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GLOBAL MARTINGALE SOLUTIONS FOR A STOCHASTIC

SHIGESADA–KAWASAKI–TERAMOTO POPULATION MODEL

GAURAV DHARIWAL, FLORIAN HUBER, AND ANSGAR JÜNGEL

Abstract. The existence of global nonnegative martingale solutions to a cross-diffusion
system of Shigesada–Kawasaki–Teramoto type with multiplicative noise is proven. The
model describes the segregation dynamics of populations with an arbitrary number of
species. The diffusion matrix is generally neither symmetric nor positive semidefinite,
which excludes standard methods. Instead, the existence proof is based on the entropy
structure of the model, approximated by a Wong–Zakai argument, and on suitable higher
moment estimates and fractional time regularity. In the case without self-diffusion, the
lack of regularity is overcome by carefully exploiting the entropy production terms.

1. Introduction

Shigesada, Kawasaki, and Teramoto (SKT) suggested in their seminal paper [29] a de-
terministic cross-diffusion system for two competing species, which is able to describe the
segregation of the populations. A random influence of the environment or the lack of knowl-
edge of certain biological parameters motivate the introduction of noise terms, leading to
the system

(1)
du1 −∆

(
a10u1 + a11u

2
1 + a12u1u2

)
dt = σ1(u1)dW1(t),

du2 −∆
(
a20u2 + a21u1u2 + a22u

2
2

)
dt = σ2(u2)dW2(t) in O, t > 0,

where ui = ui(ω, x, t) describes the density of the ith species (i = 1, 2), ω ∈ Ω is the
stochastic variable, x ∈ O is the spatial variable, and t ≥ 0 is the time, aij ≥ 0 are
some parameters, (W1,W2) is a two-dimensional Wiener process, and O ⊂ R

d (d ≥ 1) is a
bounded domain. An admissible example of the stochastic diffusion term is

(2) σi(ui) =
ui

1 + u1−γ
i

, where 0 < γ ≤ 1, i = 1, 2.

Details on the stochastic framework will be given in Section 2. The equations are supple-
mented with initial and no-flux boundary conditions (see (4) below). The original system
in [29] also contains a deterministic environmental potential, which are neglected here for
simplicity.
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The key difficulty of system (1) is the fact that the diffusion matrix associated to (1) is
generally neither symmetric nor positive semidefinite. In particular, standard semigroup
theory is not applicable. These issues have been overcome in [8, 9] in the deterministic
case by revealing a formal gradient-flow or entropy structure. The task is to extend this
idea to the stochastic setting.

The aim of this work is to prove the existence of global nonnegative martingale solutions
to system (1). The paper is a continuation of our previous works [14, 15]. The work [14]
was concerned with a SKT-type system, in which the coefficients of the associated diffusion
matrix depend quadratically on the densities (and not linearly as in (1)). This allowed us to
work in a Hilbert space framework, leading to a novel result through a standard approach.
The paper [15] exploited the entropy structure of a general class of cross-diffusion systems
with volume filling, leading to bounded martingale solutions. The L∞ bound follows from
the entropy structure and implies higher moment estimates, which were further used to
establish the tightness of laws. Unfortunately, this idea does not work for system (1), since
the entropy structure is different and L∞ bounds cannot be expected. Therefore, we need
to develop new estimates to overcome this issue.

In fact, we prove the existence of martingale solutions to a SKT-type system involving
an arbitrary number of species. We consider

(3) dui −∆

(
ai0ui +

n∑

j=1

aijuiuj

)
dt =

n∑

j=1

σij(u)dWj(t) in O, t > 0, i = 1, . . . , n,

with the initial and no-flux boundary conditions

(4) ui(0) = u0
i in O, ∇

(
ai0ui +

n∑

j=1

aijuiuj

)
· ν = 0 on ∂O, t > 0, i = 1, . . . , n.

Here, aij ≥ 0 for i = 1, . . . , n and j = 0, . . . , n, u = (u1, . . . , un) is the vector of population
densities, (W1, . . . ,Wn) is an n-dimensional Wiener process, ν is the exterior unit normal
vector to ∂O, and u0

i is a possibly random initial datum. We call ai0 the diffusion coef-
ficients, aii the self-diffusion coefficients, and aij for i 6= j the cross-diffusion coefficients.
We say that system (3)-(4) is with self-diffusion if ai0 ≥ 0, aii > 0 for all i = 1, . . . , n, and
it is without self-diffusion if ai0 > 0, aii = 0 for all i = 1, . . . , n.

The deterministic analog of (3) was formally derived from a random-walk lattice model
in [32] and rigorously derived from a nonlocal population system in the triangular case in
[27] and from interacting particle systems in the general case in [7].

Equations (3) can be written as

dui − div

( n∑

j=1

Aij(u)∇uj

)
dt =

n∑

j=1

σij(u)dWj(t) in O, t > 0, i = 1, . . . , n,

with the diffusion matrix A(u) = (Aij(u)), where

(5) Aij(u) = δij

(
ai0 +

n∑

k=1

aikuk

)
+ aijui, i, j = 1, . . . , n.
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As mentioned above, the main difficulty that this matrix is generally neither symmetric
nor positive semidefinite is overcome by exploiting the entropy structure. This means that
there exists a function h : [0,∞)n → [0,∞), called an entropy density, such that the
deterministic analog of (3) can be written in terms of the entropy variables (or chemical
potentials) wi = ∂h/∂ui as

(6) ∂tui(w)− div

( n∑

j=1

Bij(w)∇wj

)
= 0, i = 1 . . . , n,

where w = (w1, . . . , wn), ui depends on w, and B(w) = A(u(w))h′′(u(w))−1 with B = (Bij)
turns out to be positive semidefinite. For the deterministic analog of (3), it was shown in
[10] that the entropy density is given by

(7) h(u) =

n∑

i=1

πi

(
ui(log ui − 1) + 1

)
,

where the numbers πi > 0 are assumed to satisfy πiaij = πjaji for all i, j = 1, . . . , n. This
condition is the detailed-balance condition for the Markov chain associated to (aij), and
(π1, . . . , πn) is the corresponding reversible stationary measure. Using wi in (6) as a test
function and summing over i = 1, . . . , n, a formal computation shows that

(8)
d

dt

∫

O

h(u)dx+ 2

∫

O

n∑

i=1

πi

(
2ai0|∇

√
ui|2 + aii|∇ui|2 +

∑

j 6=i

aij |∇
√
uiuj|2

)
dx = 0.

A similar expression holds in the stochastic setting; see Lemma 5. It provides gradient
estimates for

√
ui if ai0 > 0 and for ui if aii > 0. Moreover, having proved the existence of

a solution w to an approximate version of (3) leads to the positivity of ui(w) = exp(wi/πi)
(and nonnegativity after passing to the de-regularization limit).

In the stochastic setting, we face some technical obstacles due to Itô’s lemma and the
treatment of the multiplicative noise. Our idea, first used in [15], is to replace the Wiener
process by a Wong–Zakai approximation and to discretize the equations by a stochastic
Galerkin method. We apply a variant of the boundedness-by-entropy method [21] to the
resulting system of differential equations, providing the positivity of the approximate pop-
ulation densities and a priori estimates uniform in the Galerkin dimension. The limit of
vanishing Wong–Zakai parameter requires the existence of solutions to another Galerkin
approximation, leading to strong solutions up to a stopping time. The tightness of the
laws of the approximate solutions follows from the uniform estimates, and the Skorokhod–
Jakubowski theorem implies the pointwise convergence of the sequence of approximate
solutions.

The difference in the strategy of our proof, compared to [15], becomes apparent in the
final steps. First, we need higher moment estimates, which followed in [15] from the L∞(O)
bound, but here we have less regularity. Second, we are proving a new fractional time
regularity result, needed to show the tightness of the laws in L2(O). A further difference
to [15] comes from the low regularity of the gradients when self-diffusion vanishes. Indeed,
the regularity for ∇√

ui in L2 from (8) does not allow us to define products like uiuj. The
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idea is to exploit the Laplace structure in (3) and the L2 regularity for ∇√
uiuj coming

from the entropy estimate (8).
As a corollary of our main results stated in Section 2, we obtain the existence of a global

martingale solution to (1) with the particular stochastic noise term (2).

Corollary 1 (Martingale solutions to the SKT model). Let O ⊂ R
3 be a bounded domain

with smooth boundary and let either a11 > 0, a22 > 0, γ ≤ 1 or a10 > 0, a20 > 0, γ ≤ 2/5.
Then there exists a global nonnegative martingale solution to (1), (2), and (4).

Deterministic cross-diffusion systems of SKT type with two species have been intensively
studied in the literature. First existence results were proven under restrictive conditions
on the parameters, for instance in one space dimension [23], for the triangular system
with a21 = 0 [26], or for small cross-diffusion parameters, since in the latter situation
the diffusion matrix is positive definite [13]. Amann [1] proved that a priori estimates in
the W 1,p(O) norm with p > d are sufficient to prove the global existence of solutions to
quasilinear parabolic systems, and he applied this result to the triangular SKT system.
The first global existence proof without any restriction on the parameters aij (except
nonnegativity) was achieved in [19] in one space dimension. This result was generalized to
several space dimensions in [8, 9] and to the whole space problem in [16]. SKT-type systems
with nonlinear coefficients Aij(u), but still for two species, were analyzed in [11, 12]. Global
existence results for SKT-type models with an arbitrary number of species and under a
detailed-balance condition were first proved in [10] and later generalized in [25].

There are only very few results for stochastic SKT-type systems. The first result for
global martingale solutions needed quadratic diffusion coefficients, since this allows one
to work in a Hilbert space framework [14]. A stronger solution concept was used in [24],
leading to local-in-time pathwise mild solutions, but only for positive definite diffusion
matrices A(u).

The paper is organized as follows. The stochastic framework and main results are given
in Section 2. In Section 3, the existence of approximate solutions is proved and uniform
bounds are derived from the entropy estimate. The existence of global martingale solutions
is proved in Section 4 in the case with self-diffusion and in Section 5 in the case without
self-diffusion. Estimates for the deterministic SKT system without self-diffusion, which
are needed for the approximate stochastic problem, are derived in Appendix A. As a
by-product, we obtain an existence result for the deterministic SKT system without self-
diffusion with a simpler proof and for a more general situation compared to [9].

2. Notation and main result

2.1. Notation and stochastic framework. Let O ∈ R
d be a bounded domain. The

Lebesgue and Sobolev spaces are denoted by Lp(O) and W k,p(O), respectively, where
p ∈ [1,∞], k ∈ N, and we set Hk(O) = W 2,k(O). We write ‖u‖2L2(O) =

∑n
i=1 ‖ui‖2L2(O;Rn)

for functions u = (u1, . . . , un) ∈ L2(O) and use this notation in related situations. We write
〈·, ·〉 for the dual product between a Banach space and its dual. If u ∈ Lp(O), v ∈ Lq(O)
with 1/p+ 1/q = 1 and p > 1, we have 〈u, v〉 =

∫
O
uvdx.
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Let (Ω,F ,P) be a probability space endowed with a complete right-continuous filtration
F = (Ft)t≥0. The space L2(Ω;H) for a Hilbert space H consists of all H-valued random
variables u such that E‖u‖2H =

∫
Ω
‖u(ω)‖2HP(dω) < ∞. Let (ηk)k=1,...,n be the canonical

basis of Rn. The space of Hilbert–Schmidt operators from R
n to L2(O) is defined by

L2(R
n;L2(O)) =

{
L : Rn → L2(O) linear continuous :

n∑

k=1

‖Lηk‖2L2(O) < ∞
}

and endowed with the norm ‖L‖2
L2(Rn;L2(O)) =

∑n
k=1 ‖Lηk‖2L2(O). The stochastic diffusion

σ = (σij) : R
n → R

n×n is assumed to be B(L2(O;Rn))/B(L2(R
n;L2(O)))-measurable and

F-adapted.

2.2. Assumptions and main result. We impose the following assumptions:

(A1) Domain: O ⊂ R
d (d ≥ 1) is a bounded domain with ∂O ∈ Cℓ and ℓ ∈ N satisfies

ℓ > d/2 + 2. Let T > 0 and set QT = O × (0, T ).
(A2) Initial datum: u0 ∈ Lr(Ω;L2(O;Rn)) for r > (2/d)max{8, d+ 2} is F0-measurable

and u0
i ≥ 0 for a.e. x ∈ O P-a.s., i = 1, . . . , n.

(A3) Diffusion matrix: aij ≥ 0 for i = 1, . . . , n, j = 0, . . . , n and the detailed-balance
condition is satisfied, i.e., there exist numbers π1, . . . , πn > 0 such that

(9) πiaij = πjaji for all i, j = 1, . . . , n.

(A4) Multiplicative noise: σ : L2(O;Rn) → L2(R
n;L2(O;Rn)) satisfies σij(u) = 0 for

all u ∈ [0,∞) with ui = 0, and there is a constant Cσ > 0 such that for any u,
v ∈ L2(O),

‖σ(u)− σ(v)‖L2(Rn;L2(O)) ≤ Cσ‖u− v‖L2(O),

‖σ(u)‖L2(Rn;L2(O)) ≤ Cσ

(
1 + ‖u‖γL2(O)

)
,

where 0 < γ ≤ 1 (with self-diffusion) or 0 < γ ≤ 2/d (without self-diffusion).
(A5) Interaction of entropy density and noise: There exists Ch > 0 such that for all

u ∈ (0,∞)n,

max
j=1,...,n

∣∣∣∣
n∑

i=1

σij(u) log ui

∣∣∣∣
2

+

∣∣∣∣
n∑

i,j,k=1

∂σij

∂uk

(u)σjk(u) logui

∣∣∣∣

+

∣∣∣∣
n∑

i,j=1

σij(u)
2

uj

∣∣∣∣ ≤ Ch

(
1 +

n∑

i=1

ui(log ui − 1)

)
.

Furthermore, u 7→
∑n

i,j,k=1(∂σij/∂uk(u)σjk(u) is assumed to be Lipschitz continu-
ous.

Let us discuss these assumptions. The boundary regularity in Assumption (A1) is used
to define a Galerkin space embedded into W 2,∞(O), thus avoiding issues with the regularity
of the diffusion coefficients. Assumption (A2) on the initial datum can be relaxed, since we
only need the integrability of u0

i log u
0
i . The detailed-balance condition in Assumption (A3)
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is needed to derive the entropy inequality, which provides a priori estimates (see Lemma
5). We may replace this assumption by

aii >
1

4

n∑

j=1

(√
aij −

√
aji

)2
, aii > 0 for i = 1, . . . , n,

which expresses that self-diffusion dominates cross-diffusion [10, Lemma 6]. The Lipschitz
continuity of the stochastic diffusion term in Assumption (A4) in the case with self-diffusion
is a standard condition for stochastic PDEs; see, e.g., [28]. Without self-diffusion, we have
less regularity and therefore we need a sublinear condition for σ. The condition that σij

vanishes at ui = 0 ensures the nonnegativity of the solution. Assumption (A5) allows us
to compensate the singularity at zero for ∂h/∂ui = πi log ui when we derive the entropy
estimate. For instance, the stochastic diffusion term

σij(u) =
uiδij

1 + u1−γ
i

for all u ∈ [0,∞)n, i = 1, . . . , n,

satisfies Assumptions (A4)–(A5). Only finite-dimensional Wiener processes instead of
infinite-dimensional ones are considered, because the specific structure of the interaction
between the entropy density and stochastic diffusion in Assumption (A5) becomes clearer.

Theorem 2 (Existence, with self-diffusion). Let Assumptions (A1)–(A5) hold, T > 0, and
let aii > 0 for all i = 1, . . . , n. Then there exists a global martingale solution to (3)–(4)

satisfying ũi(x, t) ≥ 0 a.e. in QT P̃-a.s., i = 1, . . . , n. More precisely, there exists a triple

(Ũ , W̃ , ũ) such that Ũ = (Ω̃, F̃ , P̃, F̃) is a stochastic basis with filtration F̃ = (F̃t)t∈[0,T ], W̃ is
an R

n-valued Wiener process on this filtered probability space, and ũ(t) = (ũ1(t), . . . , ũn(t))
is a progressively measurable stochastic process for all t ∈ [0, T ] such that for i = 1, . . . , n,

ũi ∈ L2(Ω̃;C0([0, T ];Hm(O)′)) ∩ L2(Ω̃;L2(0, T ;H1(O))),

where m > d/2+1, the law of ũi(0) is the same as for u0
i , and ũ satisfies for all φi ∈ Hm(O)

and i = 1, . . . , n,

〈ũi(t), φi〉 = 〈ũi(0), φi〉+
∫ t

0

∫

O

∇
(
ai0ũi(s) +

n∑

j=1

aij ũi(s)ũj(s)

)
· ∇φidxds

+
n∑

j=1

∫

O

(∫ t

0

σij(ũ(s))dW̃j(s)

)
φidx,(10)

where 〈·, ·〉 is the dual product between Hm(O)′ and Hm(O).

Theorem 3 (Existence, without self-diffusion). Let Assumptions (A1)–(A5) hold, T > 0,
d ≤ 3, and let ai0 > 0, aii = 0 for all i = 1, . . . , n. Then there exists a global mar-

tingale solution to (3)–(4), satisfying ũi(x, t) ≥ 0 a.e. in QT P̃-a.s., i = 1, . . . , n. More

precisely, there exists a triple (Ũ , W̃ , ũ), where Ũ and W̃ are as in Theorem 2, ũ(t) =
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(ũ1(t), . . . , ũn(t)) is a progressively measurable stochastic process for all t ∈ [0, T ] such that
for i = 1, . . . , n, j 6= i,

ũi ∈ L2(Ω̃;C0([0, T ];H3(O)′)) ∩ L2(Ω̃;L8/7(0, T ;W 1,8/7(O))),

ũiũj ∈ L2(Ω̃;L8/7(0, T ;W 1,8/7(O))),

the law of ũi(0) is the same as for u0
i , and ũ satisfies the weak formulation (10) for all

φi ∈ H3(O).

3. Approximate scheme and entropy estimates

We prove Theorems 2 and 3 by approximating system (3) by a stochastic Galerkin
method, using the Wong–Zakai approximation of the Wiener process, and deriving some
entropy estimates.

3.1. Stochastic Galerkin approximation. The existence of a strong (in the probability
sense) solution to the Galerkin approximation up to a stopping time is proved by using the
Banach fixed-point theorem. For this, we project (3) onto the finite-dimensional Hilbert
space HN = span{e1, . . . , eN}, where N ∈ N and (ej)j∈N is an orthonormal basis of L2(O)
such that HN ⊂ W 2,∞(O). For instance, (ej) may consist of the eigenfunctions of −∆ on O
with homogeneous Neumann boundary conditions. At this point, we need the regularity of
∂O to ensure that ej ∈ Hℓ(O) →֒ W 2,∞(O) (which requires that ℓ > d/2+2). Furthermore,

let ΠN : L2(O) → HN , ΠN(v) =
∑N

k=1〈v, ek〉ek for v ∈ L2(O) be the projection onto HN .
The approximate problem is the following system of stochastic differential equations,

(11) du
(N)
i = ΠN∆

(
ai0u

(N)
i +

n∑

j=1

aiju
(N)
i u

(N)
j

)
dt +

n∑

j=1

ΠNσij(u
(N))dWj(t)

for i = 1, . . . , n, with the initial conditions

(12) u
(N)
i (0) = ΠN (u

0
i ), i = 1, . . . , n.

Given T > 0, we introduce the space XT = L2(Ω;C0([0, T ];HN)) with the norm ‖u‖2XT
=

E(sup0<t<T ‖u(t)‖HN
)2. For given R > 0 and u ∈ XT , we define the exit time τR := inf{t ∈

[0, T ] : ‖u(t)‖L2(O) > R}. Then {ω ∈ Ω : τR(ω) > t} belongs to Ft for every t ∈ [0, T ] and
τR is an F-stopping time. We define the fixed-point operator S : XT → XT by

〈SN(u)(t), φ〉 = 〈u0, φ〉 −
∫ t

0

〈(
ai0ui +

n∑

j=1

aijuiuj

)
,∆φi

〉
ds

+

∫ t

0

n∑

j=1

〈σij(u)dWj(s), φi〉,

for u ∈ XT and φi ∈ HN satisfying∇φi·ν = 0 on ∂O. Note that 〈u0, φ〉 =
∑n

i=1〈ΠN(u
0
i ), φi〉

since φ ∈ Hn
N .

We claim that S : XT → XT is a self-mapping and a contraction. The proof is similar to
that one for [15, Prop. 4]. The main difference is that the definition of the stopping time
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is based here on the L2(O) norm, while the H1(O) norm was used in [15]. To compensate
the weaker norm, we exploit the Laplace structure of (3). Indeed, for the self-mapping
property, we need to verify that ‖S(u)‖XT∧τR

≤ C(‖u‖XT∧τR
). Since only the (normally)

elliptic term is different, it is sufficient to estimate

E

(
sup

0<t<T∧τR

∣∣∣∣
∫ t

0

〈(
ai0ui(s) +

n∑

j=1

aijui(s)uj(s)

)
,∆φi

〉
ds

∣∣∣∣
)2

≤ T 2(1 + C(R))‖∆φi‖2L∞(O)E‖u(t)‖2L∞(0,T ;L2(O))

≤ C(T,R)‖φ‖2HN
E‖u(t)‖2L∞(0,T ;L2(O)),

and the other terms are essentially treated as in the proof of [15, Prop. 4]. For the con-
traction property, we need to estimate the difference S(u)− S(v) for u, v ∈ XT∧τR . It is
sufficient to consider the term

E

(
sup

0<t<T∧τR

∣∣∣∣
∫ t

0

〈
ai0(ui − vi)(s) +

n∑

j=1

aij
(
(ui − vi)uj + vi(uj − vj)

)
(s)

)
,∆φi

〉
ds

∣∣∣∣
)2

≤ C(R)T‖∆φi‖2L∞(O)E

∫ T∧τR

0

‖u(s)− v(s)‖2L2(O)ds

≤ C(N,R)T 2‖φ‖2HN
‖u− v‖2XT∧τR

.

The remaining terms are estimated as in the proof of [15, Prop. 4]. This leads to

‖S(u)− S(v)‖XT∧τR
≤ C(N,R)T‖u− v‖XT∧τR

,

showing that S : XT ∗ → XT ∗ is a contraction for 0 < T ∗ < T∧τR satisfying C(N,R)T ∗ < 1.
This shows that (11)–(12) possesses a unique solution u(N) up to the stopping time τR.

3.2. Wong–Zakai approximation. We prove the existence of global-in-time solutions to
another approximate system of (3) by replacing the Wiener process by the Wong–Zakai
approximation, leading to a system of ordinary differential equations. This step is necessary

to obtain the nonnegativity of the solutions u
(N)
i constructed in the previous subsection.

We project (3) as in the previous subsection onto the Galerkin space HN and introduce
a uniform partition of the time interval [0, T ] with time step η = T/M , where M ∈ N. We
set tk = kη for k = 0, . . . ,M . The Wiener process is approximated by the process [31]

W
(η)
j (t) = Wj(tk) +

t− tk
η

(
Wj(tk+1)−Wj(tk)

)
, t ∈ [tk, tk+1], k = 0, . . . ,M.

The approximate system is given by

du(N,η)

dt
= ΠN div

( n∑

j=1

Aij(u
(N,η))∇u

(N,η)
j

)
+ fi(u

(N,η), t), where(13)

f(u(N,η), t) =

n∑

j=1

ΠN

(
σij(u

(N,η))
)dW (η)

j

dt
(t)− 1

2
ΠN

n∑

j,k=1

∂σij

∂uk
(u(N,η))σkj(u

(N,η))
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with the initial condition u(N,η)(0) = ΠN(u
0
i ). System (13) can be written in the weak form

〈u(N,η)
i (t), φi〉 = 〈u0

i , φi〉 −
∫ t

0

n∑

j=1

〈
Aij(u

(N,η)(s))∇u
(N,η)
j (s),∇φi

〉
ds

+

∫ t

0

n∑

j=1

〈
σij(u

(N,η)(s))
dW

(η)
j

dt
(s), φi

〉
ds

− 1

2

∫ t

0

〈 n∑

j,k=1

∂σij

∂uk
(u(N,η)(s))σkj(u

(N,η)(s)), φi

〉
ds(14)

for any φi ∈ HN . The last term is needed, since the Wong–Zakai approximation converges
to the Stratonovich noise that is related to the Itô noise by

n∑

j=1

σij(u) ◦ dWj(t) =

n∑

j=1

σij(u)dWj(t) +
1

2

n∑

j,k=1

∂σij

∂uk
(u)σkj(u)dt.

We need to distinguish the cases with and without self-diffusion. First, if aii > 0 for
i = 1, . . . , n, it follows from the techniques of [10] (see [15, Prop. 5] for details) that for a.e.

ω ∈ Ω, there exists a global-in-time weak solution u(N,η) to (14) satisfying u
(N,η)
i (ω, ·, ·) ≥ 0

a.e. in Ω× (0, T ),

u
(N,η)
i (ω, ·, ·) ∈ L2(0, T ;H1(O)) ∩ L∞(0, T ;L1(O)) ∩ L2+2/d(QT ),

∂tu
(N,η)
i (ω, ·, ·) ∈ Lρ2(0, T ;W 1,ρ2(O)′), i = 1, . . . , n,

where ρ2 = (2d + 2)/(2d + 1), u(N,η)(0) = u0 in the sense of W 1,2d+2(O)′, and (14) is
satisfied.

Second, if ai0 > 0, aii = 0 for i = 1, . . . , n, we conclude from the techniques of [9]
that for a.e. ω ∈ Ω, there exists a global-in-time weak solution u(N,η) to (14) satisfying

u
(N,η)
i (ω, ·, ·) ≥ 0 a.e. in Ω× (0, T ) and the weak formulation (14). However, we obtain less

regularity:

u
(N,η)
i (ω, ·, ·) ∈ Lρ1(0, T ;W 1,ρ1(O)) ∩ L∞(0, T ;L1(O)) ∩ L1+2/d(QT ),

∂tu
(N,η)
i (ω, ·, ·) ∈ Lρ2(0, T ;W 1,ρ2(O)′),

(u
(N,η)
i u

(N,η)
j )(ω, ·, ·) ∈ Lρ2(0, T ;W 1,ρ2(O)),

for i = 1, . . . , n, j 6= i, where ρ1 = (d + 2)/(d+ 1); see [9] and the Appendix. In the weak
formulation (14), we interpret the expression

∑n
j=1Aij(u

(N,η))∇u(N,η) here as

ai0∇u
(N,η)
i +

n∑

j=1, j 6=i

aij∇(u
(N,η)
i u

(N,η)
j ).

The nonnegativity of u
(N,η)
i is a consequence of the entropy method (see, e.g., [10]) applied

to the weak formulation (14). This formulation is important since the initial datum asso-
ciated to the strong formulation (13) is projected to the Galerkin space and ΠN (u

0
i ) may
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have no sign. In the weak formulation, the projection is taken care of the test function and
we are allowed to work with the nonnegative initial datum u0

i .
The proof in [9, 10] provides a priori estimates for u(N,η) via the entropy inequality, but

they depend on η because of the dependence of the source term fj on η. Still, it is possible
to pass to the limit η → 0, since the solution to an ordinary differential equation involving
the Wong–Zakai approximation converges in mean to the solution to the corresponding
stochastic differential equation [20, Chapter 6, Theorem 7.1]. We can apply this result
since the nonlinearities in the strong form associated to (14) are Lipschitz continuous (not
uniform in N). We conclude that u(N,η) → u(N) in probability up to the stopping time τR
as η → 0, where u(N) is the unique solution to (11)–(12). We deduce that u

(N)
i (x, t) ≥ 0

for a.e. (x, t) ∈ O × (0, T ∧ τR) P-a.s. and i = 1, . . . , n.

Remark 4. The Wong–Zakai approximation is only needed to conclude the nonnegativity

of u
(N)
i . Another approach is to apply a stochastic version of the Stampacchia truncation

method; see [6]. Generally, maximum principle arguments do not apply to cross-diffusion
systems. For the present system, however, this is possible since the off-diagonal diffusion
coefficients in (5) and the stochastic diffusion term vanish when ui = 0. We leave the
details to the reader. �

3.3. Entropy estimates. We prove some estimates uniform in the Galerkin dimension
N showing that the solution is actually global in time. The starting point is a stochastic
version of the entropy inequality.

Lemma 5 (Entropy inequality). The solution u(N) to (11)–(12) satisfies for 0 < t < T∧τR,

E

∫

O

h(u(N)(t))dx+ 2E

∫ t

0

∫

O

n∑

i=1

πi

(
2ai0|∇(u

(N)
i )1/2|2 + aii|∇u

(N)
i |2

)
dxds

+ 2E

∫ t

0

∫

O

n∑

i,j=1, j 6=i

πiaij|∇(u
(N)
i u

(N)
j )1/2|2dxds ≤ C(T ) + C(T )E

∫

O

h(u(N)(0)+)dx,(15)

where C(T ) > 0 depends on T but not on N or R and (u(N)(0)+)i = max{0, u(N)
i (0)}.

Proof. Let u(N) be the solution to (11)–(12) up to the stopping time τR. Since the entropy
density defined in (7) is not a C2 function on [0,∞)n, we cannot apply the Itô lemma to
this function, and we need to regularize. Let δ > 0 and define

hδ(u) =

n∑

i=1

πi

(
(ui + δ)(log(ui + δ)− 1) + 1

)
for u ∈ [0,∞)n,

h+
δ (u) =

n∑

i=1

πi

(
(gδ(ui) + δ)(log(gδ(ui) + δ)− 1) + 1

)
for u ∈ R

n,

where gδ is a smooth regularization of z+ = max{0, z} such that gδ(z) → z+ as δ → 0,
gδ(z) + δ > 0 for z ∈ R, and gδ(z) = z for z ≥ 0. Then hδ ∈ C2([0,∞)n; [0,∞)) and
h+
δ ∈ C2(Rn; [0,∞)). Note that these regularizations are different from that one used in
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[15]. Since u
(N)
i (t) ≥ 0 for t > 0 P-a.s., we have by definition h+

δ (u
(N)(t)) = hδ(u

(N)(t))

P-a.s. The second regularization h+
δ is needed since u

(N)
i (0) = ΠN (u

0
i ) may have no sign.

Because of Itô’s lemma and g′δ(u
(N)
i (t)) = 1, g′′δ (u

(N)
i (t)) = 0 for t > 0, we find that for

t > 0,∫

O

hδ(u
(N)(t ∧ τR))dx−

∫

O

h+
δ (u

N(0))dx

= −
∫ t∧τR

0

∫

O

n∑

i=1

πia0i
|∇u

(N)
i |2

u
(N)
i + δ

dxds−
∫ t∧τR

0

∫

O

n∑

i,j=1

πiaiju
(N)
j

|∇u
(N)
i |2

u
(N)
i + δ

dxds

−
∫ t∧τR

0

∫

O

n∑

i,j=1

πiaij
u
(N)
i

u
(N)
i + δ

∇u
(N)
i · ∇u

(N)
j dxds

+

∫ t∧τR

0

n∑

i,j=1

(∫

O

πiσij(u
(N)) log(u

(N)
i + δ)dx

)
dWj(t)

+
1

2

∫ t∧τR

0

∫

O

n∑

i,j=1

πi
σij(u

(N))2

u
(N)
i + δ

dxds.(16)

We take the expectation on both sides and observe that the expectation of the Itô integral
vanishes:

E

∫

O

hδ(u
(N)(t ∧ τR))dx− E

∫

O

h+
δ (u

N(0))dx

= −E

∫ t∧τR

0

∫

O

n∑

i=1

πia0i
|∇u

(N)
i |2

u
(N)
i + δ

dxds− E

∫ t∧τR

0

∫

O

n∑

i,j=1

πiaiju
(N)
j

|∇u
(N)
i |2

u
(N)
i + δ

dxds

− E

∫ t∧τR

0

∫

O

n∑

i,j=1

πiaij
u
(N)
i

u
(N)
i + δ

∇u
(N)
i · ∇u

(N)
j dxds

+
1

2
E

∫ t∧τR

0

∫

O

n∑

i,j=1

πi
σij(u

(N))2

u
(N)
i + δ

dxds =: Iδ1 + · · ·+ Iδ4 .(17)

We wish to perform the limit δ → 0 in (17). By continuity,

hδ(u
(N)(ω, x, t ∧ τR)) → h(u(N)(ω, x, t ∧ τR)) for a.e. (ω, x, t) ∈ Ω×O × (0, T ).

Moreover, for given (ω, x) ∈ Ω×O, there exists C > 0 such that for all δ > 0,
(
u
(N)
i (log u

(N)
i − 1) + 1

)
(ω, x, t ∧ τR) ≤ C

(
1 + u(N)(ω, x, t ∧ τR)

2
)
,

and the right-hand side is uniformly integrable in Ω×O for a fixed t ∈ [0, T ∧ τR] (because
of the definition of the stopping time). We conclude from the dominated convergence
theorem that

E

∫

O

hδ(u
(N)(t ∧ τR))dx → E

∫

O

h(u(N)(t ∧ τR))dx,
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E

∫

O

h+
δ (u

N(0))dx → E

∫

O

h(u(N)(0)+)dx as δ → 0,

recalling that (u(N)(0)+)i = max{0, u(N)
i (0)}. The limit δ → 0 in Iδ1 , I

δ
2 , and Iδ4 can be

performed because of the monotone convergence theorem, while the dominated convergence
theorem allows us to pass to the limit in Iδ3 . Then the limit δ → 0 in (17) leads to

E

∫

O

h(u(N)(t ∧ τR))dx− E

∫

O

h(u(N)(0)+)dx

= −E

∫ t∧τR

0

∫

O

n∑

i=1

πia0i
|∇u

(N)
i |2

u
(N)
i

dxds− E

∫ t∧τR

0

∫

O

n∑

i,j=1

πiaiju
(N)
j

|∇u
(N)
i |2

u
(N)
i

dxds

− E

∫ t∧τR

0

∫

O

n∑

i,j=1

πiaij∇u
(N)
i · ∇u

(N)
j dxds+

1

2
E

∫ t∧τR

0

∫

O

n∑

i,j=1

πi
σij(u

(N))2

u
(N)
i

dxds.(18)

Because of the detailed-balance condition (9), (πiaij) is symmetric. Thus, the second and
third integrand on the right-hand side can be formulated as

n∑

i,j=1

πiaij

(
u
(N)
j

|∇u
(N)
i |2

u
(N)
i

+∇u
(N)
i · ∇u

(N)
j

)

=
1

2

n∑

i,j=1

πiaij

(
u
(N)
j

|∇u
(N)
i |2

u
(N)
i

+ u
(N)
i

|∇u
(N)
j |2

u
(N)
j

+ 2∇u
(N)
i · ∇u

(N)
j

)

=
1

2

n∑

i,j=1

πiaiju
(N)
i u

(N)
j

(
|∇ log u

(N)
i |2 + |∇ log u

(N)
j |2 + 2∇ log u

(N)
i · ∇ log u

(N)
j

)

=
1

2

n∑

i,j=1

πiaiju
(N)
i u

(N)
j

∣∣∇ log(u
(N)
i u

(N)
j )

∣∣2 = 2
n∑

i,j=1

πiaij
∣∣∇(u

(N)
i u

(N)
j )1/2

∣∣2.

By Assumption (A5), the last integral in (18) is estimated according to

1

2
E

∫ t∧τR

0

∫

O

n∑

i,j=1

πi
σij(u

(N))2

u
(N)
i

dxds ≤ C

∫ t∧τR

0

∫

O

(1 + h(u(N)))dxds.

Inserting these expressions into (18) and applying Gronwall’s inequality gives

E

∫

O

h(u(N)(t ∧ τR))dx+ 4E

∫ t∧τR

0

∫

O

n∑

i=1

πiai0|∇(u
(N)
i )1/2|2dxds

+ 2E

∫ t∧τR

0

∫

O

n∑

i,j=1

πiaij |∇(u
(N)
i u

(N)
j )1/2|2dxds ≤ C(T ) + C(T )E

∫

O

h(u(N)(0)+)dx,

where C(T ) > 0 is independent of N and R. Consequently, the right-hand side does not
depend on the chosen sequence of stopping times τR, and we can pass to the limit R → ∞.
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The limit u
(N)
i (0) = ΠN(u

0
i ) → u0

i ≥ 0 in L2(O) as N → ∞ yields h(u(N)(0)+) → h(u0) in
L1(O). Thus, the right-hand side of (15) is independent of N and R. �

The entropy inequality in Lemma 5 provides a uniform bound for sup0≤t≤T E‖u(N)(t)‖L1(O)

but we need a uniform bound for E(sup0<t<T ‖u(N)(t)‖L1(O)), which will be used later to
obtain higher order moment estimates. This is shown in the following lemma.

Lemma 6. The solution u(N) to (11)–(12) satisfies the following bounds:

sup
N∈N

E‖u(N)‖L∞(0,T ;L1(O)) ≤ C(u0, T ),(19)

sup
N∈N

n∑

i=1

(
ai0E‖(u(N)

i )1/2‖2L2(0,T ;H1(O)) + aiiE‖u(N)
i ‖2L2(0,T ;H1(O))

)
≤ C(u0, T ),(20)

sup
N∈N

∑

j 6=i

aijE‖∇(u
(N)
i u

(N)
j )1/2‖2L2(0,T ;L2(O)) ≤ C(u0, T ).(21)

In particular, the solution u(N) is global in time for d ≥ 1 (with self-diffusion) and for
d ≤ 3 (without self-diffusion).

Proof. Let u(N) be the solution to (11)–(12) up to the stopping time τR and let T < τR.
The starting point of the proof is equation (16). Instead of taking first the expectation as
in the proof of Lemma 5, we pass first to the limit δ → 0. This can be done as in Lemma
5 except for the stochastic integral. We claim that

∫ T

0

∫

O

n∑

i,j=1

σij(u
(N)(s)) log(u

(N)
i (s) + δ)dxdWj(s)

→
∫ T

0

∫

O

n∑

i,j=1

σij(u
(N)(s)) log(u

(N)
i (s))dxdWj(s)(22)

as δ → 0. To prove this limit, we use the stochastic dominated convergence theorem [17,
Theorem 6.44]. For this, let

Fδ(t) =

∫

O

fδ(x)dx =

∫

O

n∑

i=1

σij(u
(N)(t)) log(u

(N)
i (t) + δ)dx,

F (t) =

∫

O

f(x)dx =

∫

O

n∑

i=1

σij(u
(N)(t)) log u

(N)
i (t)dx.

It is clear that fδ(x) → f(x) a.e. in O. We wish to find an integrable function g such that
|fδ(x)| ≤ g(x) for x ∈ O. Let δ ∈ (0, 1). If z ∈ [0, 1− δ), we have | log(z + δ)| ≤ | log z|. If
z ∈ [1− δ, 1), it follows that | log(z + δ)| ≤ log 2. Finally, if z > 1,

log(z + δ) =

∫ z

1

dr

r
+

∫ z+δ

z

dr

r
≤

∫ z

1

dr

r
+

∫ 1+δ

1

dr

r
= log z + log(1 + δ).
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Therefore, in view of Assumption (A5) and the entropy inequality in Lemma 5, the function

g(x) =

n∑

i=1

σij(u
(N)(x, t))(log u

(N)
i + log 2)

is integrable in O. We deduce from the Lebesgue dominated convergence theorem that
Fδ(t) → F (t) as δ → 0. By the definition of g and Assumption (A5), we can dominate Fδ

pointwise for any δ > 0 according to

(23) |Fδ(t)| ≤ G(x) := Ch

(∫

O

(1 + h(u(N)(x, t)))dx

)1/2

+ C

∫

O

u
(N)
i (x, t)dx+ C,

and G is square-integrable, since

‖G‖2L2(QT ) ≤ C(T ) + CE

∫ T

0

∫

O

(
h(u(N)(x, t)) + |u(N)(x, t)|2

)
dxds < ∞.

By the stochastic dominated convergence theorem, we infer from the pointwise convergence
Fδ(t) → F (t) and the bound (23) that (22) holds, proving the claim.

Repeating the calculations following (18), we obtain
∫

O

h(u(N)(t))dx+ 4

∫ t

0

∫

O

n∑

i=1

πiai0|∇(u
(N)
i )1/2|2dxds

+ 2

∫ t

0

∫

O

n∑

i,j=1

πiaij |∇(u
(N)
i u

(N)
j )1/2|2dxds

≤
∫

O

h(u0)dx+

∫ t

0

∫

O

n∑

i,j=1

σij(u
(N)) log u

(N)
i dxdWj(s)

+
1

2

∫ t

0

∫

O

n∑

i,j=1

πi
σij(u

(N))2

u
(N)
i

dxds.(24)

We take the supremum over 0 < t < T and the expectation and apply the Burkholder–
Davis–Gundy inequality:

E sup
0<t<T

∫

O

h(u(N)(t))dx+ 4E

∫ T

0

∫

O

n∑

i=1

πiai0|∇(u
(N)
i )1/2|2dxds

+ 2E

∫ T

0

∫

O

n∑

i,j=1

πiaij |∇(u
(N)
i u

(N)
j )1/2|2dxds

≤ E

∫

O

h(u0)dx+ E

(∫ T

0

∫

O

n∑

i,j=1

(
σij(u

(N)) log u
(N)
i

)2
dxds

)1/2

+
1

2
E

∫ T

0

∫

O

n∑

i,j=1

πi
σij(u

(N))2

u
(N)
i

dxds
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≤ E

∫

O

h(u0)dx+ CE

∫ T

0

(
1 +

∫

O

h(u(N))dx

)
ds,

where we used Assumption (A5) in the last step. By Fubini’s theorem and Gronwall’s
lemma, we conclude that

E sup
0<t<T

∫

O

h(u(N)(t))dx ≤ C(T ) + C(T )E

∫

O

h(u(N)(0)+)dx for 0 < T < τR,

where C(T ) > 0 is independent of N and R. Passing to the limit R → ∞ results in

E sup
0<t<T

∫

O

h(u(N)(t))dx ≤ C(T ) + C(T )E

∫

O

h(u(N)(0)+)dx ≤ C(u0, T ).

for T > 0. Since the entropy density dominates the L1 norm, this shows that

sup
N∈N

E

(
sup

0<t<T
‖u(N)(t)‖L1(O)

)
≤ C(u0, T ).

Estimate (20) is obtained from the Poincaré–Wirtinger inequality, the previous estimate,
and the gradient estimate in (15). Moreover, (21) also follows from (15).

It remains to show that u(N) is global in time. In case with self-diffusion, estimate

(20) immediately implies that E‖u(N)
i ‖2L2(0,T ;L2(O)) ≤ C. In case without self-diffusion, we

deduce from the Gagliardo–Nirenberg inequality with θ = d/4, the Hölder inequality with
p = 4/d, q = 4/(4− d) (such that 1/p+ 1/q = 1), and estimates (19) and (20) that

E‖u(N)
i ‖L4/d(0,T ;L2(O)) = E

(∫ T

0

‖(u(N)
i )1/2‖8/dL4(O)dt

)d/4

≤ CE

(∫ T

0

‖(u(N)
i )1/2‖8θ/dH1(O)‖(u

(N)
i )1/2‖8(1−θ)/d

L2(O) dt

)d/4

≤ CE

{
‖u(N)

i ‖1−d/4

L∞(0,T ;L1(O))

(∫ T

0

‖(u(N)
i )1/2‖2H1(O)dt

)d/4}

≤
(
E‖u(N)

i ‖L∞(0,T ;L1(O))

)1−d/4
{
E

∫ T

0

‖(u(N)
i )1/2‖2H1(O)dt

}d/4

≤ C.(25)

At this point, we need the restriction d ≤ 3. As the L2(O) is controlled in both cases, the
stopping time τR equals the final time T , and the solution u(N) is global in time. �

3.4. Further uniform estimates. Next, we show some estimates for higher-order mo-
ments. This step was not necessary in [15], since the solutions in that paper are bounded.

Lemma 7 (Higher-order moments). Let u(N) be the solution to (11)–(12) and let p ≥ 2.
Then, for any i = 1, . . . , n,

sup
N∈N

E‖u(N)‖pL∞(0,T ;L1(O)) ≤ C(p, u0, T ),(26)

sup
N∈N

(
ai0E‖(u(N)

i )1/2‖pL2(0,T ;H1(O)) + aiiE‖u(N)
i ‖pL2(0,T ;H1(O))

)
≤ C(p, u0, T ),(27)
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where C(p, u0, T ) > 0 does not depend on N .

Proof. We raise (24) to the power p ≥ 2, take the expectation, apply the Burkholder–
Davis–Gundy inequality to the stochastic term, and use Assumption (A5) to find that

E

(∫

O

h(u(N)(t))dx

)p

+ 4E

(∫ T

0

∫

O

n∑

i=1

πiai0|∇(u
(N)
i )1/2|2dxds

)p

+ 2E

(∫ T

0

∫

O

n∑

i,j=1

πiaij |∇(u
(N)
i u

(N)
j )1/2|2dxds

)p

≤ C(p, u0) + CE

(∫ T

0

n∑

i,j=1

‖σij(u
(N)) log u

(N)
i ‖2L2(O)ds

)p/2

+ CE

(∫ T

0

∫

O

n∑

i,j=1

πi
σij(u

(N))2

u
(N)
i

dxds

)p

≤ C(p, u0) + CE

(∫ T

0

∫

O

(1 + h(u(N)))dxds

)p/2

+ CE

(∫ T

0

∫

O

(1 + h(u(N)))dxds

)p

.

The lemma follows after applying Jensen’s and Gronwall’s inequality, using the fact that the
entropy density dominates the L1 norm, and applying the Poincaré–Wirtinger inequality.

�

We derive further higher-order moment estimates from Lemma 7. For this, we distinguish
the cases with and without self-diffusion.

Lemma 8 (Higher-order moments, with self-diffusion). Let aii > 0 for all i = 1, . . . , n, let
u(N) be the solution to (11)–(12), and let p ≥ 2. Then for any i = 1, . . . , n,

sup
N∈N

E‖u(N)
i ‖p

L2+2/d(QT )
≤ C(p, u0, T ),(28)

sup
N∈N

E‖u(N)
i (t)‖p

L2+4/d(0,T ;L2(O))
≤ C(p, u0, T ).(29)

Proof. Applying the Gagliardo–Nirenberg inequality as in [22, p. 95] yields (28). Estimate
(29) is obtained from another application of the Gagliardo–Nirenberg inequality. For this,
let θ = d/(d+ 2). Then θ(2 + 4/d) = 2 and

E

(∫ T

0

‖u(N)
i ‖2+4/d

L2(O)dt

)p

≤ CE

(∫ T

0

‖u(N)
i ‖θ(2+4/d)

H1(O) ‖u(N)
i ‖(1−θ)(2+4/d)

L1(O) dt

)p

≤ C(T )E

(
‖u(N)

i ‖4/dL∞(0,T ;L1(O))

∫ T

0

‖u(N)
i ‖2H1(O)dt

)p
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≤ C(T )
(
E‖u(N)

i ‖8p/dL∞(0,T ;L1(O))

)1/2
{
E

(∫ T

0

‖u(N)
i ‖2H1(O)dt

)2p}1/2

,

and the conclusion follows from estimates (26) and (27). �

Lemma 9 (Higher-order moments, without self-diffusion). Let ai0 > 0 for all i = 1, . . . , n,
let u(N) be the solution to (11)–(12), and let p ≥ 2. Then for any i = 1, . . . , n,

sup
N∈N

E‖u(N)
i ‖pL2(0,T ;W 1,1(O)) ≤ C(p, u0, T ),(30)

sup
N∈N

E‖u(N)
i ‖p

L1+2/d(QT )
≤ C(p, u0, T ),(31)

sup
N∈N

E‖u(N)
i ‖p

L4/d(0,T ;L2(O))
≤ C(p, u0, T ) for d ≤ 4,(32)

sup
N∈N

E‖u(N)
i ‖p

Lρ1(0,T ;W 1,ρ1(O))
≤ C(p, u0, T ),(33)

where ρ1 = (d+ 2)/(d+ 1).

Proof. The identity ∇u
(N)
i = 2(u

(N)
i )1/2∇(u

(N)
i )1/2 and the Hölder inequality show that

E‖∇u
(N)
i ‖pL2(0,T ;L1(O)) ≤ CE

(∫ T

0

‖(u(N)
i )1/2‖2L2(O)‖∇(u

(N)
i )1/2‖2L2(O)dt

)p/2

≤ CE

(
‖u(N)

i ‖L∞(0,T ;L1(O))

∫ T

0

‖∇(u
(N)
i )1/2‖2L2(O)dt

)p/2

≤ C
(
E‖u(N)

i ‖pL∞(0,T ;L1(O))

)1/2(
E‖∇(u

(N)
i )1/2‖2pL2(0,T ;L2(O)

)1/2
.

Because of (26) and (27), the right-hand side is bounded. Using (26) again, we infer
that (30) holds. Estimate (31) is obtained from the Gagliardo–Nirenberg inequality with
θ = d/(d+ 2). Indeed, taking into account estimates (26) and (27),

E

(∫ T

0

‖(u(N)
i )1/2‖2+4/d

L2+4/d(O)

)p

≤ CE

(∫ T

0

‖(u(N)
i )1/2‖θ(2+4/d)

H1(O) ‖(u(N)
i )1/2‖(1−θ)(2+4/d)

L2(O) dt

)p

≤ CE

(
‖u(N)

i ‖2/dL∞(0,T ;L1(O))

∫ T

0

‖(u(N)
i )1/2‖2H1(O)dt

)p

≤ C
(
E‖u(N)

i ‖4p/dL∞(0,T ;L1(O))

)1/2
{
E

(∫ T

0

‖(u(N)
i )1/2‖2H1(O)

)2p}1/2

≤ C.

Estimate (32) can be shown as in (25). Finally, estimate (33) is a consequence of ∇u
(N)
i =

2(u
(N)
i )1/2∇(u

(N)
i )1/2, the Hölder inequality, and estimates (27) and (31). �
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Lemma 10. Let u(N) be the solution to (11)–(12) and let p ≥ 2. Then for any i = 1, . . . , n
and j 6= i,

sup
N∈N

E‖(u(N)
i u

(N)
j )1/2‖pL∞(0,T ;L1(O)) ≤ C(p, u0, T ),(34)

sup
N∈N

E‖(u(N)
i u

(N)
j )1/2‖pL2(0,T ;H1(O)) ≤ C(p, u0, T ),(35)

sup
N∈N

E‖(u(N)
i u

(N)
j )1/2‖p

L2+2/d(QT )
≤ C(p, u0, T ),(36)

sup
N∈N

E‖u(N)
i u

(N)
j ‖p

L1+2/d(0,T ;L1(O))
≤ C(p, u0, T ),(37)

sup
N∈N

E‖∇(u
(N)
i u

(N)
j )‖pLρ1 (0,T ;L1(O)) ≤ C(p, u0, T ),(38)

sup
N∈N

E‖∇(u
(N)
i u

(N)
j )‖pLρ2(QT ) ≤ C(p, u0, T ),(39)

where ρ1 = (d+ 2)/(d+ 1) and ρ2 = (2d+ 2)/(2d+ 1).

Proof. The Hölder inequality and estimate (26) yield immediately (34). By the Poincaré–
Wirtinger inequality, estimates (21) and (34) lead to (35). Estimates (36) and (37) follow
from the Gagliardo–Nirenberg inequality, taking into account estimates (34) and (35) (see
(25) for a similar proof). Finally, estimates (34) and (35) imply that

∇(u
(N)
i u

(N)
j ) = 2(u

(N)
i u

(N)
j )1/2∇(u

(N)
i u

(N)
j )1/2

is bounded in Lρ1(0, T ;L1(O)) and in Lρ2(QT ), verifying (38) and (39). �

3.5. Fractional time regularity. We show that the solution u(N) to (11)–(12) possesses a
uniform bound for a fractional time derivative. This result is used to establish the tightness
of the laws of u(N) in some Lebesgue spaces. In our previous work [15], the tightness
of the laws of the approximate solutions was proved in a different way by verifying the
Aldous condition. We recall the definition of the Sobolev–Slobodeckij spaces. Let X be
a vector space and let p ≥ 1, α ∈ (0, 1). Then W α,p(0, T ;X) is the set of all functions
v ∈ Lp(0, T ;X) for which

‖v‖pWα,p(0,T ;X) = ‖v‖pLp(0,T ;X) +

∫ T

0

∫ T

0

‖v(t)− v(s)‖pX
|t− s|1+αp

dtds

is finite. With this norm, W α,p(0, T ;X) becomes a Banach space. In the case without
self-diffusion, we assume that d ≤ 3.

Lemma 11 (Time regularity). Let u(N) be the solution to (11)–(12) and let m ∈ N satisfy
m > d/2 + 1. Then there exists C(u0, T ) > 0 such that

(40) sup
N∈N

E‖u(N)‖2Wα,2(0,T ;Hm(O)′) ≤ C(u0, T ),

where α < 1/2 (with self-diffusion) and α < 1/(d+ 2) (without self-diffusion).
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The time regularity of u(N) is restricted by the Sobolev regularity of the stochastic
integral; see, e.g., [18, Lemma 2.1].

Proof. Estimate (19) and the continuous embedding L1(O) →֒ Hm(O)′ show that the se-

quence (E‖u(N)
i ‖2L2(0,T ;Hm(O)′)) is uniformly bounded. It remains to show that the following

integral is finite:

E

∫ T

0

∫ T

0

‖u(N)
i (t)− u

(N)
i (s)‖2Hm(O)′

|t− s|1+2α
dtds

≤
∫ T

0

∫ T

0

|t− s|−1−2α
E

∥∥∥∥
∫ t∨s

s∧t

div
n∑

j=1

Aij(u
(N)(r))∇u

(N)
j (r)dr

∥∥∥∥
2

Hm(O)′
dtds

+

∫ T

0

∫ T

0

|t− s|−1−2α
E

∥∥∥∥
∫ t∨s

s∧t

n∑

j=1

σij(u
(N)(r))dWj(r)

∥∥∥∥
2

Hm(O)′
dtds

=: J1 + J2.

Before we estimate J1 and J2, we recall a well-known result for the sake of completeness.
Let g ∈ L1(0, T ) and δ < 2, δ 6= 1. We claim that

(41) I :=

∫ T

0

∫ T

0

|t− s|−δ

∫ t∨s

s∧t

g(r)drdtds < ∞.

Indeed, a change of the integration domain and integration by parts gives

I = 2

∫ T

0

∫ T

s

(t− s)−δ

(∫ t

s

g(r)dr

)
dtds

= − 2

1− δ

∫ T

0

∫ T

s

(t− s)1−δg(t)dtds+
2

1− δ

∫ T

0

(T − s)1−δ

∫ t

s

g(r)drds,(42)

observing that limt→s(t − s)1−δ
∫ t

s
g(r)dr = 0 for 1 − δ > −1, since the integrability of g

implies that limt→s(t− s)−1
∫ t

s
g(r)dr = g(s) for a.e. s. The claim follows as the integrals

on the right-hand side of (42) are finite.
Step 1: Case with self-diffusion. Let aii > 0 for all i = 1, . . . , n. We need some

preparations before we estimate J1. We observe that
∥∥∥∥

n∑

j=1

Aij(u
(N))∇u

(N)
j

∥∥∥∥
L1(O)

=

∥∥∥∥
(
ai0 + 2

n∑

j=1

aiju
(N)
j

)
∇u

(N)
i +

∑

j 6=i

aiju
(N)
i ∇u

(N)
j

∥∥∥∥
L1(O)

≤ C‖∇u(N)‖L2(O) + C‖u(N)‖L2(O)‖∇u(N)‖L2(O).

Because of the embedding L1(O) →֒ Hm−1(O)′, it follows that

J3 := E

∥∥∥∥
∫ t∨s

s∧t

div
n∑

j=1

Aij(u
(N)(r))∇u

(N)
j (r)dr

∥∥∥∥
2

Hm(O)′
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≤ CE

(∫ t∨s

s∧t

∥∥∥∥
n∑

j=1

Aij(u
(N)(r))∇u

(N)
j (r)

∥∥∥∥
L1(O)

dr

)2

≤ CE

(∫ t∨s

s∧t

‖∇u(N)(r)‖L2(O)dr

)2

+ CE

(∫ t∨s

s∧t

‖u(N)(r)‖L2(O)‖∇u(N)(r)‖L2(O)dr

)2

=: J31 + J32.

We use the Hölder inequality to obtain

J31 ≤ C|t− s|E
∫ t∨s

s∧t

‖∇u(N)(r)‖2L2(O)dr,

J32 ≤ CE

{(∫ t∨s

s∧t

‖u(N)(r)‖(2d+4)/d
L2(O) dr

)d/(2d+4)

×
(∫ t∨s

s∧t

‖∇u(N)(r)‖2L2(O)dr

)1/2

|t− s|2/(2d+4)

}2

= CE

{(∫ t∨s

s∧t

‖u(N)(r)‖(2d+4)/d

L2(O) dr

)d/(d+2)(∫ t∨s

s∧t

‖∇u(N)(r)‖2L2(O)dr

)
|t− s|2/(d+2)

}
.

This shows that
∫ T

0

∫ T

0

|t− s|−1−2αJ31dtds ≤
∫ T

0

∫ T

0

|t− s|−2α

(
E

∫ T

0

‖∇u(N)(r)‖2L2(O)dr

)
dtds ≤ C,

∫ T

0

∫ T

0

|t− s|−1−2αJ32dtds ≤
∫ T

0

∫ T

0

|t− s|−1−2α+2/(d+2)

× E

{(∫ T

0

‖u(N)(r)‖(2d+4)/d

L2(O) dr

)d/(d+2)(∫ t∨s

s∧t

‖∇u(N)(r)‖2L2(O)dr

)}
dtds

≤
{
E

(∫ T

0

‖u(N)(r)‖(2d+4)/d

L2(O) dr

)2d/(d+2)}1/2

×
{
E

(∫ T

0

∫ T

0

|t− s|−1−2α+2/(d+2)

∫ t∨s

s∧t

‖∇u(N)(r)‖2L2(O)drdtds

)2}1/2

≤ C,

where we used (41) in the last step, requiring that 1 + 2α − 2/(d + 2) < 2 or α < (d +
4)/(2d+ 4). Consequently,

J1 ≤
∫ T

0

∫ T

0

|t− s|−1−2α(J31 + J32)dtds ≤ C.

To estimate J2, we use the embedding L2(O) →֒ Hm(O)′, the Itô isometry, the linear
growth of σ, and the Hölder inequality:

J2 ≤ C

∫ T

0

∫ T

0

|t− s|−1−2α
E

∥∥∥∥
∫ t∨s

s∧t

n∑

j=1

σij(u
(N)(r))dWj(r)

∥∥∥∥
2

L2(O)

dtds
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= C

∫ T

0

∫ T

0

|t− s|−1−2α
E

(∫ t∨s

s∧t

n∑

j=1

‖σij(u
(N)(r))‖2L2(O)dr

)
dtds

≤ C

∫ T

0

∫ T

0

|t− s|−1−2α

∫ t∨s

s∧t

E

n∑

j=1

(
1 + ‖u(N)

j (r)‖2L2(O)

)
drdtds.

By (41) and estimate (29), the right-hand side is finite if −1− 2α > −2 or α < 1/2.
Step 2: Case without self-diffusion. Let ai0 > 0 and aii = 0 for all i = 1, . . . , n. We

estimate the (normally) elliptic operator in J1 by exploiting the special structure of the
diffusion term and observing that the embedding L1(O) →֒ Hm−1(O)′ is continuous:

∥∥∥∥ div
n∑

j=1

Aij(u
(N))∇u

(N)
j

∥∥∥∥
Hm(O)′

=

∥∥∥∥∇
(
ai0u

(N)
i +

∑

j 6=i

aiju
(N)
i u

(N)
j

)∥∥∥∥
Hm−1(O)′

≤ ai0‖∇u
(N)
i ‖L1(O) +

∑

j 6=i

aij‖∇(u
(N)
i u

(N)
j )‖L1(O).

This yields, using the definition of J3 from the previous case and the Hölder inequality,

J3 ≤ CE

(∫ t∨s

s∧t

‖∇u
(N)
i (r)‖L1(O)dr

)2

+ C
∑

j 6=i

E

(∫ t∨s

s∧t

‖∇(u
(N)
i u

(N)
j )(r)‖L1(O)dr

)2

≤ C|t− s|E
∫ t∨s

s∧t

‖∇u
(N)
i (r)‖2L1(O)dr

+ C|t− s|2/(d+2)

(∑

j 6=i

E

∫ t∨s

s∧t

‖∇(u
(N)
i u

(N)
j )(r)‖ρ1L1(O)dr

)2(d+1)/(d+2)

.

It follows from (30) and (38) that

J1 ≤ C

∫ T

0

∫ T

0

|t− s|2/(d+2)

|t− s|1+2α
dsdt,

and this integral is finite if 2/(d+ 2)− 1− 2α > −1 or α < 1/(d+ 2).
To estimate J2, we use, similarly as in the case with self-diffusion, the embedding

L2(O) →֒ Hm(O)′, the Itô isometry, the sublinear growth of σ, and the Hölder inequality:

J2 = C

∫ T

0

∫ T

0

|t− s|−1−2α
E

(∫ t∨s

s∧t

n∑

j=1

‖σij(u
(N)(r))‖2L2(O)dr

)
dtds

≤ C

∫ T

0

∫ T

0

|t− s|−1−2α

∫ t∨s

s∧t

E

n∑

j=1

(
1 + ‖u(N)

j (r)‖2γL2(O)

)
drdtds.

By (41) and estimate (32), the right-hand side is finite if 2γ ≤ 4/d and −1 − 2α > −2 or
α < 1/2. This finishes the proof. �
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4. Proof of Theorem 2

We prove the existence of a martingale solution in the case with self-diffusion.

4.1. Tightness of the laws of (u(N)). We show that the laws of u(N) are tight in a certain
sub-Polish space. For this, we introduce the following spaces, recalling that m > d/2 + 1:

• C0([0, T ];Hm(O)′) is the space of continuous functions u : [0, T ] → Hm(O)′ with
the topology T1 induced by the norm ‖u‖C0([0,T ];Hm(O)′) = supt∈(0,T ) ‖u(t)‖Hm(O)′ ;

• L2
w(0, T ;H

1(O)) is the space L2(0, T ;H1(O)) with the weak topology T2;

We define the space

Z̃T := C0([0, T ];Hm(O)′) ∩ L2
w(0, T ;H

1(O)),

endowed with the topology T̃ that is the maximum of the topologies of C0([0, T ];Hm(O)′)

and L2
w(0, T ;H

1(O)). Similar to the proof of [14, Lemma 12], it can be shown that Z̃T is
a sub-Polish space.

Lemma 12. The set of laws (L(u(N)))N∈N is tight in Z̃T and in L2(0, T ;L2(O)).

Proof. The tightness in Z̃T follows from [4, Corollary 2.6] with the spaces U = Hm(O)
and V = H1(O). Indeed, estimate (19) is exactly condition (a) in [4, Corollary 2.6] and
estimate (20) corresponds to condition (b). Condition (c), i.e., (u(N)) satisfies the Aldous
condition in Hm(O)′, can be verified as in the proof of Lemma 11 in [14]. Thus, the set of

laws of (u(N)) is tight in Z̃T .
Next, we introduce for given κ > 0 and α < 1/(d+2) the setsXT = W α,2(0, T ;Hm(O)′)∩

L2(0, T ;H1(O)) and Bκ = {v ∈ XT : ‖v‖XT
≤ κ}. The compact embedding XT →֒

L2(0, T ;L2(O)) [30, Corollary 5] implies that Bκ is a relatively compact set in L2(0, T ;
L2(O)). We deduce from estimates (20) and (40) and the Chebyshev inequality that

P{‖u(N)‖XT
> κ} ≤ κ−2

E‖u(N)‖2XT

≤ κ−2
(
E‖u(N)‖2Wα,2(0,T ;Hm(O)′) + E‖u(N)‖2L2(0,T ;H1(O))

)
≤ Cκ−2.

Then the result follows directly from the definition of tightness. �

It follows from the previous lemma that the set of laws (L(u(N))) is tight in ZT =

Z̃T ∩ L2(0, T ;L2(O)) with the topology T that is the maximum of T̃ and the topology
induced by the L2(0, T ;L2(O)) norm.

4.2. Strong convergence of (u(N)). Since ZT × C0([0, T ];Rn) satisfies the assumptions
of the Skorokhod–Jabubowski theorem [5, Theorem C1] and the set of laws (L(u(N))) is
tight in (ZT ,T), this theorem implies the existence of a subsequence of (u(N)), which is

not relabeled, a probability space (Ω̃, F̃ , P̃) and, on this space, (ZT ×C0([0, T ];Rn))-valued

random variables (ũ, W̃ ) and (ũ(N), W̃ (N)) for N ∈ N such that (ũ(N), W̃ (N)) has the same
law as (u(N),W ) on B(ZT × C0([0, T ];Rn)) and, as N → ∞,

(ũ(N), W̃ (N)) → (ũ, W̃ ) in ZT × C0([0, T ];Rn) P̃-a.s.
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Because of the definition of the space ZT , this convergence means P̃-a.s.

(43)

ũ(N) → ũ in C0([0, T ];Hm(O)′),

ũ(N) ⇀ ũ weakly in L2(0, T ;H1(O)),

ũ(N) → ũ in L2(0, T ;L2(O)),

W̃ (N) → W̃ in C0([0, T ];Rn).

As in [14], we derive some regularity properties for the limit ũ. We infer from the
facts that C0([0, T ]; HN) is a Borel set of C0([0, T ];Hm(O)′) ∩ L2(0, T ;L2(O)), u(N) is
an element of C0([0, T ];HN) P-a.s., and u(N) and ũ(N) have the same law on B(ZT ) that
L(ũ(N))(C0([0, T ];HN)) = 1. Note that ũ is a ZT -Borel random variable since B(ZT ×
C0([0, T ];Rn)) is a subset of B(ZT ) × B(C0([0, T ];Rn)). We deduce from estimates (26)
and (27) and the fact that u(N) and ũ(N) have the same laws that for any p ≥ 2,

sup
n∈N

Ẽ

(∫ T

0

‖ũ(N)(t)‖2H1(O)dt

)p

+ sup
n∈N

Ẽ

(
sup

0<t<T
‖ũ(N)(t)‖Hm(O)′dt

)p

≤ C.

In view of the embedding L1(O) →֒ Hm(O)′, we infer the existence of a subsequence

of (ũ(N)) (not relabeled) that is weakly converging in Lp(Ω̃;L2(0, T ;H1(O))) and weakly*

converging in Lp(Ω̃;L∞(0, T ;Hm(O)′)) as N → ∞. In view of the convergence of ũ(N) → ũ

in ZT P̃-a.s., we infer that the limit function satisfies

Ẽ

(∫ T

0

‖ũ(t)‖2H1(O)dt

)p

+ Ẽ

(
sup

0<t<T
‖ũ(t)‖Hm(O)′

)p

< ∞.

Let F̃ and F̃ (N) be the filtrations generated by (ũ, W̃ ) and (ũ(N), W̃ (N)), respectively.
Then we conclude from [3, Lemma 7] (also see [14, Lemmas 14–15]) that ũ is progressively

measurable with respect to F̃ , ũ(N) is progressively measurable with respect to F̃ (N), and

(W̃ (t))t∈[0,T ] and (W̃ (N)(t))t∈[0,T ] are Wiener processes with respect to the corresponding
filtrations.

We know that u
(N)
i is nonnegative for i = 1, . . . , n. It turns out that the limit ũi is also

nonnegative. This is proved in the following lemma.

Lemma 13 (Nonnegativity). It holds that ũi(x, t) ≥ 0 for a.e. (x, t) ∈ QT P̃-a.s. and
i = 1, . . . , n.

Proof. Let i ∈ {1, . . . , n}. The entropy method used in Section 3.2 implies that u
(N)
i is

nonnegative, so E‖(u(N)
i )−‖L2(0,T ;L2(O)) = 0, where z− = min{0, z}. The function u

(N)
i is

ZT -Borel measurable and so does (u
(N)
i )−. Therefore, using the equivalence of the laws of

u
(N)
i and ũ

(N)
i on ZT and setting µ(N) := Law(u

(N)
i ) = Law(ũ

(N)
i ), we find that

Ẽ‖(ũ(N)
i )−‖L2(0,T ;L2(O)) =

∫

L2(0,T ;L2(O))

‖y−‖L2(0,T ;L2(O))dµ
(N)(y)

= E‖(u(N)
i )−‖L2(0,T ;L2(O)) = 0.



24 G. DHARIWAL, F. HUBER, AND A. JÜNGEL

This shows that ũ
(N)
i ≥ 0 a.e. in QT P̃-a.s. The convergence (up to a subsequence) ũ(N) → ũ

a.e. in ZT P̃-a.s. then implies that ũi ≥ 0 a.e. in QT P̃-a.s. �

The following lemma is needed to verify that (ũ, W̃ ) is a martingale solution to (3)–(4).
In view of the previous convergence results, the proof is very similar to that one of Lemma
10 in [15] and therefore, we omit it.

Lemma 14. It holds for all s, t ∈ [0, T ] with s ≤ t, i = 1, . . . , n, and all φ1 ∈ L2(O) and
all φ2 ∈ Hm(O) with m > d/2 + 1 and satisfying ∇φ2 · ν = 0 on ∂O that

lim
N→∞

Ẽ

∫ T

0

〈
ũ
(N)
i (t)− ũi(t), φ2

〉
dt = 0,

lim
N→∞

Ẽ
〈
ũ
(N)
i (0)− ũi(0), φ2

〉
= 0,

lim
N→∞

Ẽ

∫ T

0

∣∣∣∣
n∑

j=1

∫ t

0

〈
Aij(ũ

(N)(s))∇ũ
(N)
j (s)− Aij(ũ(s))∇ũj(s),∇φ2

〉
ds

∣∣∣∣dt = 0,

lim
N→∞

Ẽ

∫ T

0

∣∣∣∣
n∑

j=1

∫ t

0

〈
σij(ũ

(N)(s))dW̃
(N)
j (s)− σij(ũ(s))dW̃j(s), φ1

〉∣∣∣∣
2

dt = 0.

Next, we define for t ∈ [0, T ] and i = 1, . . . , n,

Λ
(N)
i

(
ũ(N), W̃ (N), φ

)
(t) :=

〈
ΠN (ũi(0)), φ

〉

−
∫ t

0

n∑

j=1

〈
ΠN(Aij(ũ

(N)(s))∇ũ
(N)
j (s)),∇φ

〉
ds

+
n∑

j=1

〈∫ t

0

ΠNσij(ũ
(N)(s))dW̃

(N)
j (s), φ

〉
,(44)

Λi

(
ũ, W̃ , φ

)
(t) := 〈ũi(0), φ〉 −

n∑

j=1

∫ t

0

〈
Aij(ũ(s))∇ũj(s),∇φ

〉
ds

+
n∑

j=1

〈∫ t

0

σij(ũ(s))dW̃j(s), φ

〉
.(45)

The following corollary is essentially a consequence of Lemma 14; see [14, Corollary 17] for
a proof.

Corollary 15. It holds for any φ1 ∈ L2(O) and any φ2 ∈ Hm(O) with m > d/2 + 1 and
satisfying ∇φ2 · ν = 0 on ∂O that

lim
N→∞

∥∥〈ũ(N)
i , φ2〉 − 〈ũi, φ2〉

∥∥
L1(Ω̃×(0,T ))

= 0,

lim
N→∞

∥∥Λ(N)
i

(
ũ(N), W̃ (N), φ1

)
− Λi

(
ũ, W̃ , φ1

)∥∥
L1(Ω̃×(0,T ))

= 0.
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We proceed with the proof of Theorem 2. Since ũ(N) is a strong solution to (11)–(12),
it satisfies

〈u(N)
i (t), φ〉 = Λ

(N)
i (u(N),W, φ)(t) for a.e. t ∈ [0, T ] P-a.s., i = 1, . . . , n,

for any φ ∈ Hm(O). Hence,
∫ T

0

E
∣∣〈u(N)

i (t), φ〉 − Λ
(N)
i (u(N),W, φ)(t)

∣∣dt = 0, i = 1, . . . , n.

We deduce from the equivalence of the laws of (u(N),W ) and (ũ(N), W̃ (N)) that
∫ T

0

Ẽ
∣∣〈ũ(N)

i (t), φ〉 − Λ
(N)
i (ũ(N), W̃ (N), φ)(t)

∣∣dt = 0, i = 1, . . . , n.

By Corollary 15, we can pass to the limit N → ∞ to obtain
∫ T

0

Ẽ
∣∣〈ũi(t), φ〉 − Λi(ũ, W̃ , φ)(t)

∣∣dt = 0, i = 1, . . . , n.

This identity holds for all φ ∈ Hm(O) such that ∇φ · ν = 0 on ∂O and hence, by density,
for any φ ∈ Hm(O). This shows that

∣∣〈ũi(t), φ〉 − Λi(ũ, W̃ , φ)(t)
∣∣ = 0 for a.e. t ∈ [0, T ] P̃-a.s., i = 1, . . . , n.

We infer from the definition of Λi that

〈ũi(t), φ〉 = 〈ũi(0), φ〉 −
n∑

j=1

∫ t

0

〈
Aij(ũ(s))∇ũj(s),∇φ

〉
ds+

n∑

j=1

〈∫ t

0

σij(ũ(s))dW̃j(s), φ

〉

for a.e. t ∈ [0, T ] P̃-a.s. and all φ ∈ Hm(O). Set Ũ = (Ω̃, F̃ , F̃ , P̃). Then (Ũ , ũ, W̃ ) is a
martingale solution to (3)–(4). This finishes the proof.

5. Proof of Theorem 3

Next, we prove the existence of a martingale solution in the case without self-diffusion.

The proof is similar to that one of Theorem 2, but we have less regularity for u
(N)
i than in

the self-diffusion case. Therefore, we need to adapt the function spaces. Moreover, since

we do not have a uniform estimate for u
(N)
i in L2(QT ), the convergence of ∇(u

(N)
i u

(N)
j )

requires some care. Recall that we assume d ≤ 3.

5.1. Tightness of the laws. We show that the laws of u(N) are tight in the sub-Polish
space

Z̃T := C0([0, T ];H3(O)′) ∩ L8/7
w (0, T ;W 1,8/7(O)),

endowed with the topology T̃ with is the maximum of the topology of C0([0, T ];H3(O)′)

and the weak topology of L
8/7
w (0, T ;W 1,8/7(O)).

Lemma 16. The sequence of laws (L(u(N)))N∈N is tight in Z̃T , L5/4(0, T ;L2(O)), and
L2(0, T ;L3/2(O)).
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Proof. The tightness in Z̃T can be shown as in Lemma 12. Furthermore, the tight-
ness in L5/4(0, T ;L2(O)) follows similarly as in Lemma 12, observing that the embed-
ding W α,2(0, T ;H3(O)′) ∩ L5/4(0, T ;W 1,5/4(O)) →֒ L5/4(0, T ;L2(O)) is compact. Here,
we use the facts that the embedding W 1,5/4(O) →֒ L2(O) is compact if d ≤ 3 and that

(u
(N)
i ) is bounded in W α,2(0, T ;H3(O)′) and L5/4(0, T ;W 1,5/4(O)) due to estimates (40)

and (33), respectively. Finally, the last statement is a consequence of the compact em-
bedding W α,2(0, T ;H3(O)′) ∩ L2(0, T ;W 1,1(O)) →֒ L2(0, T ;Lp(O)) for any p < 3/2 as
well as estimates (40) and (30). In fact, the compactness in L2(0, T ;Lp(O)) is valid up to

p = 3/2 by taking into account the uniform bound of u
(N)
i log u

(N)
i in L∞(0, T ;L1(O)); see

[2, Prop. 1]. �

The previous lemma shows that (L(u(N))) is tight in

ZT = Z̃T ∩ L2(0, T ;L3/2(O)) ∩ L5/4(0, T ;L2(O))

with the topology that is the maximum of T̃ and the topologies induced by the L2(0, T ;
L3/2(O)) and L5/4(0, T ;L2(O)) norms.

5.2. Strong convergence of (u(N)). Applying the Shorokhod–Jabubowski theorem as in
Section 4.2, we obtain the existence of a subsequence of (u(N)) (not relabeled), a probability

space (Ω̃, F̃ , P̃) and, on this space, (ZT × C0([0, T ];Rn))-valued random variables (ũ, W̃ )

and (ũ(N), W̃ (N)) for N ∈ N such that (ũ(N), W̃ (N)) has the same laws as (u(N),W ) on
B(ZT × C0([0, T ];Rn)). The convergence results (43) hold with the exception that only

(46)

ũ(N) ⇀ ũ weakly in L8/7(0, T ;W 1,8/7(O)),

ũ(N) → ũ in L2(0, T ;L3/2(O)),

ũ(N) → ũ in L5/4(0, T ;L2(O))

P̃-a.s. as N → ∞. Moreover, similarly as in Section 4.2, we deduce from estimates (33)
and (26) that

sup
n∈N

Ẽ

(∫ T

0

‖ũ(N)(t)‖8/7
W 1,8/7(O)

dt

)p

+ sup
n∈N

Ẽ

(
sup

0<t<T
‖ũ(N)(t)‖Hm(O)′dt

)p

≤ C.

Because of the measurability of the map

C0([0, T ];HN) → L8/7(0, T ;W 1,8/7(O)) ∩ ZT , w 7→ w2,

the continuity of the norm on L8/7(0, T ;W 1,8/7(O)) ∩ ZT , the identity u
(N)
i u

(N)
j = (u

(N)
i +

u
(N)
j )2−(u

(N)
i )2−(u

(N)
j )2, the equality of the laws of u(N) and ũ(N) on B(ZT ), and estimates

(36) and (39) for d = 3, we obtain

(47) sup
N∈N

Ẽ

(∫ T

0

‖ũ(N)
i ũ

(N)
j ‖8/7

W 1,8/7(O)
dt

)p

≤ C.

We infer the existence of a subsequence of (ũ(N)) (not relabeled) that is weakly converging in

Lp(Ω̃;L8/7(0, T ;W 1,8/7(O))) and weakly* converging in Lp(Ω̃;C0([0, T ];H3(O)′)) as N →
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∞. Thus, taking into account the convergence ũ(N) → ũ in ZT P̃-a.s., we conclude that
the limit function satisfies

Ẽ

(∫ T

0

‖ũ(t)‖8/7
W 1,8/7(O)

dt

)p

+ Ẽ

(
sup

0<t<T
‖ũ(t)‖H3(O)′

)p

< ∞ for p < ∞.

We verify similarly as in Lemma 13 that ũi(x, t) ≥ 0 for a.e. (x, t) ∈ QT P̃-a.s. and
i = 1, . . . , n. The only difference to the proof is that we work in the space L5/4(0, T ;L2(O))
instead of L2(0, T ;L2(O)).

The following lemma allows us to identify the quadratic terms.

Lemma 17. Let (ũ(N)) be the sequence of ZT -valued random variables constructed above.
Then it holds for φ2 ∈ W 1,8(O) and satisfying ∇φ2 · ν = 0 on ∂O that

lim
N→∞

Ẽ

∫ T

0

∣∣∣∣
n∑

i,j=1, j 6=i

∫ t

0

〈
∇(ũ

(N)
i ũ

(N)
j )(s)−∇(ũiũj)(s),∇φ2

〉
ds

∣∣∣∣dt = 0.

Proof. We infer from estimate (46) that, for a subsequence, ũ
(N)
i (x, t) → ũi(x, t) and also

(ũ
(N)
i ũ

(N)
j )(x, t) → (ũiũj)(x, t) for a.e. (x, t) ∈ QT P̃-a.s. Then f (N) := ũ

(N)
i ũ

(N)
j − ũiũj → 0

a.e. in QT P̃-a.s. Taking into account the uniform bound for f (N) in Lp(Ω̃;L8/7(0, T ;

W 1,8/7(O))) from (47), we conclude the strong convergence f (N) → 0 in Lp(Ω̃×O× (0, T ))
for any 1 ≤ p < 8/7. Next, let g(N) := f (N)∆φ for φ ∈ W 2,∞(O). Then g(N) → 0 in

QT P̃-a.s. and g(N) is bounded in L8/7(Ω̃ × O × (0, T )). Therefore, g(N) → 0 strongly in

Lp(Ω̃×O × (0, T )) for any 1 < p < 8/7. This shows that

lim
N→∞

Ẽ

n∑

i,j=1, j 6=i

∫ t

0

∣∣∣∣
〈
(ũ

(N)
i ũ

(N)
j )(s)− (ũiũj)(s),∆φ

〉∣∣∣∣ds = 0

for any φ ∈ W 2,∞(O) and, by integrating by parts,

lim
N→∞

Ẽ

∫ T

0

∣∣∣∣
n∑

i,j=1, j 6=i

∫ t

0

〈
∇(ũ

(N)
i ũ

(N)
j )(s)−∇(ũiũj)(s),∇φ

〉
ds

∣∣∣∣dt

≤ lim
N→∞

T Ẽ
n∑

i,j=1, j 6=i

∫ T

0

∣∣∣∣
〈
(ũ

(N)
i ũ

(N)
j )(s)− (ũiũj)(s),∆φ

〉∣∣∣∣ds = 0

for any φ ∈ W 2,∞(O) satisfying ∇φ · ν = 0 on ∂O. By density, the convergence also holds
for φ ∈ W 1,8(O) satisfying ∇φ · ν = 0 on ∂O. �

Lemma 14, which is needed to show that (ũ, W̃ ) is a martingale solution to (3)–(4), also
holds in the present situation. The proof is similar to that one of Lemma 10 in [15] and
uses the previous convergence results, convergences (46), Lemma 17, and the sublinear
growth of the multiplicative noise.

Defining Λ
(N)
i and Λi as in (44) and (45), respectively, the same result as in Corollary

15 holds. The proof of Theorem 3 can now be finished as in Section 4.2.
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Appendix A. Deterministic SKT system without self-diffusion

The proof of the existence of a global weak solution to the deterministic two-species SKT
system without self-diffusion in [9] uses an L2 logL2 bound coming from the Lotka–Volterra
terms. We claim that the proof can be performed without this bound. To show this claim,
we recall the estimates coming from the entropy inequality proved in [9]:

‖u(τ)
i ‖L∞(0,T ;L1(O)) + ‖∇(u

(τ)
i )1/2‖L2(QT ) + ‖∇(u

(τ)
i u

(τ)
j )1/2‖L2(QT ) ≤ C,

where i 6= j and C > 0 does not depend on the approximation parameter τ . In particular,

(u
(τ)
i ) is bounded in L2(0, T ;H1(O)). The function u

(τ)
i is the solution to an approximate

problem, which we do not specify here; we refer to [9].

First, we show that (u
(τ)
i ) is bounded in Lρ1(0, T ;W 1,ρ1(O)), where ρ1 = (d+2)/(d+1).

To this end, we deduce from the Gagliardo–Nirenberg inequality with θ = d/2 − d/p and
p = 2 + 4/d (satisfying pθ = 2) that

‖(u(τ)
i )1/2‖2+4/d

L2+4/d(QT )
≤ C

∫ T

0

‖(u(τ)
i )1/2‖θ(2d+4)/d

H1(O) ‖(u(τ)
i )1/2‖(1−θ)(2d+4)/d

L2(O) dt

≤ ‖u(τ)
i ‖(1−θ)(d+2)/d

L∞(0,T ;L1(O))

∫ T

0

‖(u(τ)
i )1/2‖2H1(O)dt ≤ C.

This bound and the L2(QT ) bound for ∇(u
(τ)
i )1/2 show that

‖∇u
(τ)
i ‖Lρ1 (QT ) = 2‖(u(τ)

i )1/2‖L2+4/d(QT )‖∇(u
(τ)
i )1/2‖L2(QT ) ≤ C.

The claim now follows from the Poincaré–Wirtinger inequality and the bound for (u
(τ)
i ) in

L∞(0, T ;L1(O)).

Second, we claim that (∇(u
(τ)
i u

(τ)
j )1/2) is bounded in Lρ2(QT ) for i 6= j, where ρ2 =

(2d+ 2)/(2d+ 1). Indeed, a similar argument as above, using the bounds for (u
(τ)
i u

(τ)
j )1/2

in L∞(0, T ;L1(O)) and ∇(u
(τ)
i u

(τ)
j )1/2 in L2(QT ) as well as the Gagliardo–Nirenberg in-

equality, shows that ((u
(τ)
i u

(τ)
j )1/2) is bounded in L2+2/d(QT ). Therefore, the sequence

∇(u
(τ)
i u

(τ)
j ) = 2(u

(τ)
i u

(τ)
j )1/2∇(u

(τ)
i u

(τ)
j )1/2

is bounded in Lρ2(QT ), proving the claim.
For the compactness, we also need an estimate for the time derivative:

‖∂tu(τ)
i ‖Lρ1(0,T ;W 1,ρ1(O)′) ≤

∥∥∥∥ai0∇u
(τ)
i +

n∑

j=1, j 6=i

aij∇(u
(τ)
i u

(τ)
j )

∥∥∥∥
Lρ2 (QT )

≤ C.

(In fact, in the proof of [9], we have to replace ∂tui by a discrete time derivative, but this
does not change the argument.) By the Aubin–Lions lemma, there exists a subsequence

of (u
(τ)
i ) (not relabeled) such that u

(τ)
i → ui strongly in Lρ1(QT ) and a.e. in QT as τ → 0.

Thus, u
(τ)
i u

(τ)
j → uiuj a.e. in QT . The bound for (∇(u

(τ)
i u

(τ)
j )) in Lρ2(QT ) for i 6= j implies

that ∇(u
(τ)
i u

(τ)
j ) ⇀ ∇(uiuj) weakly in Lρ2(QT ). Furthermore, we have the convergences
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∇u
(τ)
i ⇀ ∇ui weakly in Lρ1(QT ) and ∂tu

(τ)
i ⇀ ∂tui weakly in Lρ2(0, T ;W 1,ρ2(O)′). These

limits allow us to pass to the limit τ → 0 in the approximate problem. Moreover, we obtain
the regularity results formulated in Section 3.2. As a corollary, we deduce the following
existence result which extends [9, Theorem 1] to the n-species no-reaction case.

Theorem 18 (Existence for the deterministic system). Let Ω ⊂ R
d (d ≥ 1), u0 ∈

L∞(O;Rn) with ui ≥ 0 a.e. in O, let the detailed-balance condition (9) hold, and let
ai0 > 0, aii = 0 for i = 1, . . . , n. Then there exists a weak solution u = (u1, . . . , un) to

∂tui = ∆

(
ai0ui +

n∑

j=1, j 6=i

aijuiuj

)
in O, t > 0, i = 1, . . . , n,

ui(0) = u0
i in O, ∇ui · ν = 0 on ∂O, t > 0,

satisfying ui(t) ≥ 0 a.e. in O, t > 0 and

ui ∈ Lρ1(0, T ;W 1,ρ1(O)), uiuj ∈ Lρ2(0, T ;W 1,ρ2(O)), ∂tui ∈ Lρ2(0, T ;W 1,ρ2(O)′)

for i = 1, . . . , n, where ρ1 = (d+ 2)/(d+ 1) and ρ2 = (2d+ 2)/(2d+ 1).
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