
functions h = (hi(z,2)) and h = (hi(z, 2)) of z € R? with values in £, , and L, respectively,
such that

b — AL AT - 7 NP
|h|Lp—/Rd\h(a:, )\Lp’qda:<oo and |h| p_/Rd |h(z, )][:qda:<oo.

For fixed T' > 0, p > 2 and for a separable real Banach space V' we denote by L, = L,(V)
the space of predictable V-valued functions f = (f;) of (w,t) € Q x [0,T] such that

T
1, =B [ 1kt < o0
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In the sequel V will be L,(RY, RM) or L,(R% ¢s), or L,(R%, L,5). When V = L,(R% L, )
then for LL,(V') the notation L, is also used. Recall that the summation convention with
respect to integer valued indices is used throughout the paper.

2. FORMULATION OF THE RESULTS

Assumption 2.1. Let u = (Ui)teo,T be a progressively measurable L,-valued process such

that there exist f = (fi(z)) € Ly, g = (¢i"(x)) € Ly, h = (hi(x, 2)) € L,2, and an L,-valued

Fo-measurable random variable 1 = (¢¢(z))M,, such that for every ¢ € C§°

t t t
(il 0) = (1, ) + /O (f, o) ds + /O (gi7, ) dul + /0 /Z (i (2),0) R(dzds) (2.1
for P ® dt-almost every (w,t) € Q x [0,T] for i =1,2,..., M.

In equation ([2.1)), and later on, we use the notation (v, ¢) for the Lebesgue integral over
R? of the product v¢ for functions v and ¢ on R? when their product and its integral are
well-defined.

Theorem 2.1. Let Assumption hold with p > 2. Then there is an Ly-valued adapted
cadlag process u = (ﬂé)te[O,T] such that equation , with u in place of u, holds for each
@ € C§° almost surely for all t € [0,T]. Moreover, uw = u for P ® dt-almost every (w,t) €
Q% [0,T], and almost surely

t
7, = [l +p / / |as|P~2at g da dw”
0 JRd
t
+’2’/0 /Rd (2)as[P2ul 2+ (p — 2)|us P4 ulgl |7, + P ~?|gsl7,) da ds

t
+p / / / s [P’ _h' do 7 (dz, ds)
0 JZ JRE

t
—l—/o /Z/Rd(\us_ + helP — |ts_ |P — plas_ P72 _hi) dew(dz,ds) (2.2)
for allt € [0,T], where us— means the left-hand limit in L, at s of u.
Notice that for M = 1 equation (2.2)) has the simpler form

t
lauly, = VI, +p/ / |@s|P~? tisgl dz dw]
0 JRd
t
+’2’/ /d (2las|P~2as fs + (p — 1)|us?~2|gs]3,) da ds
0 JR
t
+p / / / s [P 25— hy dz 7(dz, ds)
0 JZ JR4

t
+/ / / (Jts— + hs[P — |Ts— [P — p|Ts— [P"2Us—hs) dz 7(dz, ds). (2.3)
0 Jz Jra

To formulate our second main theorem we take M = 1 and make the following assumption.
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Assumption 2.2. Let u = (u¢)tcor be a progressively measurable Wpl—valued process such
that the following conditions hold:

(i)
T
E/O ‘ut’};v}} dt < oo

(ii) there exist f* = (f*(x)) € Ly, for a € {0,1, ...,d}, g = (g{ (z)) € Lp, h = (he(x, 2)) € Ly 2,
and an Ly-valued Fy-measurable random variable ¢ = (¢(z)), such that for every ¢ € C§°
we have

)= e+ [ (G Dse s+ [Gardut+ [ [ o atinas

for P ® dt-almost every (w,t) € Q x [0,T], where D = —D,, for « = 1,2,..,d, and D}, is the
identity operator for o = 0.

Theorem 2.2. Let Assumption [2.9 E hold with p > 2. Then there is an Ly-valued adapted
cadlag process U = ()eo, 1) such that for each ¢ € C§° equation (2.4 holds with u in place

of u almost surely for allt € [0, T]. Moreover, u = u for PQdt- almost every (w,t) € Qx][0,T],
and almost surely

t
7, = W1, +p/0 /Rd |us [P~ us gl do dw,

t
48 [ 2t = 20 = Dl 2D+ (0= Dl alf,) do ds
0

t
+/ // plis— [P tus—hg dz 7(dz, ds)
0 JzZ JRr4

t
—I—/ / / (|Ts— + hs|P — |Ts— [P — p|tis— [P~ 2Us_hs) dz 7(d2, ds) (2.5)
0 Jz Jra
for all t € [0,T], where tis— denotes the left-hand limit in L,(R?) of @ at s € (0,T]. Further-
more, there is a constant N = N(d,p) such that

T T
_ —1 0
Esuplulf, < 2B|f;, + NT” E/ |ft§pd’f+NE/ el e,

+ NT®P- 2/QE/ 917, +Z!ft\p + |Dugfy dt + NT®- Q/QE/ elL, () A (2:6)
=1

3. PRELIMINARIES

First we present an It6 formula for an RM-valued semimartigale X = (X},..., X )eelo,1]
given by

t t
X =Xo+ fsds+/ gs dwg

/ / m(dz,ds) / / 7(dz,ds), forte[0,T], (3.1)

where X is an RM-valued Fy-measurable random variable, f = (f} Jieio,r) and g = (9" )iejo.1)
are predictable processes with values in RM and ¢, = £(RM), respectively, h = (hj(z))se(o.r]



6 I. GYONGY AND S. WU

and h = (hj(z))se(o,r] are RM_valued P ® Z-measurable functions on € x [0, 7] x Z such that
almost surely

hi(z)hi(z) =0 fori,j=1,2,...,M, forallt €[0,T] and z € Z, (3.2)

and
T T
/0 /Z oa(2)| m(dz, di) < oo, /0 il L2, + ()2, dt < oo (3.3)

Theorem 3.1. Let conditions (3.2) and (3.3)) hold, and let ¢ from C?(RM), the space of con-
tinuous real functions on RM whose derivatives up to second order are continuous functions
on RM . Then ¢(X;) is a semimartingale such that

t t
H(Xe) =¢(Xo) + /0 Di¢(X,)gl du; + /0 Di¢(X,) i+ $DiD;é(X,) g gI" ds
+ /Ot /Z (X + hs(2)) — (Xs-) m(dz, ds) + /Ot /Z Did(X_)hi(z) 7(dz, ds)

t .
b [ S b)) = 6(X0) — Did(X () () (34)
0Jz
almost surely for all t € [0,T].

In this paper we need the following corollary of this theorem.

Corollary 3.2. Let conditions (3.2) and (3.3) hold. Then for any p > 2 the process | X|P is
a semimartingale such that

t
XP = |6+ p / X P2 X g dul
0
t
e /0 (2XP X+ (p— 2| XX B 1 |XaP2lg,[2) ds
t t
o [ ] XX b A ds) ¢ [ [ (X R - X P) w(dz,d)
0 7 0 7

t
+/ / (| Xs— + hol? — | X [P — p| X [P XL_RL) 7(dz, ds) (3.5)
0 Jz
almost surely for all t € [0,T].
Proof. Since the function ¢(z) = |z|P for p > 2 belongs to C2(RM) with
Dila|P = plalP~2a',  D;Dj|z[” = p(p — 2)|[P~a"a? + plalP~25;,

it is easy to see that Theorem for ¢(x) = |z|P gives the corollary. Here and in the sequel
0/0 := 0. O

We obtain Theorem from the following well-known theorem on It6’s formula.

Theorem 3.3. Besides conditions (3.2) and (3.3) assume there is a constant K such that
|h| < K for allw € Q, t € [0,T] and 2 € Z. Then for any ¢ € C*(RM) the process
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(6(Xt))iepo,1) i a semimartingale such that

t t
6(Xy) = 6(Xo) + / FiDd(X,) + Lgi7 g DiDjo(X,) ds + / G Did(X,) du
0 0
+ /O /Z H(Xo + Fa(2)) — S(Xo_) m(dz, ds) + /O /Z H(X oo+ ha(2)) — B(Xo) 7(dz, ds)

4 / / (6(Xe + ha(2)) — B(Xs) — hi(=)Did(X.)) pu(dz) ds. (3.6)
0 7

Proof. This theorem, with a finite dimensional Wiener process in place of an infinite sequence
of independent Wiener processes is proved, for example, in [4]. The extension of it to our
setting is a simple exercise left for the reader. O

Notice that for ¢(x) = |z[P the last two integrals in (3.6) may not exist without the
additional condition that h is bounded. Thus Itd’s formula (3.6]) does not hold in general for
¢(x) = |z|P, p > 2, under the conditions and (3.3).

We prove Theorem by rewriting Ito formula into equation under the addi-
tional condition that A is bounded, and we dispense with this condition by approximating A
by bounded functions.

Proof of Theorem[3.1 First in addition to the conditions (3.2) and (3.3]) assume there is a
constant K such that |h| < K. By Taylor’s formula for

1(v) == ¢(v +a) — ¢(v) and  J(v) :=I*¢(v) — Dig(v)d’,
for each v,a € RM we have

[1%(v)| < sup  [Dé(z)llal, |T°¢(v)| < sup [D*¢(x)|al?, (3.7)
2I<al +]o] j2l<al +]o]

where |Dg|? := 3, |D;¢|? and [D2¢|? := 321, S |DiD;¢?. Since (Xy)epo 7 is a cadlag
process, R := sup;<p | X¢| is a finite random variable. Thus we have

T T
/ / PO SX, () dt < sup |D(x) / / (@) p(dz) dt <00 (38)
0 7 0 7

|z|<R+K

and

T T

[ [ 1o Pudes s [Do@PK? [ [ )P ud)de <o (39
0o Jz |z|<R+K 0o Jz

almost surely. Clearly,

T } T
| [ e P udde < sup (Do) [ [ ()P utde) de < oo (as).
0 Z 0 Z

lz|<R

Hence, by virtue of (3.9)) the stochastic It6 integral

/Ot/z‘b(Xt— + hi(2)) — ¢(Xy) T(dz,dt) = /Ot/ZIht(Z)¢(Xt_)7~r(dz,dt)
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can be decomposed as

/ t / & g(X, V(dz, dt) = / t / Jh@ (X, ) 7 (dz, dt) + /0 t /Z Did (X, )hi(2) 7(dz, dt),

and by virtue of (3.8) and

/O/ZJht(zw(Xt #(dz, dt) + //Jht(z A(Xo_) (dz)dt_/Ot/ZJht(Z)¢(Xt—)F(dZ,dt).
Hence /Ot/ZIht(Z)QS(Xt_),ﬁ-(dZ’dt)+At/ZJht(z)¢(Xt_)u(dz) o

- /0 t /Z Dip( Xy )hi(2) 7w(dz, dt) + /0 t /Z TP §(X, ) w(dz, dt),

which shows that Theorem holds under the additional condition that |h| is bounded.
To prove the theorem in full generality we approximate h by ) = (h'", ..., hM™) | where
hi® = —n V hj A n for integers n > 1, and define

Xo—l—/ fsds—l—/gsdw—l—// m(dz,ds)+ // z)w(dz,ds), te€][0,T].

Clearly, for all (w,t, z)
Ih™| < min(|h|,nM) and ™ = h asn — co. (3.10)
Therefore Theorem for X (™) holds, and

nlggo/ /|h +(2)2 u(dz) dt = 0 (a.s.),

sup |Xt(n) — Xi| — 0 in probability as n — co.
t<T

which implies

Thus there is a strictly increasing subsequence of positive integers (ny)32, such that

lim sup|X - X¢|=0 (as.),

k—oo 1<
which implies

p = sup sup |Xt(nk)| < oo (as.).
k>1t<T

Hence it is easy to pass to the limit k& — oo in (;S(Xt(n’“)) and in the first two integral terms

in the equation for gb(Xt(n’“)) in Theorem To pass to the limit in the other terms in
this equation notice that since m(dz,dt) is a counting measure of a point process, from the

condition for A in ([3.3]) we get
¢ 1= m-esssup |h| < oo (a.s.), (3.11)

where 7-ess sup denotes the essential supremum operator with respect to the measure 7(dz, dt)
over Z x [0,7T)]. Similarly, from the condition for h we have

= m-esssup |h| < oo (a.s.). (3.12)
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This can be seen by noting that for the sequence of predictable stopping times

Tj:inf{te[OT //\h ],u(dz)ds>]} =12, ..

T T
E/ /1t§7j|ht(z)|27r(dz,dt) :E/ /1t§7j|ht(z)|2u(dz) dt < j < oo,
0 Z 0 Z

which gives

we have

/ / |hi(2)|* m(dz, dt) < oo almost surely on Q; = {w € Q:7; > T} for each j > 1.

Since (75)%2 j=1 1s an increasing sequence converging to infinity, we have P(U?‘;IQJ-) =1, 1ie.,

/ / h2(2) w(dz, dt) < oo (a.s.) (3.13)

which implies (3.12). By (3.11)) and the first inequality in (3.7)), we have
[HEG(X )] + [T Op(X )| <2 sup [Dg(@)][h(z)] < oo
lz[<p+€

almost surely for 7(dz, dt)-almost every (z,t) € Z x [0,T]. Hence by Lebesgue’s theorem on
dominated convergence we get

T _ _
lim / / 117 @) g x M)y — h@ (X, Y| 7(dz,ds) =0 (as.),
k—oo 0 z

which implies that for £k — oo

/ / 1@ p(x ")) 1(dz, ds) — / / 1M ) (dz, ds)

almost surely, uniformly in ¢ € [0,7]. Clearly,
DX (2)° + Did(Xe Jhi(2)]* < 2 sup |D(a) ()]
z|<p

almost surely for all (z,t) € Z x [0, T]. Hence by Lebesgue’s theorem on dominated conver-
gence

T . .
Jim [ [ DX ()~ DX P ude)dt =0 (as.)

which implies that for £k — oo

/0 t /Z Dip(X )R (2) 7 (dz, dt) — /0 t /Z Dip( Xy )hi(2) 7(dz, dt)

in probability, uniformly in ¢ € [0,7]. Finally note that by using the second inequality in

(3.7) together with (3.12]) we have

(ng) n 2
‘Jht k (Z)¢(Xt(_k))| + ‘Jht( )Qs(Xt—)‘ < 2‘ lsgp ’D2¢($)Hht(2)‘2
z|<p+n
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almost surely for 7(dz, dt)-almost every (z,t) € Z x [0, T]. Hence, taking into account (3.13]),
by Lebesgue’s theorem on dominated convergence we obtain

klim/ /uh( D@ g(x M)y — TG G(X, )| m(dzd) =0 (as.),
— 00

which implies that for £k — oo

(), n
// Jh't ") r(dz, dt) —>//J’” O(Xo_) m(dz, dt)

almost surely, uniformly in ¢ € [0, 7], and finishes the proof of the theorem. O

Remark 3.1. One can give a different proof of Theorem by showing that for finite
measures p, the It6’s formula for general semimartingales, Theorem VIII.27 in [3], applied
to (Xt)iejo,7], can be rewritten as equation (3-4). Hence by an approximation procedure one
can get the general case of o-finite measures p.

To obtain Theorem 2.I] from Theorem B.1] besides well-known Fubini theorems for deter-
ministic integrals and stochastic integrals with respect to Wiener processes, see [9], we need
the following Fubini theorems for stochastic integrals with respect to Poisson random mea-
sures and Poisson martingale measures, where (A,S,m) denotes a measure space, with a
o-finite measure m and a countably generated o-algebra S.

Theorem 3.4. Let f = f(w,t,2,A) be a P® Z® S-measurable real function on £ x [0,T] x
Z x N such that

/T/ |f(t, 2, \)|? u(dz) dt < oo (3.14)
0 Z

forevery A € A andw € Q. Then there is an FRB([0,T])®S-measurable function F' = F(t, \)
such that it is cadlag in t € [0,T] for every (w,\) € Q x A, for each X € A the process
(F(t, \))eefo,r) s a locally square-integrable Fi-martingale and

F(t,\) / / f(s,z,\)7(dz,ds) almost surely for all t € [0,T]. (3.15)

Moreover, if almost surely

T 1/2
/(/ /]f(t,z,)\)\Qu(dz)dt) m(d\) < oo, (3.16)
ANJo Jz
then almost surely

t
/AF(t, A)m(dA) = /0 /Z/Af(s, 2, \)m(d\) 7(dz,ds)  for all t € [0,T]. (3.17)

Proof. The proof of this theorem is similar to that of Lemma 2.5 from [9]. Let us call the
function F', whose existence is stated in the theorem, a regular version of the stochastic
integral process defined in the right-hand side of . Assume first that u and m are finite
measures, and consider the space H of P ® Z ® S-measurable bounded real functions f such
that the conclusions of the theorem hold. Then it is easy to see that H is a real vector space
which contains the constants. Let (f™)>°; be an increasing uniformly bounded sequence from
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‘H, and denote by F™ the regular version of the stochastic integral of f. Thus, in particular,
for each A € A

/ / f(s,z,A\) w(dz,ds) almost surely for all ¢ € [0,T7, (3.18)

and almost surely

/A F(t, ) m(dA) = /0 /Z /A (s, 2 ) m(dN) #(dzds)  forall t € [0,T].  (3.19)

Set f =lim,—o00 f*. Then f is a bounded P ® Z ® S-measurable function and

T
ILm / /(f"(t, 2,A) — f(t,2,\)? u(dz)dt =0 for every A € A.

Consequently, for each A € A the sequence F"(t,\) converges in probability, uniformly in

€ [0,7], and hence by a straightforward modification of Lemma 2.1 from [9] there is a
F @ B([0,T]) ® S-measurable function F' = F(t,\) such that it is cadlag in t € [0,7] for
every (w,\) € 2 x A, for each A € A the process (F'(t, A))¢ejo, is a locally square-integrable
Fi-martingale, and holds. Now we show that almost surely also holds, by taking
n — oo in equation . Clearly, by Lebesgue’s theorem on dominated convergence we

have
nli_{go/ /</ )tz \)m (d)\)>2,u(dz)dt:0

for every w € €2, which implies that for n — oo

/Ot/Z/Afn(s’Z’Mm(dA)ﬁ(dzvds) —>/Ot/Z/Af(s,z,A)m(d/\)ﬁ(dz,ds) (3.20)

in probability, uniformly in ¢ € [0,T]. By the Davis inequality

T 1/2
£ [ sup |F”—F|(t,>\)m(d)\)§3/AE</0 /Z|f"(t,z)—f(t,z)|2u(dz)dt> m(d),

A te[0,T]

and the right-hand side of this inequality converges to zero by virtue of Lebesgue’s theorem
on dominated convergence again. Hence for n — oo

/ F™(t, \) m(d\) — / F(t,\)m(d\) in probability, uniformly in ¢ € [0,7],  (3.21)
A A

and equation follows. Thus we have proved that if f is the limit of an increasing
uniformly bounded sequence of functions f™ from H then f belongs to H. Let C denote
the class of functions f of the form f(t,2,A) = ¢l g1lup(N), for 0 < r < s < T, bounded
Fr-measurable random variables ¢, sets U € Z and bounded S-measurable real functions .
Then

//fsz/\ (dz, ds) = coNF((r At s A L] x U) = F(L,\), t€[0,T], A€ A

is a regular version of the stochastic integral of f, and it is easy to see that holds. Notice
that C is closed with respect to the multiplication of functions, and the o-algebra generated
by Con Q2 x [0,T] x Z xAis P® Z®S. Consequently, by the well-known Monotone Class
Theorem, H contains all P ® Z ® S-measurable bounded real functions on © x [0,7] x Z x A.
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Consider now a P ® Z ® S-measurable function f satisfying , and for every integer
n > 1 define f* = —n V f A n. Then clearly, f” is bounded, P ® Z ® S-measurable, and
satisfies and . Hence by virtue of what we have proved above, there is a regular
version F™ of the stochastic integral process of f™, i.e., in particular, with this F™ and
f™ = —nV f An equations (3.18) and (3.19) hold. Clearly, lim, o, f™ = f and |f™ — f| < | f]
forallw e Q, t € [0,T], z € Z and A € A, which allow us to repeat the above arguments to
show the existence of a regular version F' for the stochastic integral process of f, and to get

(3.20) if (3.16]) also holds. To obtain also (3.21]), under the additional assumption (3.16)), we

introduce the process

o=/ (] t / f2<s,z,A>u<dz>ds>l/2 m(d)), te,T],

and the random time 75 = inf{t € [0,7] : Q(t) > ¢} for 6 > 0. Then @ is a continuous
Fi-adapted process. Thus 75 is an F-stopping time and for every w €

0= [ ([ t 17 = 17,23 w2 ds)m m(d))

<Q(t)<é fort<TATs. (3.22)

Hence for any € > 0 by the Markov and Davis inequalities

P </A sup | F(t, ) m(d) > 5>

§P</sup|F"—F](t/\7'5, ) P(rs <T)
A t<T
<e'BQu(T)NS) +P(Q(T) >4 (3.23)
Letting here first n — oo and then § — oo we get
lim P (/ sup |F" — F|(t, \) m(d\) > 6) =0 foranye >0, (3.24)
n—oo A t<T

which implies in the new situation, and finishes the proof of the theorem under the
additional condition that p and m are finite measures.

In the general case of o-finite measures y and m for every integer n > 1 we define 7, un
and m,, by

7T"n(F) = ﬁ(F N (Zn X (O’T]))’ Hn(A) = H(A N Zn)v mn(B) = m(B N An)

for F € Z® B(0,T), A € Z and B € S, where Z,, € Z and A,, € S are sets such that
w(Zy) < oo, m(Ay) < oo, Zy C Zpy1, Ay C Apyq for every n > 1, and U, 7, = Z and
UnA, = A. It is easy to see that 7, is a Poisson martingale measure with characteristic
measure (,. Let f be a P ® Z ® S-measurable function satisfying . Then clearly, f
satisfies also with p, in place of p and Z, in place of Z. Hence by what we have
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already proved above, there is a regular version F), (¢, \) of the stochastic integral of f (over
Zn % (0,t]) with respect to 7, i.e., in particular, for each A € A,

Fn(t,A):/Ot ; f(s,z,)\)frn(dz,ds):/Ot/zlznf(s,z,)\)fr(dz,ds)

almost surely for all ¢t € [0,T], and if f satisfies also (3.16]), then almost surely

/An Fn(t, A) min (dX) —/Ot/n/Anf(s,z,A) my, () 70, (dz, ds)

_ /t / / 17,14, f(s,2,\) m(d\) #(dz,ds) for all ¢t € [0, T (3.25)
0o JZJA

Clearly, lim,, oo flz, = fand |f — flz, | < |f| forallw € Q, ¢t € [0,T], z € Z and X € A.
Hence

T
lim / /(f — f12,)%(s,2,\) u(dz)ds =0 for allw € Q, and A € A,
0o Jz

n—oo

which, just like before, implies the existence of a regular version F'(t,\) of the stochastic
integral of f with respect to 7 (over Z x (0,¢]). If f satisfies also (3.16]), then we have

2
nli_)rgo/OT/Z</A(f—1Zn1Anf)(s,z,/\)m(d/\)> u(dz)ds =0 for all w € Q,

which implies

/Ot/Z/A1zn1Anf(s,z,A)m(dA)fr(dz,ds)—>/Ot/Z/Af(s,z,A)m(dA)fr(dz,ds)

in probability, uniformly in ¢ € [0,7], as n — oo. Introducing the stopping time 75 as before,

we have (3.22)), (3.23)), and hence (3.24) with F,,1, and f1a,1z, in place of F™ and f",
respectively. Consequently, letting n — oo in (3.25) we obtain (3.17]), which finishes the
proof of the theorem. O

Remark 3.2. There is a Fubini theorem for stochastic integrals with respect to semimartin-
gales in [14], see Theorem 65 in Chapter V. Its integrability condition applied to our situation
reads as

T
/ / / | (t, 2, N2 m(d\) p(dz) dt < oo (a.s.), (3.26)
0 Z JA
which for finite measures m is stronger than condition (3.16)).

We also need a Fubini theorem for integrals against the Poisson random measure 7 (dz, dt),
that we formulate it as follows.

Theorem 3.5. Let g = g(w,t,z,\) be a real-valued P @ Z @ S-measurable function on
Qx[0,T] x Z x A such that

T
/ / (£, 2 \)| p(dz) dt < oo (3.27)
0 Z
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for each A\ € A and w € Q. Then there exists an F @ B([0,T]) ® S-measurable function
G = G(t,\) such that it is cadlag in t € [0,T] for each (w,\) € Q x A, for each A\ € A the
process (G(t, \))ejo,r) is locally integrable and Fi-adapted, and

G(t,)\):/t/g(s,z,A)w(dz,ds)

almost surely for all t € [0,T]. Furthermore, if almost surely

// /|gtz)\|,u dz) dt m(d)) <
/A Gt \) m(d)) = /0 t /Z /A o(5, 2 \) m(d\) 7(dz, ds)

almost surely for all t € [0, T].

then

Proof. One knows, see e.g. [4] that

E//\fs ) m(dz, ds) = E//\fs ) p(dz)d

for P®@S-measurable real-valued functions f on Q x [0, 7] x Z, when the right-hand side of the
above equation is finite. Using this identity, we can prove this theorem by a straightforward
modification of the proof of Theorem [3.4] above. O

For o-finite measure spaces (A;, S;, (i), a separable real Banach space V' and p; € [1,00)
for i = 1,2 let L, ,, denote the space of V-valued S; ® So-measurable functions f = f(z,y)
of (x,y) € Ay x Ag, such that

//\1 (/ | f(z, ) [F7 pa(d )>p1/p2 p1(d) < o0

Assume that (Ag, So, i12) is separable, and let Ly, (L, (V)) denote the space of Sj-measurable
functions f mapping A into the space Ly, (V') = Ly, ((A2,S2, n2), V') equipped with the Borel
o-algebra, such that

/ @ 4 1(de) <

Then we have the following lemma.

Lemma 3.6. The spaces Ly, ,, and Ly, (Ly,) are the same in the sense that for each f from
Ly, (Ly,) there is f € Ly, p, such that for every x € Ay we have f(z,y) = f(z,y) for pua-a.e.
y € Ag, and for each g € Ly, ,, there is g € Ly, (Lp,) such that for pi-a.e. x € Ay we have
g(l‘,y) = §(x,y) Jor ally € As.

Proof. Due to the separability of (Ag, Sa, 2) and V, there are countable subsets Sy C Sy and
Vo C V such that the space V of functions g of the form

N
y) = lei(y)vi for I'; € Sy, IUQ(FZ‘) <oo,v; € Vg, N=1,2,...,
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is a countable dense subspace of Ly, (V). Hence for any Sj-measurable function
fiAi = Ly, (V)

there is a sequence (f™)>2; of V-valued functions of the form
oo
@) = 1re(2)g},
i=1

such that FJ* € Sy, F[' N F' =0 for i # j, gf' € V and
1" (@) = f(@)|L,,0v) < 27" forall x € Ay
for n > 1. Thus for each x € A; for the set

Ap(@) ={y € Sz : [[" (w,y) — [M(@,y)lv > n %} €Sy

we have pg(A,(z)) < nP227P2" which, due to > -2 pa2(A,(z)) < oo, implies that for each
x € A; the sequence (f"(x,y))52 is convergent in V for po-almost every y € Ay. Define

n=1
B ={(z,y) € A1 x Ay : (f"(x,y))o—; is convergent in V'},
- limy, o0 f™(x,y) for (z,y) € B
Fany) = —o0 [ (@,y) for (z,y)
0eV for (z,y) ¢ B.

Then B € S; ® Sy, and hence f is S; ® Sp-measurable. Moreover, f(z,y) = f(x,y) for
pi2-almost every y € Ay for every @ € Ay. Assume now that g € Ly, ,,. Then |g(, )|z, v)
is an Sj-measurable function of z € Ay, with values in [0, oo]. In particular,

A={x e A :|g(z, ')|Lp2(V) < oo} € 8,

and p1(A1\ A) = 0 by Fubini’s theorem. For the function §(z,y) = 14(z)g(x,y) by Fubini’s
theorem we have

{r e Ai:|g(@) —el,,v) <R} €S
for any e € L,,(V) and R > 0. Consequently, g is an Sj-measurable L,,(V')-valued function

on Ay. In particular, § € Ly, (Ly,), and clearly, for p;-almost every x € A; we have g(z,y) =
g(z,y) for every y € As. d

Recall that L,(Ly), L,(Ly(¢2)) and L, (L,(Ly 2)) denote the spaces of predictable functions
defined on Q x [0,7] and taking values in L, = L,(R*,RM)), L,(ls) = L,(R% ¢3) and in
L,(Lp2) = L,,(Rd,ﬁp,g), respectively. For separable Banach spaces B and numbers p,q €
[1,00) the notations

Ly x [0,T] x RE V) and L, (2 x [0,T] x RY x Z,V)

mean the space of P ® B(R?)-measurable functions f : Q x [0,7] x R? — V and the space of
P ® B(R?) ® Z-measurable functions g : Q x [0,7] x R? x Z — V, respectively, such that

r T p/a
P q
E/O /Rd | fe(x)|}, da dt < oo E/o /]Rd (/Z lgt(z, 2) Vu(dz)) dr dt < o.
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Corollary 3.7. The following identifications hold in the sense of Lemma[3.0:
Ly(Lp) = Lp(2 x [0, 7] x RERM), L, (L,(£2)) = Lp( x [0,T] x RY, £5(RM))
Lp(Lp(Lp2)) = Lp(Q x [0,T] x RY, L, 5)
= Ly(Q x [0,T] x RY, £,) N L,y(Q x [0,T] x R, L)
= Lpp(Q % [0,T] x RY x Z,RM) N L, 2(Q x [0,T] x R? x Z,RM).
Proof. By definition of intersection spaces
Ly(Q x [0,T] x RY, £,9) = Ly(Q x [0,T] x RY, £,) N Ly(Q x [0,T] x RY, L)

as vector spaces, and it is easy to see that their norms are equivalent. The other equalities
can be obtained by repeated applications of Lemma, |3.6 O

We conclude this section with a simple lemma, which plays a useful role in situations when
we want to use Lebesgue’s theorem on dominated convergence to pass to the limit in some
expressions in the proof of the main theorems.

Lemma 3.8. Let (V,|-|v) be a real Banach space whose elements are real-valued functions
on a set A such that when f € V then |f|, the absolute value of f, belongs to V' as well, and
the norms of f and |f| are the same. Assume that the pointwise limit of every increasing
sequence of non-negative functions f, € V belongs to V if sup,, |fuly < co. Then for every
convergent sequence (gn)n=q in (V|- |v) there is a subsequence (gn(r))ie; and an element G
from V' such that |g,)| < G for each k.

Proof. If (g5,)22 is a Cauchy sequence in (V,|-|y) then there is a strictly increasing sequence
of positive integers (n(k));Z; such that |g,41) — Gnlv < 27k for each k > 1. Thus

G = |gna)| + Z |In(k+1) — Iny| €V and g, )| < G for every k > 1.
k=1

4. PROOF OF THE MAIN RESULTS

We use ideas and methods from [I0]. To prove the existence of the process u with the
stated properties in Theorem @ first we show that when ¢ runs through Cg§°, then the
integral processes of (f,¥), (g,¢) and (h,¢) in equation define appropriate Lj-valued
integral processes of f, g and h, respectively. To this end we introduce a class of functions
Uy, the counterpart of the class U, introduced in [10].

Let U, denote the set of RM-valued functions u = u;(x) = u(w, ) on Q x [0, 7] x R? such
that

(i) uis F ® B([0,T]) ® B(R?)-measurable,

(ii) for each x € R?, uy(z) is Fi-adapted,
(iii) we(x) is cadlag in t € [0, T] for each (w,z),
(iv) ut(w,-) as a function of (w,t) is Ly-valued, Fi-adapted and cadlag in ¢ for every w € €.

The following two lemmas are obvious corollaries of Lemmas 4.3 and 4.4 in [10].
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Lemma 4.1. Let f be an RM -valued function from IL,. Then there exists a function m € U,
such that for each ¢ € C§° almost surely

(e, ) = /0 (forp) ds

holds for all t € [0,T]. Furthermore, we have
T
E [ sup|my(x)|Pdx < NTp_lE/ |fs|¥ ds,
Rd ¢t<T 0 b
with a constant N = N(p, M).
Lemma 4.2. Let g be an {3-valued function from LL,. Then there exists a function a € U,

such that for each ¢ € C§° almost surely

o

t
@mzz/@wm;

r=1"0
holds for all t € [0,T]. Furthermore, we have
T
E | supla(x)Pdz < NT(pQ)/QE/ lgs|? ds,
Ré ¢<T 0 P
with a constant N = N(p, M).
Lemma 4.3. Let h € Lo for p > 2. Then there exists a function b € U, such that for each

real-valued ¢ € Ly(R?) with ¢ = p/(p — 1), almost surely
(be, ) / / s, @) T(dz, ds) (4.1)
for allt € [0,T], and
T 1/p
Efgg‘(bt’gp)‘ < 3T(p*2)/(2p)|<p\Lq (E/o ]ht\ip(&) dt) . (4.2)

Furthermore

E | sup|b(z )|pd:n<NE/ el e dt—|—NT(p 2/215/ hall () dt < N'IRIE, (4.3)
Rd t<T

with constants N = N(p, M) and N' = N'(p, M, T).
Proof. Let ‘H denote the set of functions h of the form

Z@z sz, il )1U1( )

for integers k > 1, functions ¢; € C§° (Rd), time points 0 < s; < t;, F,,-measurable bounded
random vectors ¢; and sets U; € Z such that u(U;) < oco. For this function h define b by

Z% z)ei(Fene(Up) — 7., (U7), t€[0,T), z € RY
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Clearly, b € U, for every ¢ € Lq(Rd, R)
k

(b, p) = Z(‘Pi»@)ci(ﬁti/\t((]) Toine (U, / / 7(dz, ds)

=1

almost surely for all ¢ € [0,T], and for each 2 € R?

/ / (x,2)7(dz,ds) almost surely for all ¢. (4.4)

By the Davis, Minkowski and Holder inequalities,

1/2 T
Esup\ (b, 0)| < 3E </ / |(h (dz)d > <3F (/ (|hslzy, |<,0|)2 d5>
0
T 1/2 T 1/2
<38 ([ (hal et ds) <alole, ([ Bl o)

T 1/2 1/p
< 3|¢lL, </0 (E|hs\’£p(£2))2/pds> < 3l¢lL, T(P—2)/(2p) </ E|hs |Lp £2) s) ,

which proves (4.2)) when h € H. From (4.4) by the Burkholder-Davis-Gundy inequality for
Poisson martingale measures, see, e.g. [5 ] for p > 2 for each = € R? we have

P
E sup |b(x)|P = E'sup </ / (x,z)7(dz ds))
t€[0,T] t<T

<NE/OT/Z|hs(x,z)|pu(dz)ds—|—NE </OT/Z|h3(:c,z)|2u(dz)ds>p/2

with N = N(p, M). Hence by Jensen’s inequality and integrating over R% we get for
h € H. It is not difficult to see that H is dense in L, 2. Thus for h € LL,, 5 there is a sequence
h"™ € H and b" € U,, such that ™ — h in h € L, 2, and and hold with 6" and A"
in place of b and h, respectively. Therefore we can find a subsequence A™*) and (%) such
that

1/2

E / sup [bPF Y (2) — 078 (2P da
R

d t<T

n(k+1) n(k+1) k N
<NE/ (D) t<L(£)dt+E/ O dt) < o

Hence there is a set © € F®@B(R?) of full measure such that for k — oo the sequence b?(k) (z)
converges for (t,w,z) € [0,T] x O, uniformly in ¢ € [0,7]. Define
F={zecR?: P((w,z) €0®)=1} and ©=0N(QxT).

By Fubini’s theorem I' € B(RY), and it is of full measure. Hence © € F @ B(R?), and it is
of full measure. If z € I' then 0, := {w € Q: (w,z) € O} ={w € Q: (w,z) € O} = O,
ie, P(©,) = P(O;) = 1, which implies ©, € Fo, since Fy is complete. If x ¢ I' then
O, =0 € F. Thus B”(k) = "M1g is F @ B(]0,T]) ® B(R%)-measurable and 5™*) (¢, z)
is Fi-measurable for each (¢,z) € [0 T] x R%. Consequently, b = limg_,o, b"®) has these
measurability properties as well. Since for every (w,z) € Q x R? the functions b™(k) are
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cadlag and converge to b, uniformly in ¢ € [0, 7], the limit b is a cadlag function of ¢ € [0, T]
for every (w,z) € Q x R% Thus b satisfies the conditions (i), (ii) and (iii) in the definitions
of U,. Letting k — oo in

z n(k)p (p—2)/2
E/R Sup|bt ( )\pdaz<NE/ |hy | dt+Tp E/ L,,(Lz))dt

d ¢<T

and

Esup| (5, 0)| < 3702/ |, ( E/ 18 g a0
t<T

by Fatou’s lemma we get (4.3) and (| . Letting £k — oo in

T
Esup "™ — Bﬁ(”ygp < NE /O dt

dt + |hp®) — O
t<T P

l)
‘L »(Lp) Lp(L2)

by Fatou’s lemma we have

T
Esup|b, - b}V < NE/ (b = bV -
t<T 0 PP

n(l)
h; Vip(gz) dt,

which converges to zero as [ — co. Thus there is @ C Q of full probability such that
(1 bt)icjo,r) is an Ly-valued Fi-adapted cadlag process. For ¢ € L,(R?) using the Davis
inequality, then Minkowski’s and Holder’s inequalities we have

E sup |(0p*TY o) — 07 )]
te€[0,T]

T 1/p
< N/|SO‘LQ (E/O |hn(k+1) hn( )P To(Ls )dt> < N”|SD‘L,12_I€

with constants N’ = N'(p,T) and N” = N”(p,T). Hence we can see that letting k¥ — oo in

(or®), / / (hnik ) #(dz, ds),

both sides converge almost surely, uniformly in ¢ € [0,7], and for each ¢ € L, we get that
there is Q, C Q1 of full probability such that for w € Q,

(b, ¢ / / 7(dz,ds)

for all t € [0, T, which completes the proof of the lemma. O

Following [10] we obtain It6’s formula by mollifying @ in z € R? and applying It6’s
formula . To this end we take a nonnegative kernel k € C§° with unit integral, and for
e € (0,1) and for locally integrable functions v of z € R? we use the notation v() for the
mollifications of v,

v (2) = /]Rd v(z —y)k(y)dy, z€R% (4.5)

where k.(y) = e~%(y/e) for y € R%. Note that if v = v(z) is a locally Bochner-integrable
function on R?, taking values in a Banach space, the mollification of v is defined as (4.5) in
the sense of Bochner integral.
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We will make use of well-known smoothness properties of mollifications and the following
well-known lemma.

Lemma 4.4. Let V be a separable Banach space, and let f = f(z) be a V-valued function
of z € R such that f € L,(V) = L,(R% V) for some p > 1. Then

1,00 < | fl,0n) for everye >0, and i%]f(e) — fle,ovy = 0.

Proof. By the properties of Bochner integrals, Jensen’s inequality and Fubini’s theorem
P
dx

(e)p —
0,0 /Rd y

< [ ] ke =) dyda = 1117,

Since V' is separable, it has a countable dense subset V. Denote by H C L,(V') the space of
functions h of the form

f(@)ke(z — y)dy
Rd

k
h(z) = Z vipi(x)
i=1

for some integer k > 1, v; € V) and continuous real functions ¢; on R? with compact support.
Then for such an h we have

k
K —hlr,0y <310l = ilz,luilvy =0 ase— 0,
=1

where L, = L,(R% R). For f € L,(V) and h € H we have

1f=FOlr,0n < 1F=hlp,0n =R 0y +(F =), 0 < 2 —hlr,0n+H =R 1.
Letting here ¢ — 0 for each f € L,(V) we obtain
111;13511) If = fOlp, 0 <2f = hlr, ) forall heH.
Since H is dense in Ly(V'), we can choose h € H to make |f — h|y () arbitrarily small, which
proves lim._,o | f — f(s)\Lp(V) =0. O
Proof of Theorem[2.1, By Lemmas and there exist a = (a') and b = (b') and
m = (m") in U, such that for each ¢ € C§° almost surely
t

(ai. ) = /O (fp)ds,  (bh0) = /0 (gi" o)du

and

mioo) = [ [ (bt

forallt € [0,7] and i = 1,..., M. Thus a+b+m is an L,-valued adapted cadlag process such
that for @; := 1 + a; + by + my we have (u, ¢) = (us, ) for each p € C§° for P ® dt almost
every (w,t) € Q x [0,T]. Hence, by taking a countable set & C C§° such that ® is dense in
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Ly, we get that 4 = u for P ® dt almost everywhere as L,-valued functions. Moreover, for
each ¢ € Cf°

o) = @)+ [ pdst [+ [ [iromdnd) o)

almost surely for all ¢t € [0,7T], i = 1,2, ..., M, since both sides we have cadlag processes. To
ease notation we will denote u also by u in the sequel.
By the estimates of Lemmas and

E [ supl|u(z)? dx
Rd t<T

< N (Bl + 172, + g7, + 107, ) < o, (4.7)

where N = N(p, M, T) is a constant. Substituting k.(z — -) = e~ %k((z — -)/¢) in place of ¢
in equation ([4.6)), for e > 0 and = € R? we have

uia)i(x / £le) ds+/ T () duw” —i—/ / "(x) 7(dz, ds)

almost surely for all ¢t € [0,7] for i = 1,2,..., M. By virtue of Lemma we have

lim B —nff =0 (4.8)
and
gigg)(lf(s) - f\Lp +19© —glL,) = 0. (4.9)
Then using (4.8)), (4.9) and estimate with «(®) — w in place of u, we have
P =
?_I}I(I)E §1<1¥ |ut uly, =0. (4.10)

By Minkowski’s and Hélder’s inequalities, for € > 0 for each 2 € RY, s € [0,T] and w €

WO @le, < [ | hsleskele =) dy < Nelbulz e (1.11)
with N = [ke[z,,,_,, < 0o. Similarly, for every e > 0

1O < Nolfuliye 19 @) < Nelgil,.

Hence .
/ 11 @) + 1955 (@)[7, + 119 (2)[Z, < oo (as.).
0

Thus we can apply Theorem [3.1 on It6’s formula to \uge) (z)|P for each x € RY to get

t
[l ()P = [v© ()P + /0 plul® (@) P20 (2) g () du]
t ) '
* /0 plu ()P~ 26 £V (2) ds
t ) A
+2 /0 ((p— 2)|ul (@) ulD (@) g ()2, + [0l (2) P19 (2)|2,) ds
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u(s )P~ (1) 7(dz. ds t P2 u(g)x Pr(dz, ds .
//pr P20 (@) h () <d,d>+/0/ZJh ) (@) P n(dz, ds), (4.12)

where the notation
JlP = |v 4 alP — |vP — a'Dy|v|P = |v + al? — |v|? —pai\v]p_Qvi

is used for vectors a = (a',...,a™) and (v',...,vM) € RM. In order to integrate both sides
of [#.12)) against dz over R? and apply deterministic and stochastic Fubini theorems, we are
going to check that almost surely

T
Ay (z) == /0 /Z \Jh‘(s )]ugs_)(:z)\p| p(dz)ds < oo for all z € RY,

T
By = / / |Jhg >|u£€_) P| dx u(dz) ds < oo,
0 JzJrd

T
Ay(z) == / / ]ugg_)(x)]%*?]hgs) ()| u(dz) ds < oo for all = € RY,

By :_/ (/ /yu 12P=2| bl |,u(dz)ds)1/2 dz < oo,

As(z) = /0 \u ]2” Y E)Z(a:)ggs)i'(al:)hz2 ds < 0o for all z € RY,

1/2
Bs ::/ (/ \u |2p 4|u;:_)7’gS \2 ds> dr < 0o
R4 0

C = /OT /R W (@) P £ (2)] da ds < oc.
To this end notice first that for a,v € RM by Taylor’s formula
TP < N(Jo[P~?|al* + |al?) (4.13)
with a constant N = N(p). Using this and Young’s inequality, by combined with
ul (2)] < Nefus|,

and

we get that almost surely

n) <N /0 ) /Z (12 @) P2 1hO @, 2) 2 + [0 (@, ) ) u(dz) ds

T T
<22 [ s+ INNE [l ey s NNE [ < o0

for all z € R?. By ({.13)), Young’s inequality and Lemma we have

T
B, <N / /R d / (WP hEP + 0P u(de) da ds

< % / "U/s—|p ds + 2N/ ‘h ’L »(L2 )d8—|—N/ |h ‘p dS <00 (a.s.).
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Using (4.11]) and
|u§‘€_)(a:)] < N|us—|p, forse(0,T],z¢€ R, we Q,
by (4.7]) we get that almost surely

T
As(z) < sup ul® (z) P2 / W) ()2, ds
t<T 0

T 2/p
< NZ7P=2)/p ?2? \uﬂ%’;—z </0 ’hs|7£p(£2) ds) < oo forall z € RY

By Young’s and Hélder’s inequalities and by (4.7))

T p/2
By Sql/ sup [u{” |7 dz +p1/ </ 92, dS) da
R4 t<T R4 0

T
<q! /R (sup |u|P)(® da: + TP=2)/2p~1 / |h§)|’£p(£2) ds

a t<T
< q_l/ sup |u|? dz +T(p_2)/2p_1/ |hsl7 ) ds < o0 (aus.)
RA 1<T

with ¢ = p/(p — 1). Similarly, for almost every w € Q

T 2/p
Az(z) < N2TP=2/p sup |ut|%;72 </0 lgs ]ip(ez) ds) < oo forall z € RY,

T
Bo<at [ swlulde+ 0 [ it < o
Rd tST 0 P( 2)

and

T
C< ql/ sup|ut,pdx+TP1p1/ Ift!ip dt < oo.
R 0

d¢t<T

Note that uii) (x) is left continuous in ¢, it is continuous in z, and it is F;-measurable for every
(t,x). Therefore u;_ () is a P ® B(R?)-measurable mapping of (w,t,z) € Q x [0,7] x R?,
and hence it is easy to show that the integrands in are also P ® B(R%)-measurable
functions of (w,t, ).

Thus integrating over R? we can use the deterministic Fubini theorem together with
the stochastic Fubini theorems, Lemma 2.6 from [9] and Theorems and above, to get

i, =169, + [ [ Pl

t
—l-g/ /d 2|ug€)|p72ug€)zfs(s)z +(p— 2)’%25)|p74’ug€)lg£€)2'|522 + |u§5) ’p72|g§s)|l22 da ds

/// p|u5)\p 2 Vi do 7(dz, ds) /// Jh ]u(g |Pdxm(dz,ds)  (4.14)
Rd Rd
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almost surely for all ¢t € [0, 7). In order to take e — 0 here, we need to prove

2
E:—/ /< |u 5)\1’ 2 N g [Pl hidaz) p(dz)ds — 0,
Rd

B, = / / |Jhgs)|ug€_) P — Jh5|u5_]p} dxm(dz,ds) — 0
0 Z JR4

T
Ce := /
0 R4 Iy

in probability as e — 0. To this end notice that A, < Al + A2 with

/ / </ |u E)‘p Y RE) — hy |d$> p(dz) ds
T A A | )
= / / (/ (’uga,)|P—2u£52’ — |Us—’p—2ué_)hé d.%’) u(dz) ds.
0 VA Rd

By Minkowski’s and Hélder inequalities

1/2 2
A;S/ (/ (/ ]u 2p 2|ple) h5|2,u(dz)> dm) ds
0 Rd
2/p
g/ Jus— |72 </ &) — hylP. dx) ds
0 ? R :

T
<suplufZ 2 [0 = hff ey ds >0
t<T 0

and
2

[l P2l g — JugPPulgl dx| s — 0

and

almost surely as € — 0, and

1/2 2
Azs/ (/ (/Hu N ) dx> ds
Rd
2
s/ (/ uOP2u® — uu P2u, b, rcm) s
0 R4

T
S/o Hu ’p 2 (a — g [P 2y pr/(p bl s’Lp(z:Q)dS (4.15)

Using , by Lebesgue’s theorem on dominated convergence we can see that ugs_) = (us,)(a)
for every s € (0,7] and w € Q. Since us_ € L,(R?), we have uf,) — us_ in Ly(RY) as e — 0.
Hence for fixed w and s € (0,7 there is a sequence € — 0 such that u(€ )( ) — us—(z) for
dx-almost every x, as k — oco. Applying Lemma to the sequence (u (e ’“)) ey inV =1,

Ug "
we get a subsequence, for simplicity denoted also by (uga_"’))zozl, and a function v € L, such

that [\ (z)| < v(z) for all z € R? and all k. Thus

[l P2 — g P2 | < 0P ()P € Ly,
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and by Lebesgue’s theorem on dominated convergence

=20 [P Pu_|p, =0,

kl;m l|ug " P

Since we have this for a subsequence of any sequence e — 0, we have

(e) P~ 2 (5)

hm [lug’ — | [P 2us_ |1, =0 forallse (0,7] and w € Q.

p/p—1

By Holder’s inequality we have
1
2P0 — s e,y < 2! (2.

Hence

|p2(5

u s P2ty Pl 2y < 20l 2S00 sl

and we can use again Lebesgue’s theorem on dominated convergence to get that lim. 9 A2 = 0
almost surely. Consequently, lim._,g A = 0 (a.s.), which implies

sup / / / & P2 &Ry, P 2u5_h§> dz 7 (dz,ds)| = 0 (4.16)
t<T Rd
in probability as € — 0. In order to prove B, — 0, we are going to show
T
(e)
lim E / / / P WO — 1%y P| do p(dz) ds = 0. (4.17)
e—0 0 7 JRrd

Note that by (4.10), (4.8) and (4.9), for any sequence ¢, — 0 there is a subsequence, denoted
also by g, such that

(ek)
P o gy, P in P ® dt @ do ® p(dz) as k — o0o. (4.18)

Thus to get (4.17) by virtue of Lebesgue’s theorem on dominated convergence we need only
show the existence of a function in L;(Q x [0,T], L1(£1)), which dominates the integrand in

(4.17)) for e = ¢y, for all £ > 1. By (4.13)
O P < N (P2 @12 4 |pE)P)

with a constant N = N(p). Due to (4.8) and (4.10)), by Lemma there exist a sequence
er — 0 and functions v € L, and H € L, 2, such that together with (4.18))

W) < vs| and |hEW)| < |H,| for all (w,s,z,z) and k> 1
| S S
hold. Thus
TR P < N (Jug P2 H|? + |Ho|P)  for (w,s,2,2) and k > 1.
By Holder’s and Young’s inequalities,

T
E/ / /(!vsl“leIQHHsrp) p(dz) de ds
R4

SPT! vly, + 2E/ \H|p ds+E/ \H|L ) ds < o0,
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which shows that |vs|[P~2|H|? +|Hs[P € L1(22x[0,T], L1(£1)) and finishes the proof of (4.17).

Consequently,
()
//Jh |u |p (dz,ds) //Jhs|u 7(dz,ds)

< E/ / )Jhﬁe)mgi)v’ - Jhs|u5,yp‘ (dz, ds)
0 Z

E sup
t€[0,7)

T
= E/ / ‘Jh(e) |u§i)|P - Jh$|us,|p‘ u(dz)ds -0 ase—0. (4.19)
0o Jz
Now we are going to show that lim._,o C. = 0 almost surely, which implies
t
sup / / (JuP~2ul g — Jug|P2ulgl) da dw] (4.20)
te[o, 7] 1J0 JR4
in probability as € — 0. By Minkowski’s inequality
T o 2
C. < / ( / g P2y g = gl Py dx) dt. (4.21)
0 R4

Since for fixed t € [0, 7] and w € ) we have \ugg) —ug|, — 0 and |g§€) —9tlL, —+ 0ase—0,
for any sequence €; — 0 there exists a subsequence, denoted also by e, such that almost

surely

lim uggk) =u; and lirno gga’“) = g; dz-almost everywhere,
Ep—

ak—>0

and, by virtue of Lemma we have functions v € L, and G € L, such that

\uga’“)] <o and ]gt(a’“)]@ <G forallz e R forall k> 1
for the fixed ¢t € [0,7] and w € Q. Thus

‘|u55k)|p—2|u£5k)ig§5k)i' P2, o

— " ug| < VLG A JuP gl

Sz%lvp_,_%(;P_F%’ut‘P 1|gt eLl(R ,R) forall k>1,

and by Lebesgue’s theorem on dominated convergence

lim |uy (ek) |p 2 gek)zgt(a’“ — Jug[P™ 2uig§’ dx = 0.
k—o0 Rd l2
Consequently,
lim £6)|p_2u§€)ig§€)i' — |ug|P2ulgl | dx = 0.
e—=0 JRrd l2

Notice that by Holder’s inequality

‘|’LL 5)|p 2 (s)z (e)i- |u|p 2 gz‘-

2
<dlglt, sup |w[~* € Li([0,T],R),
Ly P tefo,1)

where L; = Li(R%R) and L, = L,(R%R). Thus letting e — 0 in (421 by Lebesgue’s
theorem on dominated convergence we get lim._,o C: = 0. Finally we show

T
L I S I
0 R4

drds — 0,
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T
L T s
0 Rd
T
B[ [ WOp-2ie], - lup2laf
0 R4

as ¢ — 0. Since [u®) —uly, — 0, [f&) — fl, — 0 and |g®) — g|r, — 0 as ¢ — 0, for any
sequence £, — 0 there exist a subsequence, denoted also by ¢ such that

Jim ([0l — | + £ f| +]g) — gl,,) =0 P&t de(ac),
—00

drds — 0,

dxds — 0. (4.22)

and by virtue of Lemma there are functions v € L,,, f € L, and g € L, such that

WER | <v, |fER]<f, g, <g forall (w,t,2) € Qx[0,T] xR and k > 1.
Thus by Holder’s inequality
||u(ek)|p—2u(ak)if(ak)i o ‘u|p—2uifi| < vPlf + |u\p_1|f| €L,
[l PRt B — Ju P ulg” |7 | < vP 72 + ulP 2 |glF, € L,
[ P21 17, — [ulP2|gl7,| < vP~2g? + [ulP2|gl7, € Li,

and by Lebesgue’s theorem on dominated convergence we get (4.22) for €, — 0, and hence
for e — 0 as well. Using this together with (4.16)), (4.19) and (4.20)), we obtain (2.2) by

letting ¢ — 0 in (4.14)). O
Proof of Theorem[2.2. By taking ©©) in place of ¢ in equation ([2.4)), we get for each ¢ € C§°

(uf @) = (¥, ) + /( (5),<p)ds+/( ©) dw” +/ / (), o) 7(dz,ds)  (4.23)
0
P ® dt almost every (w,t) € Q x [0,T], where

1O =119+ 10,
where ¢ runs through {1,2,...,d}. Hence by Theorem we have an Ly-valued adapted
cadlag process u° such that for each ¢ € C§° almost surely holds with ¢ in place of
u®) for all t € [0,T]. In particular, for each ¢ € C§° we have (u®), p) = (@, ¢) for P ® dt-
almost every (w,t) € Q x [0,T]. Thus u'® = @°, as L,-valued functions, for P ® dt-almost
every (w,t) € Q x [0,7T], and almost surely

apy = [ Lp+p//|up“ " do du

wo [ [ (w20 OO Dg 4 - 1 g1) deds

+p/// @S P29 h) da 7 (dz, ds) /// T aE P daw(dz, ds)
R4 R4

for all t € [0,T]. Hence, using that by integration by parts
[ 059 do =~ [ - 1jazp 0 Dl
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for P ® dt-almost every (w,t) € Q x [0,T] we get
t
aily, = (6, 0 [ [ el do il

t
ao [ (1w s — o= Dl O Dl + - DIl R) dods
0 JRd

t t
+p / / / as_ P25k dx #(dz, ds) + / / / TGP dew(de, ds).  (4.24)
R4

Minkowski and Holder inequalities we have

almost surely for all ¢ € [0,T]. By Davis’,
FE sup

/ // plas_[P~2us_h'®) da 7 (dz, ds)
t<T
T 2
< 3pE (/ / (/ as_|P~2us_h dx) wu(dz) ds>
0o Jz \Jrd
T 9 1/2
< 3pF ( / ( / yagyp—lmg*f)yﬁm) ds)
0 Rd

1/2

T 1/2
1
2p—2 _ .
< 3pE ( /0 @5 22T e ds> <13 E%) @l + NTE2RREE o (4.25)
with a constant N = N(p, d). Similarly,
E sup / / plas P2 usgl " dx duw”, <—Esup|ut|p + NTP=2)/2|4() (4.26)
t<T
By (4.13)) and Holder inequality we have
T
E/ / / T g _[P daw(dz, ds)
0o Jz JRrd
T
<vp [ [ G R+ ) ude) o ds
Ra
(4.27)

= p (p—2)/2 (e)yp (e)p
<12E§.1<1¥]ut] LN'T E/ sl dt+NE/ B .

with constants N and N’ depending only on p and d. By Holder’s and Young’s inequalities

T
o p—21~ 1 _
pE [ [ a0 dnds < 5 Bsuplacly, + NTV SO,
T .
p—1)E / / P2 £ Daul®) da ds

1
— P (p—2)/2 P 2
12Esup]u] + NT»~ <;1\fZ IL —HDu i )
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T
- 1 i .
300 — 1)E/0 /Rd a5[P2|g O 2 da ds < 15 Esupluly, + NTE=272 g0

Using these inequalities together with (4.25)), (4.26) and (4.27)), from (4.24) we obtain

T
Esup @}, <2E[©[ +NE /0 WO oy dt+ NTPH PO

(Lp)

FNTO2R (g, + / OB, ey + SOUFOR, +100) (429
i=1

with a constant N = N(p,d). Hence
Esup |u5 — ﬂfl\’zp —0 ase & —0.
t<T

Consequently, there is an L,-valued adapted cadlag process @ = (at)te[oﬂ such that

lim E'sup |u; — u|p =0.
e—0 t<T

Thus for each € C5°(R?) we can take ¢ — 0 in

t
(U§,@)=(¢(€),@)+/O(f§€),<p)d8+/( ) du] +// o) #(dz, ds)
t
— (&) 0(e) _ i(e) 1. (e)r r
(v ,¢>+/<fs ) ds /O(fs ,Dlso)ds+/0<gs o) du

// (h®), ) 7 (dz, ds)

and it is easy to see we get

(ut,sO):(w,so)Jr/( ¢ D*w)der/ 95, ¢) dwy +// s, ) T(dz, ds)

almost surely for all ¢ € [0,7]. Hence u = u for P ® dt-almost every (w,t) € Q x [0,7].

Letting ¢ — 0 in (4.28)), we get estimate (2.6)). Finally letting ¢ — 0 in (4.14]), by analogous
arguments as in the proof of Theorem we obtain ([2.5]). d
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