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Abstract

We show that the product of an n x 3 matrix and a 3 x 3 matrix over a commutative ring
can be computed using 6n+3 multiplications. For two 3 x 3 matrices this gives us an algorithm
using 21 multiplications. This is an improvement with respect to Makarov’s algorithm using
22 multiplications[I3]. We generalize our result for n x 3 and 3 X 3 matrices and present
an algorithm for computing the product of an [ X n matrix and an n X m matrix over a
commutative ring for odd n using n(lm + ! + m — 1)/2 multiplications if m is odd and using
(n(lm+14m —1) + 1 — 1)/2 multiplications if m is even. Waksman’s and Islam’s algorithm
for odd n needs (n — 1)(Im + 1+ m — 1)/2 4+ Im multiplications [10} [19], thus in both cases
less multiplications are required by our algorithm. We also give an algorithm for even n using
n(lm + 1+ m — 1)/2 multiplications without making use of divisions, since Waksman’s and
Islam’s algorithm make use of some divisions by 2 [10} [19]. Furthermore we present a novelty
for matrix multiplication: In this paper we show that some non-bilinear algorithms with
special properties can be used as recursive algorithms. In comparison to bilinear algorithms
for small n x n matrices say n < 20 we obtain some better results. From these non-bilinear
algorithms we finally obtain approximate non-bilinear algorithms. For instance we obtain an
approximate non-bilinear algorithm for 5 x 5 matrices that uses only 89 multiplications. If at
all it is possible to compare this algorithm with a bilinear algorithm we obtain a better result
with respect to Smirnov’s algorithm [I5].

1 Introduction

In 1969 Strassen showed that the product of two n x n matrices can be computed using O(n!°82(7)
arithmetic operations [I8]. This work opened a new field of research and over the years better
upper bounds for the exponent of matrix multiplication were published. In 1990 Coppersmith and
Winograd obtained an upper bound of 2.375477 for the exponent [4]. For a long time this was the
best result. Since 2010 further improvements were obtained in a series of papers [5l 12} [17, 20, 21].
The best result so far was published in 2014 by Le Gall who obtained an upper bound of 2.3728639
for the exponent [12].

In this paper we first study the product of an n x 3 matrix A and a 3 x 3 matrix B over a
commutative ring and show that we can compute the product AB using 6n + 3 multiplications.
The basic idea is to improve the computation of the product of a 1 x 3 vector a and a 3 x 3 matrix
B over a commutative ring in the sense that we try to obtain as much as possible multiplications
that contain only entries of the matrix B but without using more than 9 multiplications overall.
The multiplications which contain only entries of the matrix B only need to be calculated once
and can therefore be reused in the matrix multiplication. In the special case n = 3 we obtain
an algorithm for multiplying two 3 x 3 matrices using 21 multiplications which improves the best
result so far from Makarov using 22 multiplications [I3]. Our next step is to generalize this result
to the computation of the product of an [ x n matrix A and an n X m matrix B over a commutative
ring for odd n. We show that the product AB can be computed using n(lm +1+m — 1)/2 multi-
plications if m is odd and (n(lm+1+m—1)+1—1)/2 multiplications if m is even. This improves
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Waksman’s and Islam’s algorithm which require (n — 1)(Im + [ + m — 1)/2 + Im multiplications
for odd n [10} 19]. Additionally we present an algorithm to multiply an [ X n matrix and an
n x m matrix using n(Im + [+ m — 1)/2 multiplications without making use of divisions, whereas
Waksman’s and Islam’s algorithm makes use of some divisions by 2 [10, [19].

Finally we present a novelty for matrix multiplication. We can show that a non-bilinear
algorithm for matrix multiplication can be applied recursively under special circumstances. For
this we first generalize the term of bilinear algorithms. Bilinear algorithms have the property that
every multiplication is in bilinear form. For the computation of a matrix product AB this means
that in every product that is computed the left (resp., right) factor is a sum of entries from A (resp.,
B). The consequence is that the linear combinations of the products are also in bilinear form. We
have found algorithms whose multiplications are not in bilinear form but the linear combinations
of the products are in bilinear form. Such an algorithm can be seen as a generalization of bilinear
algorithms if one defines a bilinear algorithm independent from the form of the multiplications
as an algorithm whose linear combinations are in bilinear form. But in order to distinguish such
algorithms from usual bilinear algorithms we call such an algorithm non-bilinear. Of course a non-
bilinear algorithm can be applied recursively. Note that by this definition every bilinear algorithm
is also a non-bilinear algorithm. We have found formulas for the computation of the product
of two n x n matrices. For even n the algorithm needs n(n? + 3n + 1)/2 multiplications and
n(n?+ 3n+ 2)/2 multiplications are required for odd n. In the case n = 14 this gives an algorithm
using 1673 multiplications and an exponent of roughly 2.8125.

Additionally we present approximate non-bilinear algorithm. Approximate algorithms for ma-
trix multiplication were introduced for the first time by Bini et al. [2]. We give a general formula for
the computation of the product of two n x n matrices. For even n the algorithm needs n(n?+2n)/2
multiplications and n(n? + 2n + 1)/2 multiplications are required for odd n. In the case n = 5 we
were even able to find an approximate non-bilinear algorithm that uses only 89 multiplications.

1.1 Related Work

In this section we present some related work. We start with presenting some results about mul-
tiplication of two square matrices. Since Strassen showed in 1969 that the product of two ma-
trices can be computed using O(n'°¢2(7)) arithmetic operations [18] and since it is shown that
for 2 x 2 matrices 7 is the optimal number of multiplications [8] 22], it is interesting to study
n X n matrices for n > 3, to obtain an even faster algorithm for matrix multiplication. For 3 x 3
matrices 21 multiplications would be needed to obtain an even faster algorithm than Strassen’s
since log4(21) &~ 2.7712 < 2.807 = log,(7). In 1976 Laderman obtained a non-commutative 3 x 3
algorithm using only 23 multiplications [I1]. It is not known if there exists a non-commutative
3 x 3 algorithm that uses 22 or less multiplications.

Hopcroft and Musinski showed in [9] that the number of multiplications of non-commutative
algorithms to compute the product of an [ X n matrix and an n X m matrix is the same number
that is required to compute the product of an n X m matrix and an m X [ matrix and of an [ X m
matrix and an m x n matrix etc. This means if one finds an algorithm for the product of an [ x m
matrix and an m x n matrix using  multiplications there exists a matrix multiplication algorithm
for Inm x Inm matrices using 2% multiplications overall. This algorithm for square matrices will
then have an exponent of log,,,,,, (z?).

We present some examples of non-square matrix multiplication algorithms. In [7] Hopcroft
and Kerr showed that the product of a p X 2 matrix and a 2 X n matrix can be multiplied using
[(3pn + maz{n,p})/2] multiplications without using commutativity. In the case p = 3 = n this
gives an algorithm using 15 multiplications. Combined with the results of [9] this gives an algo-
rithm for 18 x 18 matrices using 153 = 3375 multiplications and an exponent of log;5(3375) ~ 2.811.
Smirnov obtained an algorithm for the product of a 3 x 3 matrix and a 3 x 6 matrix using 40
multiplications[16]. By [9] this gives an algorithm for 54 x 54 matrices using 403 = 64000 multi-
plications and an exponent of logs,(64000) == 2.7743.



Cariow et al. developed a high-speed parallel 3 x 3 matrix multiplier structure based on the
commutative 3 X 3 matrix algorithm using 22 multiplications obtained by Makarov [II [13]. We
suppose that the structure could be improved by using our commutative 3 x 3 matrix algorithm
using 21 multiplications.

In [6] Drevet et al. optimized the number of required multiplications of small matrices up
to 30 x 30 matrices. They considered non-commutative and commutative algorithms. Combined
with our results for commutative rings we suppose that some results could be improved.

2 Matrix Multiplication over a Commutative Ring

Let R denote a commutative ring throughout this Section.

2.1 Product of n x 3 and 3 x 3 Matrices

Consider the product of an 1 x 3 vector a and a 3 x 3 matrix B over a commutative ring.

bir b2 bi3
a=[a1 az a3 B = |ba by bos (1)
b31 b3z b33

In the usual way the product of a and B would be computed as:
aB = [a1bi1 + asba1 + asbs a1biz + azbza + azbsz a1b13 + asbas + asbss)
But it can also be computed by first computing these 9 products:

Algorithm 1. Input: Vector a and Matriz B as in ().

Let
p1 = (a2 + bi2)(a1 + b21)
p2 = (a3 + biz)(a1 + b31)
p3 = (a3 + bag)(az + b32)
p4 = ai(b1 — b1z — b1z — az — az)
ps = az(baz — ba1 — baz — a1 — ag)
pe = az(bzz — bz — b3z —ay — az)
p7 i= b12bay
ps := b13b31
P9 := bazbsa

Output:

aB=[pi+pi+p2—pr—ps  Ps+pL+pPs—pr—p9  P6+DP2+Dps—ps—po]

Theorem 1. Let R be a commutative ring, let n > 1, let A be an n X 3 matrix over R and let B
be a 3 x 3 matriz over R. Then the product AB can be computed using 6n + 3 multiplications.

Proof. Consider Algorithm [l The products p7, ps and pg contain only entries of the matrix B.
One can observe that for all n > 1 the products p7, ps and pg can be reused for the product AB
and therefore 3(n — 1) multiplications are saved. O

We give an example. In the case n = 3 we obtain an algorithm with 21 multiplications for the
matrix multiplication. This algorithm needs one multiplication less than Makarov’s [13].



Corollary 1. Let R be a commutative ring and let A and B be 3 x 3 matrices over R as shown
below. Then the product AB can be computed using 21 multiplications as follows:

a1 a2 ais bir b1z b3
A= a1 a2 a3 B = |ba ba b3
a3 asz2 G33 b31 b3z b33

p1 = (a12 + b12) (a1 + b21)

p2 = (a13 + bi3)(a11 + b31)
p3 = (a13 + bas)(a12 + b32)
b4 = a11(b11 — b1 — b1z — a1z — 613)
ps = a12(baz — ba1 — b2z — a11 — a13)
pe = a13(b33 — bz — b3z — a1 — a12)

p7 := (a2 + bi2)(az1 + bo1)
pg = (@23 + b13)(az1 + b31)
Pg 1= (@23 + bas)(az2 + b32)
Pio:=a
P11 = aga(baz — b2y — baz — @21 — a3)
P12 i =a

21(b11 — b1z — big — aga — as3)
23(b33 — bg1 — bz — @21 — ag2)

P13 := (as2 + b12)(az1 + b21)
P14 := (azz + b13)(az1 + b31)
P15 = (asz + ba3)(as2 + b32)
P16 := az1(bi1 — b1z — b1z — asy — ass)
P17 := a32(by2 — ba1 — bag — az1 — as3)

P18 = asz(bsg — b1 — bsa — az1 — as2)

D1y := bi2b2y
D20 = b13b31

D21 = bazb3a

Hence,

P4 + p1 + P2 — P19 — P20 P5 +p1+p3 — Pig — P21 D6 + p2 +p3 — P20 — P21
AB = | pio+p7 +Dps — P19 — P2 P11+ p7+ P9 — P19 — P21 P12 + Pps + Po — P20 — P21
P16 + P13 + P14 — P19 — P20 P17 + P13 + P15 — P19 — P21 P18 + P14 + P15 — P20 — P21

2.2 General Matrix Multiplication

We start this Section with presenting an algorithm for the product of I x n and n x m matrices
over a commutative ring for even n using n(lm + [ +m — 1)/2 multiplications. In the literature
there is already an algorithm for such matrices with n(lm + !+ m — 1)/2 multiplications [10, [19],
but this algorithm makes use of some divisions by 2. In this Section we present an algorithm that
does not use divisions.

Theorem 2. Let R be a commutative ring, let n > 2 be even and let [,m > 1. Furthermore let
A€ R*" B € R™™™ be matrices. Then the product AB can be computed using n(lm-+1+m—1)/2
multiplications without making use of divisions.



Proof. Let A and B be matrices as in the Theorem. Let a;; denote the entries of A and let b;;
denote the entries of B and let ¢;; denote the entries of AB. The product AB can be computed
as follows. For i =1,...,1 let

n/2 n/2
Ci1 = Z ai(?k—l)(b@k—l)l + Gi(%)) + Z Qi(2k) (b(2k)1 - @i(2k—1))
k=1 k=1

and fori=1,...,land j =2,...,m let

n/2 o
“= Z(amk*l) + beaky;) (@icaky + bar—1)1 + bk-1);) = Z ai2k—1) (D(2k—1)1 + Gi(2r))
k=1 2
n/2
- Z b(zk)J (b(2k71)1 + b(Qkfl)j)
k=1

These formulas can easily be verified. It remains to show that only n(lm + 1+ m — 1)/2 mul-
tiplications are required by these formulas. To show the number of multiplications we count
the multiplications. Since the index 7 takes [ different values, the index j takes m — 1 differ-
ent values and the index k takes n/2 different values there are In/2 multiplications of the form
ai(gk_l)(b(%_l)l + ai(gk)), In/2 multiplications of the form Qi (2k) (b(gk)l — O,i(gk_l)), n(im —1)/2
multiplications of the form b(ay; (b(2k—1)1 + b(2x—1);) and In(m — 1)/2 multiplications of the form
(@i(2—1) Fb(2k);) (@ic2k) Fb(2k—1)1 +b(2k—1);)- Thus, overallin/2+In/2+n(m—1)/2+In(m—1)/2 =
n(lm + 1+ m — 1)/2 multiplications are required. O

Algorithm [T from Section 2.1 is the basic idea of a general algorithm for the matrix product of
I x n and n X m matrices over a commutative ring for odd n. The algorithm we present below is
split into two cases. In Case 1 m is odd and in Case 2 m is even. This leads us to the following:

Theorem 3. Let R be a commutative ring, let n > 3 be odd, | > 1, m > 3 and let A € R™*",
B € R™™ be matrices. Then the following holds:

o Ifm is odd the product AB can be computed using n(Ilm + 1+ m — 1)/2 multiplications.
o Ifm is even the product AB can be computed using (n(Im~+Il+m—1)+1—1)/2 multiplications.

Proof. Let A and B be matrices as in the Theorem. Now split A and B in submatrices in the
following way:

A=[A, Ap], with A; € R”3 and A, € R*"—3,

B= [gl], with By € R3*™ and By € R"—3%™.
2

Then AB = A1B; + A3Bs. By using Theorem [2] the product A3 B can be computed using
(n—3)(Im + 1+ m — 1)/2 multiplications. Let a;; denote the entries of A; and let b;; denote the
entries of By and let ¢;; denote the entries of A;B;. The matrix A; By can be computed as follows.

Case 1: m is odd.
Fori=1,...,11et

ci1 = (ai1 +ba1)(ai2 + b12) + (ai1 + bs1)(aiz + bi3) + ai1 (b1 — b1z — b1z — ai2 — ai3) — biaba1 — bigbst
cio = (i1 + ba1)(@i2 + b12) + (ai2 + b32)(@i3 + bag) + aia(baz — ba1 — baz — ai1 — ai3) — biaba1 — bazbsa

i3 = (a1 +b31)(@i3 + b13) + (ai2 + b32)(ai3 + bag) + ai3(bss — bs1 — bza — a1 — ai2) — b13bs1 — basbsa



and fori=1,...,land j =4,6,8,...,m — 1 let

cij = (@1 + ba1)(aiz + b12) + (i1 + bs1)(aiz + b1s) + (air + bar — bz;)(—aiz — b1z + byj — bijt1))
+(ai1 + b31 — b3j)(—aiz — b1z + bi(j41)) — biabar — b13bs1 — (ba1 — baj)(—b1a + b1j — byj41))
—(b31 — b3;)(—b1z + bi(j+1))

Ci(j+1) = (@i1 +b31)(aiz + biz) + (a2 + baz) (a3 + bag) + (@i + bz — bzj)(—aiz — b1z + bigjy1))
+(aiz + b3z + b3 — b3(j41))(—aiz — bag + bagj11)) — b13bs1 — bazbsa — (b31 — b3;)(—b13 + bi(jy1))
—(bs2 + b3j — b(j+1))(—bas + bajt1))

It can easily be seen that 614+3+3I(m—3)/2+3(m—3)/2 = 3(Im+1+m—1)/2 multiplications
are required to compute A; B .

Thus, AB can be computed using 3(lm +1+m — 1)/2 4+ (n = 3)(Im + 1+ m —1)/2 =
n(lm + 1+ m — 1)/2 multiplications.

Case 2: m is even.
Fori=1,...,1let

ci1 = (a1 +b21)(ai2 +bi2) + (a1 +b31)(aiz +b13) + a1 (b11 — b1z — b1z — @iz — ai3) — biabay — b13ba
iz = (ai1 +ba1)(aiz +b12) + (aiz + b32)(aiz + b23) + aia(baa — ba1 — b2z — i1 — a;3) — biaba1 — bagbsa
ci3 = (ai1 +b31)(aiz +b13) + (aiz + b32)(aiz + bag) + @iz (bsz — ba1 — bzz — ai1 — ai2) — bizbs1 — bagbsa
cia = (@1 +ba1)(aiz +b12)+ (@i +ba1 —b24)(—aia —b12+b14) + aizbzs —br2ba1 — (ba1 —b24) (—b12+b14)
and fori=1,...,land j =5,7,9,...,m— 1 let

cij = (a1 + ba1)(ai2 + bi2) + (@i + bz1)(ai + biz) + (a1 + b2y — baj)(—ai — bz + b1j — bigjy1))
+(ai1 + b31 — bsj)(—aiz — b1z + bi(j41)) — biabar — b13bs1 — (ba1 — baj)(—bia + b1j — by(j41))
—(b31 — bsj)(—biz + bij11))

Ci(ji+1) = (@i1 +b31)(aiz + b1g) + (a2 + baz) (a3 + bag) + (@i + bz — bzj)(—aiz — biz + bigjy1))
+(aiz + b3z + b3 — b3(j41))(—aiz — bag + ba(j11)) — b13bs1 — bazbsa — (b31 — b3;)(—b13 + bi(jy1))
—(b32 + b3 — b3(j11))(—b2z + bagj11))

One can easily verify that in this case 814+4+3l(m—4)/24+3(m—4)/2=2(I—1)+3(Im+m)/2
multiplications are required to compute A; Bj.

Thus, AB can be computed using 2(l — 1) + 3(lm +m)/2+ (n = 3)(Im + 1+ m —1)/2 =
(n(Ilm+1+m —1)+1—1)/2 multiplications. O

In both cases less multiplications are required to compute AB than Waksman’s and Islam’s
algorithm [10, 19] for odd n requires.

3 Non-Bilinear Algorithms

Surprisingly it is indeed possible to use a non-bilinear algorithm for matrix multiplication as a
recursive algorithm. The crucial point is the form of the results of the linear combinations of
the multiplications. The results need to be in bilinear form. Another point is that the identity
AB = BA for two n x n matrices A and B in general does not hold. But for matrices over a
commutative ring at least AB = (BT AT)T holds and we will use this fact for our next algorithms.

In this Section we will consider an arbitrary (not necessarily commutative) ring R on which



we define an involution f : R — R defined by A — AT with the following axioms:
(AB)T = BT AT (2)

(A+B)T = AT 4+ BT

In the sense of matrix multiplication AT denotes the transpose of a matrix A. Note that the
following algorithms can be applied recursively if we choose R to be the ring of all square matrices
over a commutative ring. Then the entries A;;, B;; and Cj; are submatrices.

Theorem 4. Let R be a ring satisfying @), let n > 2 be even. Furthermore let A and B be n X n
matrices over R. Then there is a non-bilinear algorithm using n(n?® + 3n + 1)/2 multiplications
for computing the product AB.

Proof. Let A and B be matrices as in the Theorem. Let A;; denote the entries of A and let B;;
denote the entries of B and let C;; denote the entries of AB. The product AB can be computed
as follows: Fori=1,3,5,...,n—1and j=1,...,n let

n

Cij =Y (A + BJp) (Al 1), + Brj) — Z Aip + Z BY)Al 1y, — > BhBy;
k=1 k=1

C(i—i—l)j = Z(A(H-l)k + Bﬂ)( : + Bkj ZA(Z-H kTt Z B z; — Z BJZ;CBkj
k=1

k=1

The correctness can easily be verified. It remains to show that only n(n? + 3n + 1)/2 multi-

plications are required by these formulas. To show this we first show that for every [ € {1,...,n}
every multiplication of the form (A4, + B )(Aa +; T+ By;) is used for the computation of Ow and

Cli+1y- It is clear by definition that every multiplication of the form (A4; + B )(ATZJrl)J + By;) is
used for the computation of C;;. We have

((Au + Bj)(Ali11y; + Bi)" = (Auy; + B)(Af + By)

Consider the first term in the computation of C(;y1y:

Z(A(i—i-l)k + B} (A} + Bu)

k=1
Since the index k runs over 1,...,n and j € {1,...,n} at some point the index k takes the
value j and from this it follows that the multiplications of the form (A; + )(ATl (i+1); T Bij) are

also used in the computation of C(;y1);. The next step is to count the multlphcatlons The index
i takes n/2 different values. The index j takes n dlfferent values. Thus overall n? multiplications
of the form (34 ; A + 24—y BJp) A1), and (3Z4_; AG+ns + ko Bjp)A]; are computed.
Obviously every multiplication of the form B ki kBkJ is used for the computation of Cj; and C;1);.
But BJT,CBM is also used for the computation of Cj and C(iyqy,. Since the multiplications of
the form BkaBkj are independent from the index ¢ for every i they can be reused. Overall we
obtain n(n — 1)/2 multiplications of the form BJT,CBM for kK # j and n multiplications of the
form BkaBkj for £ = j that are computed. Since we have shown that every multiplication of
the form (A;; + B;TF,C)(AZH + By;j) is used for the computation of Cj; and C(; 41y it suffices

to count only the multiplications of the form (A1) + BJTk)(Ag + By;) that are used for the
computation of C(;y1y;. The index i takes n/2 different values, the index j takes n different

values and the index k runs over 1,...,n. Hence n-n-n/2 = n®/2 multiplications of the form
(AGryr + B;T,C)(Az; + By;) are computed. By this the total number of computed multiplications
is 2n%2/2+n(n—1)/2+n+n3/2 =n(n?+3n+1)/2. O



Theorem 5. Let R be a ring satisfying @), let n > 3 be odd. Furthermore let A and B be n X n
matrices over R. Then there is a non-bilinear algorithm using n(n?® + 3n + 2)/2 multiplications
for computing the product AB.

Proof. Let A and B be matrices as in the Theorem. Let A;; denote the entries of A and let B;;
denote the entries of B and let C;; denote the entries of AB. The product AB can be computed
as follows: For i =1,3,5,...,n—2and j=1,...,n let

Cij = 3 (Au + BRYAL 1y, + Biy) — Z Age + Z B Al 1)~ Z BjyBu;
k=1 -
Clirny = Y _(Ausiyk + BR)(AL + Biy) — (Z Agipr + Z Bj) Ay — Z Bjy.Brj
k=1 =
Crj = 3 (Aui + BL)(AT, + Byy) — ZAnHZB wi =Y BB
k=1 k=1

It is easy to verify these terms. The number of computed multiplications can be calculated
analogously to Theorem [ O

Let us compare the results of Theorems [l and Bl with an overview of bilinear algorithms:

n | Theorems [ and [14]
4 o8 49
5 105 98
6 165 160
7 252 250
8 356 343
9 495 514
10 655 686
11 858 919
12 1086 1040
13 1365 1443
14 1673 1720
15 2040 2088
16 2440 2401
17 2907 2960
18 3411 3200
19 3990 4065
20 4610 4340

3.1 Optimization

Note that for & = j multiplications of the form B}, By; and (A.x + B}, )(AL; + By;) can be
computed more efficiently. Let

A A
A p—
|:A21 Azz}

Let C = AT A. Consider the computation of matrix C:
Ci = AT A + AL Ay
Ci2 = A1T1A12 + AngAQQ
O = Ay A1 + Al Ay
O = Al A1 + AL, Agy



Since we consider computations in a ring satisfying () obviously C7, = C3; holds. Thus,
AT A can be computed using 4 recursive calls and 2 multiplications which we can compute with
Theorems M and [B] again. Now, suppose we are working with matrices over a commutative ring
in which v/—1 exists for instance in the complex numbers. Then AT A can be computed using
only 3 recursive calls and 2 multiplications likewise. To obtain this algorithm we adapted Strassen
algorithm [18]:

Theorem 6. Let R be a ring satisfying ). Let A be a 2 X 2 matriz over R and let R’ be the
underlying ring of the elements of A and let there be an element x € R’ such that x?> = —1. Then
the product AT A can be computed using 5 multiplications.

Proof. Let
A Ap
A=
|:A21 Azz}

Algorithm 2. Input: Matriz A

Py = (AT, + V—1AL) (A1 +V—1A44)
Py = (A3, + AZ,)(Aa1 + Ago)
Py = (AT, + AL) (A1 + Aj)
Py = (Ag1 + \/—_1A1T1)A22
Ps = Al (A12 — V—1A%)
Output:

Ci1=Pi+Py— Py — P}
012:P4+P5202Tl
022=—P1+P3—P5—P5T

O

Note that the products P;, P> and P are recursive calls. Algorithm [2]is even optimal in the
sense that there is no algorithm for computing A” A that uses 5 multiplications overall from which
more than 3 multiplications are recursive calls as the following result shows:

Theorem 7. Let R be a ring satisfying [@). Let A be a 2 X2 matriz over R. Let v be an algorithm
which requires 5 multiplications to compute AT A. Let My, ..., Ms be the multiplications computed
by v. Let «; the left factor of M; and let B; the right factor of M;. Then there are at most 3
pairwise different indices 1 <11 <9 < i3 < 5 such that for j =1,2,3 the following holds:

T
oG = Bz‘j

Proof. Let A be a matrix as in the Theorem. Let v be an algorithm, which requires 5 multipli-
cations for the computation of AT A. Let My, ..., M5 be the computed multiplications of . Let
«; the left factor of M; and let §; the right factor of M;. Suppose there are 4 pairwise different
indices 1 < i1 < 19 < i3 < 74 < 5 such that for j = 1,2,3,4 we have a;fc = B, Without loss of
generality we choose i; = j. Let

Ein Epo Iy Fia
E - F =
[Em Ezz] {le F22]
We choose a new matrix GG as follows:
Eyn Eip
E>1 B
Fiy  F



Then the product EF is computed by GT'G. We apply v to compute the product GTG.

Since GT is a 4 x 2 matrix the multiplications M, ..

submatrices. For i =1,...,4 we have:

., M5 compute products of 2 x 1 and 1 x 2

T
M; = a;8; = B} Bi = [ lTj (B Bie]

and
_ _ |@s1
M5 = a5 = [%J [B51 Bs2]
For the computation of the products M7, ..., M5 we need 16 multiplications. For ¢ =1,...,4
let:
My = B8
Mis = 3}, B
Mz == B5B:
Furthermore let:
M5y = a51851
M52 = a1 852
M3 := as2051
M54 := as2P52
Fori=1,...,4 we have:
(M M;
M = | ML Mig}
Besides:
[Ms1 M
M =
P | Mss Msy
Let
Dy D
T~ _ | 2
cra-p=[2: D]

be the product computed by « in which for i =1,...,4 let

It follows:
D, =
D3 =
Fork=1,...

D; =
En Eig| EL, Fn
FY F| |El, Fxn
Es Eg| EL P
Fly  F El, Fy

,band i =1,...,4 there are

5 5
D; = Z i My + ZekiM;;[
h=1 k=1

Dj1 Dy
|:Di3 Di4:|
oo (5 5] [ 8
Fiy By | By Fao
i[5 B[
Fiy Fa| By Fa

constants dg; and eg; such that:
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But we are only interested in the subproduct EF. We have:

EF — [Ell Elz] . {Fll Flg] _ |:D12 Dgﬂ
Eo1 Ea| |[Fo1 Fao D3y Dy

However, by equation ([B]) only the products Mo, Mag, M3a, Mya, M5 and Mss come into ques-
tion for computing the product EF. By this fact we have found an algorithm to compute the
product of two 2 X 2 matrices using only 6 multiplications. However, it was shown that even when
using commutativity at least 7 multiplications are required to compute the product of two 2 x 2
matrices [8, 22]. This is a contradiction. O

3.2 Approximate algorithms

Approximate algorithms for matrix multiplication were first introduced by Bini et al. [2]. The idea
of approximate algorithms for matrix multiplication is to introduce an additional factor usually
denoted by € or A that allows to compute an error term in addition to the correct product. Letting
¢ tend to 0 allows to compute the product with any accuracy. In addition approximate algorithms
can be used to obtain an exact result. The interested reader is referred to [3].

From the Theorems [ and [f] we can easily obtain approximate algorithms.

Theorem 8. Let R be a ring satisfying @), let n > 2 be even. Furthermore let A and B be
n X n matrices over R. Then there is an approzimate non-bilinear algorithm using n(n* + 2n)/2
multiplications for computing the product AB.

Proof. Let A and B be matrices as in the Theorem. Let A;; denote the entries of A and let B;;
denote the entries of B and let Cj; denote the entries of AB. The product AB can be computed
as follows: Fori=1,3,5,...,n—1and j=1,...,n let

n

Cij = <Z it + BJe) (Al + Brje) = (O Aue + Z B (z+1)g>

k=1 k=1

M:

M | =

Clitrny; = < Agiyyk + Bjre)(A); + Brje) ZA (+1)k T Z BJTJCE)AE>
=1 k=1 k=1

O

Theorem 9. Let R be a ring satisfying @), let n > 3 be odd. Furthermore let A and B be n X n
matrices over R. Then there is an approzimate non-bilinear algorithm using n(n? + 2n + 1)/2
multiplications for computing the product AB.

Proof. Let A and B be matrices as in the Theorem. Let A;; denote the entries of A and let B;;
denote the entries of B and let C;; denote the entries of AB. The product AB can be computed
as follows: For i =1,3,5,...,n—2and j=1,...,n let

1
1 <

M=

(Ai + B;TF,CE)(A(ZH)J + Byje) — (Z ik Z nga A(1+1 )

1 k=1 k=1

A + ) Bijc5>AiTj>
1 k=1

(Auk + Bjpe)(Ap; + Bje) — z": k+ZB )

1 k=

o~
Il

NE
M:

Cit1)j = (At + B kf)(A + Byje) — (

o |
o~
Il

1

>
Il

%

<

Il
m | =
/M\
3

=~
Il

11



Note that the algorithms of Theorems[Band[@are of degree 1. In the case where n = 5 Theorem
yields an algorithm using only 90 multiplications. The best approximate bilinear algorithm for
5 X 5 matrices we are aware of was published by Smirnov [I5] and uses also 90 multiplications.
But in this special case we were even able to find an approximate non-bilinear algorithm that uses
only 89 multiplications. Nevertheless this algorithm is only of degree 2.

Theorem 10. There is an approrimate non-bilinear algorithm that computes the product of two
5 X 5 matrices with only 89 multiplications.

Proof. Let
A A Az A Ass Bi1 Bi2 Biz By Bis
Ag1 Agp Asg Agy Ass Ba1 By Bz By Bos
A= A3 Azp Aszz Az Ass B = |Bsy Bs» Bss B3y Bss
Ap Agp Ayz Ags Ags Byn Bi2 Bis Bu Bys
As1 Asy Asz Asy Ass Bs1 Bsa DBsz3 Bsy DBss
Let

Cy1 O O Cu Oy
AB = |C31 (3 C33 C34 C3s
Cy Cho Cy3 Cya Cys
Cs1 Cs2 Csz3 Csy Css

My = (A + Bl,€?)(Buie® + A3)) Mg := (A11 + B3,€%)(Biag® + A3,)
My = (A1 + Biye%) (B2 + A3)) My = (A1 + Bjye®)(Baoe® + AL,)
Mg := (A13 + Bl3e?)(Bsie? + A3)) Mg := (A13 + Byse?)(Bsag® + A3,)
My := (A1 + B,e°)(Bue” + A%) Mg := (Ars + B34e”)(Baoe® + A3y)
Ms := (A5 + Bl5e”)(Bs1e” + A3;) Mg = (Ass + Bise?)(Bs2e® + Ap)
My == (An1 + Bje%)(Bise® + Aly) Mg := (A11 + Bf1€°)(Bue® + Asy)
Mg = (A1z + Biae”)(Base® + Asy) M7 := (A1z + Blye®)(Bae” + A3))
Mz == (Ai3 + Bise?)(Bsse® + Aly) Mg := (A13 + Bl3e?)(Bsae® + A3))
My := (Ava + B34e?)(Baze® + A3;) Mg := (Aws + Biye®)(Buae® + A3y)
M5 := (A15 + Bise®)(Bsse® + Agy) My := (A5 + Bise®)(Bsac® + A3,)

Moy := (Ayy + Ay + Az + Arg + Ays + BLe® + BLe? + BLe? + Bl e? + BIe?) AL
My := (A11 + A1z + A1z + Ars + Ais + Bg €% + Blye” 4 Bgse® + Byye” + Boge?) Al
Mz == (A11 + A1z + Ais + Ay + Ais + Bi,e° + Biye® + Bise® + Bi,e® + Bie )A2T3
Moy := (A1 + A12 + A1z + Arg + Ay + B e? + BlLe? + BLe® + BL,e? + Blie?) AL,

Mas = (A1 + Ago + Aog + Asy + Bje® + Blye? + Biye® + Bi,e® — Biye

( %) AT,
Mog := (Agy + Agg + Aoz + Agy + Bie* + Bhe? + Ble? + BL,e® — Ble )Afz,
Moy := (Agy + Aoy + Aoz + Agy + Bl e + BLe? + BLe? + BL e — BLe3) AL
Mag = (A1 + Agy + Ags + Ags + Bl1e” + Bloe® + Blse® + Blye” — Bise®) Af,
Mag := (Ag1 + Agg + Ags + Ags + Bl€” + Blye® + Bize® + Biye” — Bige®) Af
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Msg := (A11 + A1 + A1z + Ars + A1s) (A3, + A, + AJs + A7)

Mz = (A1 + Bl1€°)(Bue® + A7) M3 := (Azy + Be?)(Biae® + AL)
M3y = (Azz + Blhe?)(Bue® + AL) Mz = (Aszg + Blye?)(Baae® + AL)
Mz := (Asz + Bise?)(Bsi1e? + AL) Mg := (Asz + Bise?)(Baag® + Aly)
Msy = (Az4 + BLe?)(Bue® + AL) Msg := (Azq + B1e?)(Baae® + AL)
Mjs = (Ass + Bise?)(Bsie® + Ajy) Mug := (Ags + Bise?)(Bsoc® + Al)
My := (Az1 + B3,e%)(Buse® + Aly) Mag := (Az1 + Bf1€%)(Bue® + AL)
My := (Azz + Bipe?)(Base® + Aly) Muz := (Ags + Bioe®)(Baac® + AQy)
Myz := (Asz + BL,e?)(Ba3e® + AL) Myg := (Asz + Bise?)(Base® + AL)
Myy := (Azq + BL,e?)(Byze® + AL) Myg := (Azq + B1,e?)(Base® + AL)
Mys := (Azs + Bise?)(Bsae® + Aly) Mso := (Ass + Bise?)(Bsae® + AlLy)
Mgy = (Az1 + Asg + Asg + Azq + Ass + BLe? + BLe? + BLe? + Be? 4+ Blie?) AT
Msy := (As1 + Asy + Asg + Asy + Ass + Byje” + Biye” + Byge” + Byye” + Bise”) Aj:
Mss := (Asy + Asz + Ags + Ay + Ass + Bje? + Biye® + Bige® + Bi,e” + Bise?) Al
Msy := (Azy + Asg + Asz + Az + Azs + Bhe® + BhLe? + BLe? + Bl,e? + BLe?) AT
Mss := (Ag1 + Agz + Agz + Agg + Bl e? + BT + BLe? + BY,e? — BLe3) AT
Mg := (Ag1 + Agg + Ayz + Agq + BLe* + BLe? + BLe? + BLe® — BLe )A3T2
My := (Agq + Ago + Ayz + Agy + Bl e* + Bhe? + BLe? + Bl e® — BLe%) AL
Mss := (Aq1 + Aao + Asz + Asg + Bi % + BL,e? + Bise? + B,e® — Blie )A3T4
Msg = (Ag1 + As + Aus + Ags + B2e* + BL,e® + Blse® + Bie® — Bie®) AL

Mo = (As1 + Az + Ass + Ass + Ass) (AL, + Al + ALz + ALy)

Mgy = (Ao + Asie + Aus)(Bs1 + Brie) Mg := (As1e + Ays)Bs1
Megs := (Aas + Asoe + Ays)(Bs2 + Boje) Mgz = (Asae + Ass)Bsa
Me3 := (Aas + Asze + Aus)(Bss + Baie) Mg := (Asze + Ays)Bss
Mey := (Azs + Asac + Aus)(Bsa + Bare) Mo := (Asae + Ays)Bsa
Mes := (Aas + Asse + Aus)(Bss + Bsie) My := (Asse + Ays)Bss

M1 := (Aas + Aus)(Bs1 + Bsa + Bss + Bsa + Bss + Biie + Baie + Bsie + Baie + Bsi€)

My = Ays5(Bs1 + Bsz + Bsz + Bsy + Bss)

M73 = (A51 + BZ;EQ)(31252 + A;—I);l) M76 = (A51 + Bg262)(B13€2 + A%)
M74 = (A52 + 33382)(32282 + Ag4) M77 = (A52 + 3%82)(32382 + Ag5)
Mys == (As3 + B1e?)(Bsae® + AL) Mys == (As3 + Bije?)(Bsse® + ALy)
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M79 = (A51 + A52 + A53 + BZ;EQ + B 52 + B44€ )A5T4
Mgo := (Asy + Aso + Asz + Bye? + BLe? + BLe?) AL,

Mg = (A54 + Ass + B126 + 3136 B14E )Agl
Mgy := (Asy + Ass + Ble? + BLe? — BI %) AL

Mgg = (A54 + A55 + B326 + 3336 B3453)Agg

Mgy := (As1 + Asa + Ass) (AL, + AL)

Mgs := As1Bis
Mg := As2Bas
Mgz := As3B35
Msg := As54Bys
Mgy := As5Bss

Output:
1
Cn = —(M1+M2+M3+M4+M5—M21)
Cio = = (Mg + M7 + Mg + My + Mg — Maa)

Ci3 = = (M1 + Mig + Miz + Myg + Mys — Mag)

_2
1
22
1
Ciy = —2(M16 + M7 + Mg + Mig + Moy — May)

015:E_3(M1+M2+M3+M4+M5+M6+M7+M8+M9+M10+M11+M12

+ M3+ Mya+ Mys + Mig + Mi7 + Mg + Mg + Moo — Moy — Moy — Moz — Moy
— My — Mgg — My, — Myg — Mg + M)

1
Coy = E—2(M{f + Mg + M} + Mg — Mas) + Mey — Mg

1
Coo = E_Q(MQT —I—M;*F—FMS +M£‘F7 — Mag) + Mgz — Mer

1
Cog = 5 (M + Mg + My + Mg = Maq) + Mes — My

Cos

1
E_Q(MI + Mg + My + M{g — Mag) + Mg — Meg

1
Cos = 5_2(M5T + My 4+ M 4+ MYy — Mag) + Mgs — Mg

14



1

Cs1 = ?(MSI + Mso + Mss + Mgy + Mss — Ms1)
1

Csg = ?<M36 + M3z + Msg + Msg + My — Ms2)

1
C33 =

;(Mzn + Myo + Mys + Myg + Mys — Ms3)

1
Csy = ;(M%‘ + My + Myg + Mg + Mso — Msy)

1
Cz5 = g(
+ Myz + Myy + Mys + My + My7 + Myg + Mg + Msg — Ms1 — Mso — Msz — Msy

- ML — ML — ML — ME — ME + Meo)

M3y + M3z + M3z + M3y + M3s + Mse + Ms7 + Msg + Mszg + Myo + May + Maz

1

Cy = E—Q(Mgﬁ + Mg+ M, + My — Mss) + Mge
1

Cao = E—Q(Mg?; + ML + M, + M, — Msg) + Mgy
1

5 (M + Mys + My + Mis — Msz) + Mes

1
Caa = 8—2(M3T4 + ML+ ML 4+ My — Msg) + Mgo

Cuz =

1
Cys = 5_2(M3T5 + M}y + ML 4+ M2 — Msg) + Mz

1 M
Cs1 = 5_2(M61 + Mgz + Mez + Mgy + Mes — Mgs — Moz — Mgg — Meg — Mrzo — M7y + M2)
1
Csz = —5 (M + Mya + Mzs — Mg + My + Mig — M)
1
Css = —5 (M + Myr + Mzs — Myo + M, + M — Mso)

1
Cs4 = 5_3(M73 + Mzy + Myzs + Mrg + Mrg + Mzg — Mrg — Mgg — Mgy — Mgy — Mgs + Mgy + Mige + Mige — Mgse)
Cs5 = Mgs + Mg + Mgz + Mgs + Mg

O

4 Open Problem
We denote the minimal number of multiplications required by a non-bilinear algorithm to compute

the product of two n x n matrices by non-bilinear rank and use R,;((n,n,n)) for that. Since by
definition every bilinear algorithm is a non-bilinear algorithm it is clear that

R.p({(n,n,n)) < R({n,n,n))

But it remains open if equality holds.
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