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implies that; is equivalent to
left-hand side, right-hand side
alpha, beta, gamma, pi, phi, psi, nu
Delta, Sigma (= sum of), Omega
A-prime, A-sub-one

with respect to

point A4 lies on line a

M coincides with (is same as) N
M does not coincide with N

ray OA, angle AOB, triangle ABC
lines @ and b intersect in point M

a and b are perpendicular/parallel
altitude, median, angle bisector
perpendicular bisector of 4B
perimeter, half-perimeter, area of F
AABC is congruent to A4 B, C,

A congruence criteria:

S = side, A = angle, R = right angle
AABC is similar to A4 B C|

A similarity criteria:

R =ratio, L = leg, H = hypotenuse
circle k£ with center O and radius
translation along vector 7

rotation with center O and angle o
symmetry across point O/line g

allowable values (or domain)
discriminant b* — 4ac
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intersection (or product) of sets
difference, complement of sets
Cartesian product of sets

system of two equations with two
unknowns x and y

n factorial

size of a set 4 (number of elements)
permutations, variations, combinations
[of class k] from n elements, no rep's
outcome space, outcome (omega)
probability of event A



Foreword

No two peopﬁe will agree enfim@ on all features of
the “best” math curriculum, nor how it should
be taught. Consequently, you need to read this
introduction with an open mind, accepting that
there will be differences of opinion and in ap-
proach, knowing that the possible “error” in
how much the outlined philosophy differs from
your views is a proof of the seriousness of the situa-
tion with the U.S, math education.

We all want to improve
the math curriculum and
the math experience, and
the math proficiency, and
ultimately the mathemati-
cal success of our children.
Do we want too much?

"UYou have don
U.S, reality

We want a lot: that is clear.

And a lot has to be done in
struments of cha

From the education battlefield:
en mm'ferfwgoﬁ
of m/ﬂpﬁn]g this curviculum to the

ion System
The US. E&[ucaﬁon’éy
neeﬂ/yefﬁis kind of proa/&ﬁnz, The

Common Core ideas are

j it dirvection hut the in-
i Y nge are too un-

And such people will raise angry voices of
distrust and will try to stamp out anything ten-
der that has not yet taken root. But without such
angry voices there will be no reality check, no
feel for the seriousness of the situation.

This introduction addresses a typical situa-
tionin a U.S. school. Exceptions do exist. There
1s no point in starting with this textbook series:

* unless you are ready to be com-
pletely /onest. jo&;ﬁmﬂienfw[ and self-
[ess as a teacher, a parent, or an ad-
ministrator;

* unless you are ready — instead
of trying to squash something
new because it differs from
what you are used to — to em-
brace a /Jﬁi’/oyopﬁim/ w’ewpm‘nf and
a pmcﬁm/ atfitude that have foroven

eading

order to achieve this goal: a o and e mny,af]‘mf&fan/ @ fremem/om’@macmﬁ/ elsewhere and
lot of sacrifices, hard work, W/ ait to see what will fmp/;en. that have been adapted to the U.S,
and compromises between |4 9“20 , that your efforts will be reﬂﬁ? and tested in a piﬁ# school in
the views of various worlds. s ﬁﬂ [ Thanks for all of your the San Francisco Bay Area,

For the US is a land Whe're Z od work." ) Thus, we hope that you take
cultures i (or don’t mix ’ Tom Rike this new math curriculum seri-
but tco.-tex1st)(,1 4 llanéi (}f op- Vefemi’;[ V;?'f@fifwg::[ ously and enjoy it too.
portunity, and a land of con- il St

tradictions and extremes. Oukland 773 Mathematics is a powerful

Our children come first:
before our self-centered goals for
self-improvement and well-being, before
ourselves. Sacrificing personal comfort and
personal self to the benefit of one’s students (or
one’s children) is a sign of a great teacher (and
a great parent).

When something powerful comes along and
rings true, along with the listeners will come the
frightened ones, who will be afraid to change,
who will be scared to make the leap and try
something new in the U.S.: something that has
worked for a century elsewhere.

universal language. Everyone
needs to and can own it to the extent
of his/her abilities and potential.

Let this new math curriculum be a big step
for the students and community at your middle
and high school towards reaching this goal.

Zvezdelina Stankova

Ph.D., Harvard University

Author, Translator, Adapter, and Co-Author

Teaching Professor of Mathematics, UC Berkeley
Berkeley Math Circle Founder & Director
Dehorah and Franklin %ﬁﬁer Haimo Award

for Distinguished College/University Teachers
Princeton Review's 300 Best Professors” in the U.S,



REViews Of th e PrOg ram @ These values resound fﬁro»yﬁouf the ﬂu@am’ﬂn )

by Educators and Parents

Dr. Norm 771"0@1/) joined the faculty at College
Preparatory School in Oakland, CA (the preemi-
nent high school in the SF East Bay Area) in 2003.
He has taught at the Berkeley Math Circle and
the BMC Summer Program, and very notably, he
has been the Geometry instructor for the 8A-9A
groups at the MTRW Program. He graduated from
Cornell University and received his Ph.D. from the
University of Rhode Island at Kingston, studying
nonlinear difference equations that model two-
stage “healthy-infected” populations, suggested
by epidemiologists. He has taught math ever since,
working with students from grade 6 through col-
lege and covering a wide range of subjects, from
algebra to ordinary differential equations.

@ "How powerﬁ:/ is the Bulgarian ﬂppmﬂcﬁ )

fo a@eém and ﬂeomehﬂy?

9t surpasses the traditional US, ﬂpprzmcﬁ i
two key Warys:
1 &t@mﬂmn Math /preyenfy a@eém and geom-
efiy J'imuﬁ‘ﬁneomy over three years, quaran-
teeing much betfer retention than J'fu;enfy can
ﬂez‘ rom the traditional J'/e;uence; We—a@eém,
ﬂ@eém 1, Geamef;y, an ?@eém 2

2, The Bulgarian ﬂ/.vﬂmacﬁ is more fﬁorobgﬁ, Al
fﬁmgﬁ the authors didw't have the American Com-
mon Core standards in mind, the texts work excep~
ﬁona@ well with Common Core. Students who
learn a@eém an/ﬂeome@ from these texts /et/ﬂﬂyp
mpem’or %i/& n /)mé/emwﬁ/inﬂ, @fc and reason~
inj, a@eémic mam’pu/ﬁﬁon, awnd compufﬂﬁon,

9 grew upp in northern Virginia, 9 had ﬂoo/ teach-
ers, many of whom cmw/j enmgﬁ about me to get
angry when 9 wasn't doing myf best. Growin b/l/,
mm‘? was my ﬁworife su 'ecF,7 509 a/w@y started
my math homework first émm engineering school,
T learned the value of computation, forecision, an
fluency of execution. From mathematics, 9 learned
that to rmf/; understand a J'M@’ecf, you must he able

@ fo take it aﬁmﬂf and then ﬁuf it hack fqgefﬁer)

9

cwm’cu/um,

All my favorite math pmé/emy involve pz’ct‘um’, 50
9 consider my;’eé[ a geometer at heart

Solid geometry, vector geometry, p[//me transfor-
mations, ﬂnﬁ;Zfﬁef topaics that are often margin-
alized in an American curriculum p/my a central
role in the Bulgarian texts, Hence, the BM@M;‘M
curriculum is iJZa [/ training for future p@ﬂ’ciyfy, en-
gineers, and comfuter scientists.

- Students emerge from this [rogram ready to yﬁm@
mm@fic geometry and functions, Thus, this curric-
ulum would be a superior choice for students from
all ﬂm.&[ey Gto12

9 use the Bulgarian curviculum for my geometry

classes at fﬁe"%fm‘ﬁ Taught the Rijﬁf @" Pro-

gram at UCB. My J’lef%ﬂfj', who range from ﬂf‘ﬁ&/ﬂ

7 to 10, have embraced this curriculum,

9 love teaching from these texts, and 9 love J'ﬁmﬂiry
them with other teachers.

9 eagerly await each chapter as it emerges, newly
fer/ﬂ?Z/ into Enﬂ/ijﬁ, gn/ 7 7
9 be first in line to é@ each new volume as it
hecomes available,

The miracle of the Bu@ﬂm‘ﬂn Math Program is
that it works excepﬁona@ well with a group) o mature
and ) im/r/ﬂ'ﬂ'iom'yow;ﬂer Students, 9;4&435//%6 [urfose
of the Bo@mﬂi&m texts is to provide the hest pom’é/e

training for tomoreow's mathematicians and scienfist,

Dr. Norm 77;”0@/:)

Elena Blanter received her Master’s degree in
mathematics from Saint Petersburg University
in Russia. Elena’s many years of experience in
industry span mathematical risk modeling, sta-
tistical analysis, and development of financial
analytical software. Elena is a co-founder of the
Berkeley Math Circle Elementary Level (for
grades 1-4) and has been teaching there since
its inception in 2009. She is also a co-founder
of the Stanford Math Circle Elementary Level
at Stanford University, launched in 2011. Elena
is thrilled to have the opportunity to bring her
experience and passion to the Math Taught the
Right Way Program (MTRW) at UC Berkeley.



When 9 z‘myﬁfﬂ /Jm%mqoﬁ/inﬂ class at MTRW

in 2018, 9 was once again veminded of how ...
fmymenfeﬂ/ and incomp[efe mathematics curriculum is
na ?fim/ American middle school. Even motivated and
ériﬂ tudents do not have M/%]Mﬂfe mathematical lan-
quage; fﬁ;y lose confidence when trying to solte a problem
that s no given in familiar format; fﬁey find themselves
at 4 loss when ﬁm’enfeﬁ/ with an m@ ical word pméﬂzm,
even when fﬁey have all the Know/e/fe rez]m'm/ to solve it
9 grew up in the former Soviet Union. Zs a child, 9
remember the thrill 0][ efﬁnﬂ anewmath fexféooéﬂf the
éeﬂinnin 0;[ each 5’04\0?0@%1% and /00@'@ through it in
ﬂnﬁciﬁagon of /eﬂrm'ry new and exciting mafézmaﬁcy,
Eue@ &W/ﬂy morning /um’ry my school vears 9 took a
bus across town to atfend a math circle c/éjy'f, When m
three childven were jrowinﬂ up in the US, 9 wanl-
ed them to discover The éem@ of mathematics. In their
e/emenfﬂ@ sehool years, 9 yupp/emenfeﬁ/ their standard

school curriculum with the Sin afhore Math fexz‘éao&v
available in the U.S., with J'euera;;%ﬁ'ons' 0][ Russian math
fexféoo@, and with the Math Circle Zf/emem‘my material
Like /earm‘nﬂ 4 new /myw/ye, becomin pmﬁl

cient in math takes time and practice. The earlier
one starts, the easier it is and the  greater proﬁ'cienc
one achieves. In a @/ﬁm/ Eastern T.umpeﬂm mm‘ﬁ
emaltics [rrogram, middle school children are L‘mgﬁf
different areas of mathematics, starting in 6" ﬂm/e
and conﬁnm’nj fﬁro»gﬁ middle anj high school,
Such an a pmacﬁ mﬁfwrﬁ’ jiuiry children a solid
mathematical foundation,

My childven attended different puéﬁc and [rivate
middle schools in the U.S. None of their math text-
hooks covered math m@'eafy broadly and geomet,
was often absent from middle J'cﬁaonnafﬁ. gwiyﬁ the
Rulgarian middle school L‘exféaa@' had been available
at the time. This [rrogram covers many areas of math-
ematics conﬁnuom’\/; over the course of 3  years, includ-
7’@ algebra, eomeZy, /Oﬂfc, rem’om'nj, statistics, and
pmé em solving, There is no one-year “orash” course
n ﬂeomef;y or any other math fé.vciﬁﬁne. The Proymm
yu/)pm‘y math knowledge acquisition and retention at a

steady pace fﬁZo@Zauﬁ all middle J‘cﬁm/yeﬂm

The exercises in texthooks are Jp/i t into several
levels fo ﬁe/p with differentiation,

’

Wath contest /ﬂmé/emy, infm/aem’ep/ L‘ﬁmbgﬁom‘
the hook, can he ms’iﬂne;/ to advanced stadents.

\S’upp[emenfa/ materials, offered as inﬁ/epemﬂenf
work, can add a "math civele” element and chal-
ﬂerge even the most advanced students.
The Bulgarian [rrogram teaches childven not
Justto look for the riﬂ‘Zf formulas to p/uﬂ in the
numbers, or for the right femp/m‘e or o recipe
to use; it ﬁe/py teach szémﬁ' how to approach
and solve a /)mé[em as & mathematician: "Let's
fpause to understand the fmé/em, let's take a
piece of fpaper and a pencil, and let's think ",
9 am excited to ﬁnﬂ@ have an excellent middle
school math [rrogram, and 9 love feacﬁinj it.

Elena Blonter

These fexféaa@' empﬁm'ize the /oyim/ structures
that seem to lack in the US, curriculum, Fven
j‘fﬁll"ﬁi’}ﬂ in the 6A-R series, one can see the builr
up in knowledge ~ latter sections reqw’re resulls
[Z?W) [revious ones and cém@ state so - and the
cohesiveness of the a@eém and geometry, where
the two subjects mppom‘ each 0?%3:4 hen used
comﬂec@, the books can exp/m’n most resulls in one
lesson, using previous lessons, This structure ﬁe/py
students L%IZ){ mathematically. A true mathemati-
cian ﬂ/u/@y asks "Why is this true?" when jif/ﬂﬂ a
resull, 97s great to see this @ﬁe 0/[ fﬁinéiry exﬁm&/
and im'ﬁ//e{} in students at such a young age.

In the U.S, math is commonk L‘mgﬁfé mem-
o;ﬂiziry algorithms wifﬁom‘jm'ﬁ eations: "It works
because 9 told you s0. " And everyone knows that]
this does not sit well with a rebellious feemyen The
essence and beauty of math is whether or not an
answer lo a question can be found. 9 was L‘mg/;f f
7uexﬁon the resulls when 9 started 67 ﬂm&/e axiom-
atic ﬂeomeff , m‘inj transiated French fexféaoé' n
Vietnam. ?Zw/ 9 am ecstatic to see that the preyenf
Bujfgmﬂiﬂn series pmw‘/ey students the same mppom‘
an oppom‘um‘ fo 7ueyﬁ0n and. /et/e@p their un-
derstanding of mathematics,

Wﬂl"l:'y WMai-Lou, Math 7\/@'01” at UCB
RBMC/ MTRN) assistant and instructor




q . .
ere follow reviews of the Bulgarian Math curriculum by two more instructors, Elysée W.-Egolf

and Ellen Kulinsky, of the Al
' , gebra, Geometry, and Problem Solving/ i “
Taught the Right Way” (MTRW) Program at UC Berkeley. ving/Proofs materials st the “Math

9 in the US, with texthooks ... )
@ grew ufpn the with i 00&J> @ These texts ave such an imﬁ:ﬂouemenfﬁﬂom,,,

... that were rofe and unmotivated, with no ap-
pﬁmﬁom for a@eém students, no/jeameﬁﬂ or
number fﬁeozﬂy for 6" ﬂmo[ery, and no ]Wi elines
in writing mathematics. The curricula that ave
popu/mﬂ in the Bay Area at the time of wriﬁn;
have J‘Obfgﬁf to resolve this issue @ Wmﬁi@ the
enﬁ:ﬂe@ ofs'fu/enf education exp@mfa@, without
fpractice or summarization of what is expecz‘eﬁ/ -
and'in both pﬂm/iﬂmy, the fexféaokaufﬁom' take
dozens of, [pages fo ﬂef to the poim‘,

The current m/mpfeﬁ/ Archimedes curviculum,
@ contrast, gives exﬂmﬁfey for students to ex[a/am
and then ﬂm‘/@y them to corvect conclusions, Al-
ﬂom’fﬁmy are oﬁ[ere/ on@ aﬁ‘er céwi@iry their
[ogic and students are fmyﬁf to work c/emﬂ@ and
f omvgﬁ@ fﬁrotgﬁ both numerical exercises and
/amé/emy e m’;ﬁinﬂ more comp/ex remam’ry ~an
all this wﬁije calmly weaning reliance from cal-
culators, It /n‘c@' up where hooks like Sin apore
Math leave off. and offers students of all back-
jmumé' and abilities entry into the a[ee/?ef under-
s'fam/inﬂ fﬁey require to master future material

Because the L‘o{aicy are covered 5o fﬁoroqgﬁ/
and & workhook is imcluded with extra /nﬂoi
foms, there is absolutely no need for teachers fo
create additional wor heets, which means that
the teacher can focus on /Q/ﬂmm’nﬂ essons and
em/tmﬁnﬂ student work, The BM@M}‘M WMath
fexféaoé is more V'G/ﬂ)(inﬂ for both student and
teacher fo work ﬁﬂom.
.'E@J’ée Wiﬁ'omfﬂo/f
RA in Mathematics, UC Be;ﬂﬁe@

... the fypim/ texthooks used in the American
math education ws'fem, Rather than me;#e{y fore-
senting farmu/m, these materials focus on their
devivation and various ﬂfapﬁmﬁom The result is
vemarkable: J'fw@inj math hecomes an engng-
ing exp/omﬁon for the students, vather than the
tedious memaorization and monotonous p/{/{ﬂ and

cﬁ@ students may be used to in the American

math curviculum.

The books contain beautiful exp/ﬂnﬂfiom' and
/o/en@ of exﬂmp[es, casing students info cﬁa//ery—
ing voblems. And alt obgﬁ the hooks cover a
wide range of mathematical subfields (geometry,
a@eém, otc.) the students are able to see how con~
cepls fmm p/iﬁ[emnf 5'146][1'9//1' are infeﬂmfe/, as
f ey are in the real world, outside the classroom.

9 attended a Math Circle while growing up,
which ex osed me to creative, fﬁmgﬁﬁpmuo@
inﬂ /wo /emq'oﬁ/inﬂ appmmcﬁes, as well as the
connections between mathematical subfields, so 9
knew that the math classes 9 was fﬂki@ in mid-
dle and ﬁfgﬁ school were not a fm’r repreyenfﬂﬁon
of how ey;'oyaé/e J‘fu@inj math could be. These
are the ﬁm’f math books 9 have come across that
6%}'76 the gap and. incmﬂﬁomfe the ;/epfﬁ, c/ﬂrify,
and excitement of a Wath Circle, while éeinﬂ tai-
lored to the American math standards,

These materials ave the perfecf tool for students
and math teachers alike to fm@ experience and
share the éeﬂm‘y am‘/joy ofs‘fu@inﬂ mathematics,

Fllen Kuﬁnj'@

@ Urhan School of San Francisco
Instructor at MTRI and BMC

RA in Mathematics, UC Berﬁe/ey
Instructor at MTRW and BMC




Here is a fresh and succinct quote from
a ?th grade student at the “Math Taught the
Right Way” on:

Dr. Kelli Talaska, a long-time instructor at the
Berkeley Math Circle and its Summer Programs
as well as the Algebra instructor for the 8" and 9“i

grade groups at the “Math Taught the Right Way,”
shares her view on w@ it is important in mathematic,s:
* to share the ”w@ " (pun intended!),
* in addition to the “w/at" and the “how, ”
and how this textbook series achieves that.

Again and again, I find that the ﬂu@mﬂiﬂn )

curriculum has /waé/erm' that ave desi ned
fo ][mﬂce students to imforove their critical think-
ing skills, Most often, this is a consequence of
ﬂ‘w@i@ not on(y the most common sorts 0}[
e)mmp/ex and exercises, bhut also the strange
éounﬁ/my cases and modifications of standard
pmé[emx; Tﬁiyjez‘y students to take s'feﬂ hack,
and think about when and w@ our formu-
lns and a@ow’fﬁmy work, rather than Wim@
memorizirig,

For e;mmﬁ/e, many of the 88 fopicy are
addvessed much later in the fyﬁim/ American
math curriculum, 0ﬁ‘en not until ﬁiﬂﬁ school.

Students with a camﬁefenf 6&:0@;”00171/ are
absolt m‘e@ ﬂre/m;w/ to yfu@ funcﬁam’ and their
transformations, to examine imﬂorfﬂnf model-
ing concepfs like divect and inverse variation,
and fo makejm(gmenf calls on the most eﬁ‘i’cienf
method for soﬁ/inﬂ a /mrﬁcu/mﬂ system of linear
equations. If fﬁey are trained to understand
WHY, fﬁey can handle technical intricacies ike
domain restrictions and piecewiye funcﬁom’ and
ineciua/iﬁey invoﬁ/irig alosolute values.
The Bu@mﬂmn texthooks hit these topics
head on, and 9 have found that the students
mﬁprecmfe éei@ given more of the full story

fmm the éeﬂinm’nj.

9

Kelli Talaska, Ph.D.
University of California af Berkeley
Instructor at MTWR and BMC

« what the 9A textbook has given him;
« how it differs from high school math.

The 94 fexféaoﬁ provia/es' o
wide range of ﬁraé[erm that
are more cﬁﬂ/fenﬂhg am/ have

ﬁe/pe/ me to think in a more
nmmce/ way than most of the

roblems 9 have encountere
in 7—@% School.

Ysaac Salemme

Last but not least, many parents and
teachers are concerned how this textbook
series fits within the Common Core Mathe-
matics Standards. To calm such an anxiety
here is a quote straight from the source: ’

This Middle and High
School Math Program
is deep@ ﬂ@ne&/ with
the Common Core
Nathematics Standards.
Or. Phil Daro
One of Three ?ﬂnc:’pm[ Writers

of the Common Core
atics Standards

To understand this quote in its original
context “Within the Global US Picture,” we
strongly encourage you to carefully read
the Introduction first, before continuing
with the actual math material.
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Introduction to the Program

1. Mission Impossible
Every year, for the past 20 years, while working® with 500 students in grades
5-12 at the Berkeley Math Circle (BMC), I have been asked over and over again
by parents, students, and teachers alike:
"Can  you jif/e MJ’ﬂOOﬁ/ fexz%oa@' /[01" our middle and high school math curriculum? BERKELEY
What we have is not wmﬂﬁiry and it hasn Fworked for yemﬂy/ ! MATH CIRCLE
And for these 20 years I could think of only two sources that I would also give to my own children:
my old BM@M}'M middle school texthooks, and the Zrt of Problem \S’oﬂ/inj hooks (ZoPS). But neither of these
choices would have worked, despite the fact that they are, in my opinion, among the best middle
school textbooks in the world. Indeed, they are written for advanced audiences as measured by U.S.
standards:

The very first sentence in my old
ﬂu@amn 6" Grade ?l‘/geém text-
book would stump many of my
freshman college students: “Since
we have worked [in 5% ﬂm/e] with the
set of rational numbers Q and are fa-

My old Eu‘/gmﬂiﬂn 6" Grade Ge-
ometry textbook did not lag a wonderful resource, they
behind. On page 42 it asked: are not designed as ‘“text-
“Js the relation 'is tangent to’on theset books” for a regular math
of circles in the p/ane reflexive, sym~ class environment. I tend to
recommend these books for

Although the ZoPS hooks are

my more advanced Math
Circle students, who are
guaranteed to have extra
support outside of a typical
school classroom.

miliar with ifs pmpe:ﬂﬁey, we move on.”
And without further ado, Lesson 9
went on to studying the subtle
differences between functions
and relations!

metric, or transitive? 0%
Just to explain N
what the question

means to an unsuspect-
ing, typical 6" grader would
take a whole lot of time!

And so, short of designing a new program myself, I was helpless to help anyone seeking a better
middle or high school math curriculum....

2. The Find

....That is, until I asked my mom to send me some recent Bulgarian math textbooks, to teach my own

kids in the U.S. She found the most popular textbooks in Bulgaria: the present series from “Archime-

des.” When I opened them, I was immediately taken by a main feature: Each lesson is on emcz‘\/y 2 ﬁ@eyl
And each lesson consists of:

« Up to 10 exercises that differ from

each other and that fwfﬁerffm@fﬁ
stand the new material and how to en the Mnﬁém'fam@nﬂ and., ﬁ/eueﬁap the
solve related ﬁroé/emy. skills of the reader.

7
a@orifﬁmy, ond consequences to be learned,
v

o A clear summary of new fﬁeo;y, formulae,
SN———

* T am a Teaching Professor of Mathematics at UC Berkeley. Originally from Bulgaria, I went through its rigorous
mathematics curriculum. I founded BMC and has been running it since 1998 to help pass math enthusiasm on to the
younger generation in the San Francisco Bay Area.

o Several examples of the new con-
cept(s) that illustrate how to under-




The textbooks are written in ayfmyﬁﬁ[mﬂwm/ and J‘imp/e manner, capturing the e@ﬂnce and robustness of
mathematics itself. There is no “hide-and-seek”:

/ .
* everything
is cr’y;‘fﬂ/

Cﬁ‘/’ﬂl",'

grade teacher shares:

Apilot 6"
) fool that the ﬂw@am’mn fext-

:are much more L%orouﬁ
éZ:ié the American fexféaoky Qh
am using for 7" ﬂ;w/e. The fmf,
is that had there also heen a trans=
(ated 7" ﬂmyfe ﬂu/ﬂmﬂmn text-

hook 9 could use this year, 9 wou
have &feﬁnifefy used it for all of my

fis wmcﬁ easier fo teac
"

* there is no need to look
around on the Internet
for other sources: the
fexféoo& workhook, and
roblem  collection are  all
one needs for a successful
course in middle school
mathematics.

e one look at a les-
son suffices to
see what it will
teach you;

classes. I
from and saves me WOrke

3. Origins

This middle and high school math program is based on one of
today's leading programs in Eastern Europe, developed and implemented by the well-known Bul-
garian mathematician and educator Professor Georgi Paskalev. His relatively new mathematical
program specifically targeting middle and high schools in Bulgaria has conquered 60-70% of the
Bulgarian education market during the decade and a half since its conception.

The new program:

* has pmﬂfim@ /epmrfe/ from the traditional “old school” Bulgarian program, and

« has crossed houndaries to meet the standards and demands of a global educa-
tional market, such as in the U.S.; yet,

* has ptﬂeye;ﬂue/ the intrinsic pe&/ayoyim/ and mathematicalvalues of the old curriculum.

Quite appropriately, the company founded by Professor Paskalev is called
“Zrchimedes™: its publications live up to the name of the great Greek mathema-
tician, scientist, and inventor from antiquity.*

* to be successful at any
level of high school
and first-year college
math classes;

4. Purpose

The present program extends
the mathematics taught in
elementary school and com-
pletes it to a comprehensive
K-12 math program that pre-
pares students:

* to develop maturity and a ffe-long
Ve/m‘iom'ﬁiﬁ with mathematics that:

» will distinguish them among
their peers;

* to enter high school and
college with conﬁf[ence
in their math skills and
knowledge;

» will serve them well in any
profession and in any endeavor
in which they chose to engage.

* Archimedes’ picture is from Wikipedia: https:/la.wikipedia.org/wiki/Archimedes#/media/File: Archimedes1.jpg.
Xl
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5. The Temple of Mathematics

The math education of every child is like a ém‘//inﬂ: every year we hope that a new floor emerges
on top of the previous floor. Unfortunately, more often than not, our children experience p[am&giry
(even though, perhaps, well-intended) actions of math educators on any floor of this éw‘//l’nﬂ. For example:

What happens when a teacher decides
to spend 3 months in 4™ grade
reviewing single-digit multiplication?

Well, the 4™ graders become really skilled
with their multiplication tables, and, say,

A 6-foot thick wall of “single-
digit multiplication” is erected
on the 4" floor of the building.

Alas, time is not stretchable, and such
educational decisions inevitably cause:

Another wall on that floor
to be thin or non-existent:
a “wall” of word problems,
logical thinking, or a rich

geometric vocabulary, etc.

As a result, when in 5" grade
the next teacher tries to build
“walls” upon such previously
expected but non-existent or
weak walls, not surprisingly:

Problem

The structure collapses! In the ensuing
debris, time is wasted figuring out what
and why it happened. Worse, a student may
lose confidence in his/her math skills, in
the teacher’s abilities, in the integrity of
the math program, and, sadly but not in-
frequently, in mathematics itself.

What may strike us as even more p/ﬂiyemm’ for
the young developing mind (yet, still well-
intended) is the desire of many text-
books and some teachers nowadays
(perhaps, under pressure from school
administration or for other reasons) to
occasionally show off via:

o extra-curricular activities that are un-
supported by and incompatible with
the math building erected up to
that moment. A typical example is
an “enrichment” section on:

o Series! This topic, ordinarily cov-
ered in a college Calculus course,
has made its debut in well-
known, standard U.S. 6™ grade
textbooks, alongside computer
codes that intend to demon-
strate the growth of the “par-
tial sums of the series.”

Let us reason logically here.

Question 1. How can one fruly understand why the
sum
1+12+1/3+1/4+1/5+ -

adds up to infinity, but the sum

1+12+1/4+1/8+1/16 + -
does not, éeﬂw having mastered, say, the distrib-
uﬁu@ laws?! Although U.S. students may be able
to recite from memory these distributive laws
(e.g.,a-(b+c)=a-b+a-c),byand large they
will have no clue when, why, and how to apply
these laws, let alone efficiently.

Question 2. Thus, we ask again: what effect
will such a fancy and untimely introduction of
high-level math ideas have on the budding young
mind? To put it bluntly, the situation will be equiv-
alent to hanging a fancy chandelier from a non-ex-
istent ceiling. Imagine the “aftermath” of such an
action, the loss of time, energy, and confidence.



And we are not talking about the precocious youngster who can handle with ease and excite-
ment any bombardment with advanced math material, whether on series, in combinatorics, abstract
algebra, or other such topics! We have plenty of such young people at the Berkeley Math Circle and
observe this phenomenon on a weekly basis all the time.

* We are talking about the @pz‘m/ U.S.
student, whose primary or only source of
learning math is through math classes in

* The math structure for this student will be
—> j‘eo/mmfizef/ by such disorderly and out-of-
context teaching.

school.
Just like when learning:
To play the piano, i To write well, one should first
one might first want concentrate on sentences and

To skate, one ought to practice

to learn to read music . paragraphs before producing
a figure-8 before performing an

before attempting . a literary analysis on, say,
Rachmaninoff's Piano Axel jump “Realism vs. Local Color in

Concerto No. 2; \,\‘V// Mark Twain's novels”..

... So there should be order, halance, and ﬁmﬂmony in everything we do, teach, and learn. We can-
not lower our standards when teaching mathematics to young minds. On the contrary, we must be
especially careful because of the hierarchical structure of mathematics.

And thus, the present textbook series* has found the ﬂa%n ratios’;

NP
» mathematically sound «oe\"“ee e[%ea * the practical
and and
* pedagogically sound; * the inspiring.

The textbook series promotes at all times First and foremost:

&'mp/icify and Elegance: «— ‘Z E \> L’emﬂm'nﬂ to Think ﬁeep@:

In anything we do,
especially in
mathematics.

Diversity of Ideas: Make connections with
J ' previously learned
material.

&mr@e; Not being
afraid to make mistakes ~ Via multiple solutions
and to learn from them.  to the same problem.

These are not just catchy, “politically correct” phrases in-
tended to sell more copies of this textbook. They truthfully de-
scribe this math program and help build a solid math structure,
with adjoining “walls, windows, and doors,” through which to
move from topic to topic and make connections between various
concepts, formulas, and ideas.

For someone who has not worked deeply with mathematics
before, the words /ove, creativity, and excitement are usually light
years away from having anything to do with math. Yet, here they
all are, in a testimony of a pilot 6™ grade parent, leading us to the
next topic — how a student interacts with and feels about mathematics

* The pun was not intended in the former, but it was intended in the latter instance! ©

Xil



6. Relationship with Mathematics

With some notable exceptions, especially in Geometry, the actual math content of these textbooks
does not “look” much different from just about any standard U.S. high school textbook. After all,

A linear equation 5x — 7 = 11$A shortcut to finding out if

looks just like a linear equa- The nyﬁ@omﬁm Theoremr  a number can be divided @ 3
tion, no matter if it is dis- will still say a* + b*=c*for  (without remainder) will still
played in a U.S., Uruguayan, the two legs and the hypot-  be to check if the sum of its
or Bulgarian textbook. enuse of a right triangle. digits is itself divisible by 3.

... because mathematical truth is universal.

Beyond the content, two fundamental c,uej'fiom' that a good teacher must ask about any textbook are:

—

Question 1: How are the math facts pmyenfw/? Question 2: What re/ﬂﬁom'ﬁi/) between the
In what order and what style? Is there a student and the material is developed? The
balance between computational (algorith- deeper the relationship, the more lasting
mic) parts and theoretical (abstract) parts? and more useful the math knowledge.

\/

This textbook series
creates the environment for by building a robust
a strong bond between - %mp/e of Mathematics:
/ \ the student and the material, / \
in the ;ﬁﬁ%u@ in the expectations of always ;/e/aeménﬂ on frevious always looking ahead
and breath of c/mﬁ’@, a/e/afﬁ, and rigor know/e&@e and reinforcing it and /inkiry current
math content; of student work; via new applications and material to new z%i;/yy
without needless repetition; to discover.

by a ﬂi"ﬂﬂ/{/m/ climb: | <—

At any time throughout the school year the place and importance of the concepts, ideas, and tech-
niques studied are clear within the "éijge:ﬂ picture " of Mathematics. Unfortunately, just as described on the
previous pages, meddling with textbooks and curricula is a wide-spread phenomenon in the U.S.
middle and high school math education! Here are four sure ways to ruin the structure and purpose

of any math textbook, whether good or bad: Remember that no one wants to climb up a

. . flimsy structure! As a result, over time the top

1. Omitting sections. floors of the Math Temple will become unin-

2. Changing the order of habitable if the actions in the red box run amok

the material in the textbook. in math lessons. Instead, the deep thought and

3. Cluttering lessons with hand-| math wisdom put into creating these textbooks

outs from other curricula. must be respected, or there is no point in start-

4. Sacrificing depth and ing with this program. Thus, the present text-

I teaching to the answers!... books must be fo/@wepg‘m'z‘ as Jyyfemafim// as one
studies a new language, violin, or chess.

XV



7. A Cultural Shift

Several features of the textbooks, which are
typically ignored or de-emphasized in standard
U.S. high school curricula, represent a culfural
shiff in how mathematics is viewed and stud-
ied in the U.S., but which are very well-known
around the world and have been adopted by
many countries for decades, if not centuries.

7.1. Reading Mathematics. Every math prob-
lem has “words” — these are concepts expressed
in different ways, whether as numbers, standard
everyday words, or by visual aids such as di-
agrams and figures. Emphasizing the different
forms of “words” as a regular part of math lan-
guage and math communication and éarninﬂ fo
read, inferpret, and write in “words” is a major part
of the new curriculum. The pilot parent’s com-
ments below addresses this and more:

' maﬁca( (ﬁmgumge ! ,,
- g f eim’e(ves mafhemaﬁcm@, using
fo express M .
numéem, Adrawings: ‘
9 can e mw( most mzh .
il fs wi ’
P CM[ WW;JC;W; im resse&( wiff(;{ the s{fro:;f
. { il sure
i ?mﬁon itis giw’ng im afug‘”s foypmme
fo”?{ [t ng compefewcy and the anility
fo lirelo "
more m(wmce/ wmfhemaﬁcs,

porfmwf(y hear, the wa

Rulgarion mat

7.2. Logic and Communication. Learning to
know correct from flawed reasoning and being able to ex-
p/m’n one’s mathematical ideas smoothly and con-
vincingly to others will represent a gradual move
towards 4 more mature re/ﬂﬁomﬁip with mathematics.

7.3. Writing Mathematics. “Showing your
work” is only the beginning to understanding
how math really works. All problems have an-
swers in the back of the textbook. Bringing back
just an answer on a homework problem from the
textbook will be worth no credit. 7%e ex/;/ﬂnaﬁon
that leads fo the answer is what counts in our study
of high school mathematics. Even harder than
learning to correctly interpret problems is learn-
ing to consistently writz solutions in a correct, com-
/Mefe, and clear way. (See Lesson 5 in 9A textbook.)

7.4. Multiple Solutions. Although there is usu-
ally (but not always!) only one correct answer
to a math problem, the beauty of mathematics is
that there may be different solutions leading to that an-
swer, These are not “subjective opinions”; rather,
they are objective mathematical creations that
obey the laws of Logic. Students will learn that
each solution (and even each incorrect attempt)
has its value and usefulness in the long run and
that one needs to open up to others' ideas and ways of
fﬁinéinﬂ as a path to enriching oneself, to becom-
ing more proficient and, ultimately, wiser.

7.5. Efficient Solutions. Yet, among “all the
roads [that] lead to Rome,” there might be a
shortest or an easiest to follow. The ability to see
"the éiﬂ picture” and pz’cé out the most efficient

solution is a skill developed A
over a lifetime. And we
start on it in this very
textbook series.

XV
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8. The Pillars of Mathematics

There are three pz’//mﬂy of mathematics: Algebra,
Geometry, and Logic/Problem Solving.
They must be present at any stage of
pre-college math education.

Number Tﬁemy
Queen of Mathematics

Middle school is the time when math clicks:
when the young mind can handle logical leaps
and sophisticated reasoning. Yet, instead of
being ready for the “big moment,”
when middle school knocks

8.1. Algebra*

on the door, teachers

There is so much fuss
to distinguish between
Pre-Algebra, Algebra 1, and
Algebra 2... when, in fact,
there is no such thing as
“Pre-Algebra” as a math
subject, nor are there
“Algebra 1 or2”!'Ina
well-designed and well-
executed K-12 program,

&5

Geomelry Every Year! | and parents alike start:

* worrying about students
"miﬁ'iry ﬂ@eém skills"
 pulling the class back
to arithmetic operations
because all of a sudden
"pmw@eém "is too hard:

* going in circles;

* losing time, energy,

Problem

| Alyelora with Numbers Geometry ?lﬂn/ | and confidence; and
Ar lfﬁmeﬁc Arithmetic \S’oﬁ/i@ Geamef{*y . u]timately’ wgﬂ@m‘@
gradually the math structure.
turns into o .
naturally 8.2. The Missing Algebraic Link
7@ ehra leads to "&ea/ﬂlm@mz Why is this happening? The major Algebra

Alas, the typical U.S. student:

* hops along uneven and vaguely defined
passages between Pre-Algebra, Algebra 1,
Algebra 2, Pre-Calculus, and Calculus;

* experiences a choppy up approach of
poorly matched Algebra curricula
from grade to grade;

* is taught to be more concerned about memoriz-
ing algorithms*** and passing test benchmarks,

than what is truly important:

. maéinﬂ connections and fitting the many pieces
together in a giant “jigsaw puzzle” to see
the éfg picture; !

and little by little,

* building a solid Pillar of Alyebra in his/her

Temple of Mathematics.

mishaps in U.S. high schools are due to events
that have already occurred in middle and ele-
mentary school, and are NOT necessarily due
to poor arithmetic skills. Expecting that a mid-
dle or high school student will leap from arit/-
metic aﬁer&:ﬁam‘ with numbers, e.g.,
97 -2016 = 195,552,

to ﬂ@eémic oﬁemﬁom with Jymégﬁ', e.g.,

(a+b)(a-b) =a*-b,
is asking for trouble. There is a whole array of
missing intermediate steps, to which we refer as
”ﬂ@eém with Numbers” and which can and should
be started very early in the learning process.

How early? On the next page we list some
examples from emﬂ@ jm/ey in ﬁu@am They also
represent well what happens in the algebraic
progression in other countries around the world.

* Algebra was present in ancient Greek mathematics mostly as geometrical algebra. The word “algebra” is Latin for
the Arabic “al-jabr,” or “the reunion of broken parts.” In our “divine” interpretation of mathematics, the Greek math-
ematician Diophantus, the Father of Algelra, is supporting the math structure on the left and is the only non-deity in the
drawing; yet, as a mortal, he had tremendous world influence in both Algebra and Number Theory.

** g k.a. Caloulus in first 2 years of U.S. college education. **% Automated “recipes” for some types of problems.



Sample “Algebra with Numbers” Problems
from Elementary School in Bulgaria

1stgrade. Calculate 7 + 9 + 3 in two ways.
e Expected written solution:

T+9+3=16+3=19;
(19 5)-10+9=19.

2" grade. Fill in the blanks. Where have we
seen such calculations?

______

______

____________

____________

______

I remember! The sides of a

______

rectangle that are opposite are >
equal. The perimeter of the 3 16 3
rectangle is twice one of the

sides plus twice the other side. 5

3"grade. Calculate the expression:
1000 — (132 = 3) - 4.
e Expected written solution:
1000 — (132 +3) -4
=1000—-44 -4 =1000 - 176 = 824.

4" grade. Check whether the equality
(a+tb)—c=a+(b-c)
is true for a =347, b =217, and ¢ = 105.
e Expected written solution:
(a+b)—c=(347+217)— 105
=564 — 105 =459;
a+(b-c)=347+ (217 - 105)
=347+ 112 =459.

Since we got the same answer 459,
the equality is true in this case.

5t grade. Find the unknown number x if

85+ x+53=2503.
e Expected written solution:
88+x+53=75 88+-x=22

88 +x=75-53 x=88+22=4.

This sequence of five random exercises in
“Algebra with Numbers” starts in 1% grade in Bul-
garia and continues all the way to 6™ grade. And
then the "true” Algehra commences, without hiccups,
without drama, and with huge success, because:

* students have been preparing for Fl@eém for a
/onj time, even if no one called it “Algebra”;

> a confinuum in J'fu@i@ ﬂ@eém has provided
smooth transitions at every step of the way.

And just as playing the piano for the 6" year will
likely encompass some harder, lovelier pieces,
so will studying Algebra for the 6™ year conquer
tougher, nicer problems.

This short list of problems, culminating in the
5h-grade equation with fractions and decimals,
also explains why we could NOT start our 6
graders in the U.S. on the 6" grade Bulgarian
curriculum: they were NOT ready for it! We
roughly estimated that they were lagging behind
their Bulgarian peers by half a year in terms of
algorithmic manipulations; and they were at
least a year behind in algebraic skills and math
maturity.

Of course, the easiest thing was to give up.
But anyone could do that. We could do better.
We did MUCH better! In fall 2015 we started
the new curriculum in the pilot middle school:

* by first covering all of the Bulgarian 5%
grade curriculum in 6™ grade here; and

+ only then moving to the Bulgarian 6" grade
curriculum in the last third of the 6™ grade
here and covering half of it.

“Were you successful with the Algebra part?”
you ask. Let a 6™ grade pilot teacher respond:

"The ﬁp@mﬂiﬁm curriculum is more rigorous
than others 9 have used as it infroduces Z@eém
in earl ﬂmﬁ/ﬂ& Variables are in@mfe/ into
p/m’@ hssons so that students bhecome as famil-
ar with mani/m/ﬂfinﬂ equations with x and yas
f/;@ do with real numbers. This will fave the
way fmﬂ an easy tramsition to ?@eﬁ”m and set
them up for suceess in ﬁijﬁe;ﬂ ﬂm/ey.

Laurie Gold, teacher

A pilot 6" grade teacher:

@
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8.3. The Geometry Neverland

In our drawing of the pillars of mathematics, Geometry is represented by Gaia, the Greek
Goddess of Earth (“geo” = Earth in Greek). The truth is that Geometry is the “Cinderelln, "
with U.S. math education being its “step-mom.” In the K-8 grades Geometry appears spo-
radically here and there, with few (if any) connections to the rest of the math curriculum.

Later, in U.S. high school curriculum, there is one intense year of Geomef@, during which:

Proofs are introduced through this
Geometry course, often in the
notorious “2-column format.”
Truly powerful Geometry theo-
rems are not reached. As a result,
many students not only do not

No other math courses are
studied. This in itself is
a recipe for trouble:
the few connections between
Geometry and the rest of mathe-
matics that were hinted before in
the math curriculum are mostly

4 years worth 0/[ Geomeﬁy are
compressed in one year
and they are presented to,
by and large, students un-
prepared for such a huge
single “dose” of Geometry.

forgotten during that year.
Geomeﬁfy is studied in isolation!

Like mﬂ@'nﬂ bread, Gemmf; learn how to do proofs, but also...

Know[%@e and intuition nee
time to "rise” and ﬂ/euefop/

They end up, @ association,
/@Vﬂﬁny Geameﬁy J'L‘J'eé[/

Question: Why care so much about a high school Geometry course, when
Calculus AP credits seem to be the "admissions ticket" to top U.S. colleges?

Because everything starts at an
early age and builds up over the
years, regardless of whether it is
Algebra, Geometry, Logic, play-
ing an instrument, or learning
to write excellent essays. And if
we do not have the vision of what
awails the young learner in a few
years from now, we will be do-
ing a big disservice to the young
learner, and we will be cutting
off his or her chances to succeed
in the future.

Knowledge and skills in Ge-
ometry cannot be amassed mi-
raculously in a year. Geometric
intuition 4/61/3/0/];‘ over time, not in-
stantaneously. To package and
present several years worth of
Geometry in one course to the
untrained mind, and to top it
off with introducing formal
proofs (a hard topic even in a
college curriculum) inevitably
leads to a poor outcome.

Worst of all, by the time the
high school Geometry course
comes, "the train is aﬁﬂm@ gone "
it is too late to repair the dam-
age that was systematically
done over the K-8 years to the
Geometry Pillar in the Temple
of Mathematics. Consequent-
ly, the young budding math
mind has missed the creative and
formative time in middle school
for a fundamental geometric
development.

reverberate throughout
a person’s whole life,

Insufficient Geometry / i\_} The Geometry Pillar
kn/;)wlzifge and skills will never be built
will impede performance . with the strength and
in Algebra and will The truth again: height it should have

Geomeﬁy has been J‘ﬂClﬂiﬂﬂ'ﬂ&/ in favor of
* Arithmetic in elementary school;

in order to hold up a
robust, elegant, and

* Algebra in middle school, and
* Pre-Calculus/Calculus in high school.

including college and
post-college career.

long-lasting Temple
of Mathematics.

The lack of serious or consistent Geometry in early grades makes it impossible to overturn the “alge-
braic dominance” in the K-12 curriculum. Can this be changed? Can Geometry ‘“Neverland” be re-
placed by # ﬁea/f@ Jyméz’om' hetween Geomeﬁ:y and the rest of mathematics? Let's look at what could have been.



8.4. A Personal Lamentation
Or ... the Golden Geometry Days of My Childhood

From my 30 years of experience teaching just about every undergraduate math course in college,
the most mystifying formulas to my students, the least well understood, and (it goes without saying)
the least frequently proven in pre-college years are the trigonometric ones. During the socialist times
in &@ﬂm’ﬂ, trigonometry was part of the standard 8" grade Geometry curriculum; the theory behind
such formulas was systematically studied, and the formulas themselves were rigorously proven via
geometric or, as needed, algebraic methods and applied to various problems for years in a row.

In fact,

Starting in 6" grade |— M\fost importantly, we had f/ay hetween

/ \ lessons in the same m@’ecf, which allowed us:

We had fwo

* one in Algebra;

* one in Geometry. to think to try various
: deeply about approaches on
We had separate home- During the week, what we studied the homework
work, tests, and two ﬂmp/ey: we allernated J'fW@"”ﬂ-’ in class; problems;

+ Algebra on MWF;
* Geometry on TTh.

* one in Algebra;
* one in Geometry.

and ultimately, to make the Algebra
and the Geometry material “our own.”

Although in two formally separate subjects, our studies of Algebra and Geometry were synchro-
nized and mutually enriching. 4 com’fanfféep m/aﬁom’ﬁi/a hetween éeomef@ and. Z@eém was reinforced at
all stages of pre-college education: by using geometric facts to supply algebraic 11" grade
reasoning, and by using algebraic formulas to solve Geometry problems. Eloctive Ceometr

The Geomelry Pillar of Mathematics was gradually built upwards 10%grade | 4qvanced topics
throughout every single grade. There was no week Solid Geometr
without Geometry, especially from middle 9" grade with proofs
school onward. To this day, I distinctly ) Vgcfor Geomez‘w Former Bulgarian
remember the yearly Geometry 8" grade with proofs G trv Curricul
themes that we studied, T;ﬂfgongmgﬁ/y ] ) eometry .urrlcu um
starting in 7"grade | with proofs in Middle and High School
6" grade: Circle Geometry . ‘
6" grade with proofs Every theme automatically included
Plane Geomelr applications of the Geometry theory and techniques to

start of proofs /)mé/em J'O/f/mﬂ and contributed to a balanced and vich math curriculum.

This is the ideal Jyméioﬁc model of Geo#@eém that I would like for my children and grandchildren.

Unfortunately, high school math curriculum in the U.S. is driven, by and large, by college re-
quirements and, let’s face it, earning “bonus entrance points” to the more competitive universities.
Hence, it is ultimately a Caleulus-driven curriculum, regardless of whether students complete Calcu-
lus courses in high school, or not.

In turn, middle school math curriculum aligns itself with high school priorities. Backtracking,
the pre-requisite to Calculus is Pre-Calculus, and the pre-requisite to Pre-Calculus is Algebra. Thus,
Algebra “wins” by default, due to an established ﬂ@eémwﬁﬂh/en and ﬂ@eémwfominm‘e/ environment.
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9t is unrealistic (although not
entirely impossible) to imagine
that the pre-college curriculum
in the U.S. can quickly change
so much that it will embrace Ge-
ometry as an equal counterpart
of Algebra, will split textbooks
and classes into Algebra and Ge-
ometry ones, and will employ

the éemﬂ@eém Jyméioﬁc model

At a Glance:

8.5. A Reality Check: Geo-Algebra in the U.S.?!

The New Middle and

High School Curriculum
Adapted to the U.S. Reality
by Topic and Semester
6B Textbook
Fractions, %'s
operations;
6A Textbook | part of a whole;
il applications
operations, £y onen b
rules; properties
algebra w/ num- Rationale's
bers; efficient auonar i 5 ith
lculations: operations wit
caicl ’ pos./neg. num-
motion & word bers; absolute
problems W _value; equations
01’013’1’51’/1;‘7 fits Graphing, Uata
{ \
criteria for }-‘@\ coofdingtes,
divisibility; diagrams/tables,
| GCD and L@7arithmetic mean
Plane Geometry Plane Geometry
altitudes; circles, discs,
parallel lines; | polygons: peri-
quadrilateral: | meter, area;
perimeter, area; regular n-gons;
apply algebra | constructions _ |
Solid Geometry Recognize:
rectangular expressions and
parallelepiped: eguations.
surface area,  |SAlit: solutions
volume; into “given,”
| applications __ |“to find,” and
Write: correct, |calculations.
complete, and  |Draw: pictures
clear solutions. [and diagrams.

The present textbook
series capitalizes on
a compromise between
Eastern European and
U.S. math educational
systems and realities.

Proportions
properties,
applications

Polynomials
variables, nu-
merical values,
degrees, ope-
rations, alge-
braic identities;
factoring in
degree 2

Solid Geamef{y
types of prisms
and pyramids;
surface area,
volume;
constructions,

formulas with
variables; then
substitute given
numerical data.
ﬂﬂﬂ@ algebra
tools to solve

geometry
problems.

On the other hand, times have
changed. 7he Qu@ﬂﬂﬂn curriculum
has moved pmﬂﬁw&y towards the U.S,
one; e.g., newer Bulgarian textbooks
feature both Algebra and Geometry,
while preserving the mathematical
integrity and pedagogical insights
of a tremendously successful cur-
riculum from the near past.

Math 4 Optional Topics
8B Textbook [7A: Alyehra of
Functions %%nommﬁ'
Math 3 graphs; linear, | alg. identities;
8A Textbook | modular, qua- | degree 3 factoring

Math 2
7B Textbook

Include: relevant

Equations
linear, ‘Z‘actored
quadratic,
parametric;
w/ absolute
value;
modeling,
practical
applications

Plane Geomeﬁy
basic notions:
pairs of angles,
perpendicular/
parallel lines;
criteria, axioms,
theorems
Coryruenf A’
criteria, isosceles|
A, perpendicular
and angle bisec-
tors, altitudes,
medians

Understand:
the structure of
mathematics.

F@, 9nec,mﬂ’ﬁey
properties, one
variable, linear;
inequalities vs.
equations
Square Roots
&Zﬂﬁﬁ"ﬂé Ey ns
irrational num-
bers; algebraic
expressions;
quad. formula

Pavallelogramg
Trapezoils
properties,
criteria, proots,
constructions,
applications
Intro to Vectors
operations;
applications
Jsometries:
translations,
rotations, cen-
tral symmetries,
reflections

Devise: algorithms
for geometric
constructions.

Start praoﬁ:
using defini-
tions, primary
concepts,
axioms, and
theorems.

dratic functions;
applications
\S;qyfemy of Eq'ns
a 9neziuﬂ iga
linear w/ one or
two unknowns,
parameter, abs.
value, modeling
Rational
Expressions
operations,
equations,
applications

Combinatorics
permutations,
variations,

combinations

weles and. ?lnj/ey
tangents & lines;
two circles; arcs,
chords & angles;
applications
Determine: the
hypothesis and
what to prove.
Construct:
a proofas a
logical sequence
with words and

8B: Equations
mj/ Roots

Vieta's formulas;

Bi-quadratic eqn's|

8A: Geometric

9nequa ities
between sides;
A Inequality

7B: Euclidean
Constructions
ruler & compass

8A: Vectors

midsegments &

centroids

8B: Cirgles and

%éyom’

geometric loci;
circumcircles
and incircles;

famous pts in A

ways to solve.

Distinguish: be-
tween faulty and
valid reasoning.
Learn: from own
experience and

math symbols.

others’ solutions

Legend
Flective Z(@eém Zl/geém
FElective Geome@ Geomeﬁy

Number ‘memiz, Combinatorics,
Pro aéiﬁ@, Statistics

L’aqic and Prooﬁ' %cﬁniquey




8.6. Math Bridge from U.S. High School to College

Or ... Cravings for Calculus

If it were up to me, «, fﬁfmgﬁ " ﬂm;ﬁe high school students would study # good halance of Fl@eém
and Geometry topics, mf)(ﬂi/ﬁifh some Number Theory, Combinatorics, @ﬂoéﬁ:éiﬁ'@, and Statistics. And only in 12"

radle, with a solid preparation and math maturity under their belts, would they venture into advanced
concepts such as /fmifs, conﬁnu@, and derivatives, which comprise about half of Calculus BC. Thus,

Math 5
9A Textbook

Functions
properties;
graph quadra-
tic functions
Linear Sys‘femy
w/ 2 unknowns,
classify systems
by their solutions
Deg 2 Systems
w/72 unknowns,
homogeneous,
various methods
for solving

Rational
Inequalities
operations,
solving,

the method
of intervals,

?f&éﬂé;ﬁ@
definitions,
operations on

bility thms, @
applications &

criteria, Thalk
Thm, angle bi
sector property,
ratio of areas

Distinguish: gen-
eral from special
case or situation.
Provide: counter-
examples.

Math 6
9B Textbook

rrationa
Eggreﬂ‘iom'
X c;mfiom’
solving
w/ 1or2
radicals
Pa@nammﬁ'
symmetric,
factoring,
long division
?Voﬂms'iom'
sequences,
arithm./geom.
progressions,
sums, series

Intro to Statistics

central measures

1 of mode, median,|

events, proba g?. Thm, distances

weighted aver-
\ ages; applying

in As, parallelo-
grams, circles;|
the Pythagorean|

Trigonomety
ig. functions;
basic identities;
laws of sine and
cosine; medians,
angle bisectors,
areas in As

Question:

if a concept is
well-defined.
Think: beyond

the question.

during their senior year, they would study thoroughly and deeply:
» sophisticated definitions like the &-8 definition of limit,
« and powerful statements like the ntermediate and Mean Value The-
orems, and the occasionally “dangerous” £ '%ﬁi’faﬂ Rule,
* along with their /wooﬁ' and relevant /oroé/ema’o/uinj fecﬁm’quex

A rigorous treatment of this material would take time and sustained
effort from both teachers and students, and a whole year may be barely
enough. But this would be "#e @ﬁf pmiue/ fo co/@e math courses” and "the
vight way fo learn Caleulus.” Our students would thus march into college
with fortified math knowledge and skills, and a clearer understanding
of how mathematics works, better prepared for success in their college
freshman math courses. Hopefully, many would then continue into
STEM disciplines, which require more mathematics.

Instead, U.S. middle and high school curricula sprint up the pyr-
amid of Mathematics, finding shortcuts and avoiding any “scenic
math vistas,” only to enable students to get through as many AP
classes as possible before applications to U.S. colleges are due. But
these high school sophomores and juniors are an;ﬂe/mm/ in many ways
for ﬁzﬁ[e;ﬂenﬁﬂ/ and %ﬁym/ Caleulus (not to mention the latest trend of
Mullivariable Caleulus and Linear ﬂl@eém on college applications) and
later the vast majority are shocked and indeed humbled @ the true re-
quired depth in typical U.S. college math courses. Unfortunately, this
is no concern of high school or other programs that offer “accelerated”
paths to and through Calculus, with promises of “excellent prospects
for acceptance to top universities.” In fact, as US college math depart-
ments know very well, only a small minority of students demonstrate
a real mastery of Calculus on AP exams: most students come out of
an AP Calculus course without the skills expected by the exam, and,
needless to say, without a rigorous understanding of the concepts.

The present textbook series will ﬂez‘yfwﬂenfy fﬁm&gﬁ every fopic need-
ed in Caleulus, without rushing and without compromises. Caltulus will
start /;ermmﬁiw'wf about every cﬁaﬂfeiﬂ in the ttZl Texthook, taught with the
same level of detail and rigor as any other topics in this series. And

like these other topics, Calculus is developed over multiple years precisely so that it will be learned
well. With 5 years of Algebra and Geometry from 6A to 10B, students of Bulgarian math will en-
counter their first Calculus topics with strong fundamentals and the appropriate math maturity to ap-
preciate the rigorous development of the subject. Still, Calculus is just the beginning of one branch
of higher mathematics: Real Analysis. As such, Calculus is not the goal of these textbooks. The goal
is to hecome aware of all the fundamental pieces of an ever expanding and beautiful mathematical
world, to /zarn how to put them together, and to understand w@ they work this way.
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8.7. Structure of Algebra Topics and Applications
in 6"-9t" Grades Curriculum

9B Ch. 11:

Progressions
Sumes, Series

!

9B Ch. 9:
Irrational
9B Ch. 8: Expressions
Factoring [~ & Equations
Polynomials T
T 8B Ch. 13:
8B Ch. 12: Rational
Equations Expressions
and Roots T
f ™ gschs
8A Ch. 5: 9A Ch. 2:
Quadratic Functions
Equations T
T 8A Ch. 2:
8A Ch. 4: Algebraic
SquareTRoots Inequalities
7A Ch. 6: 7B Ch. 8:
Algebra on / Linear
Polynomials Equations
7A Ch. 5: 7A Ch. 4:
Polynomials \ Proportions
T 6B Ch. 9:
6B Ch. 8: / Rational #s
Exponentiation \ T
6B Ch. 6:
Fractions
Legend T
Algelora 6A Ch. 2:
Flpp/ ications Decimals
Number Tﬁeow T
Combinatorics
Proéaéi/@
Statistics
Caleulus

6A Ch. 1:
Set of Natural Numbers N, Operations
Expressions, Variables, Basic Equations
Efficient Calculations, Word Problems

10B-12B:
Applications to

/ Calculus Theory

& Problems

s

9A Ch. 6:

Rational 9A Ch. 3:
Inequalities Systems of Degree 2
T Equations with

8B Ch. 10: Two Unknowns

7 Systems of Linear T
Inequalities with \ 8B Ch. 9, 9A Ch. 2:
One Unknown Systems of

T / Linear Equations with

7B Ch. 8: Two Unknowns

Modeling with
/ Linear Equations 9B Ch. 12:
T / Introduction to Statistics

7A Ch. 4: Central Measures:
Applications Mode, Median,
/ of Proportions Weighted Average
6B Ch. 11:
. 9A Ch 7:
/ SiE(pllliy 4 B Classical Probability
T Operatlons on Events
6B Ch. 7:
/ Aggllcaht"lons 3B Ch 14:
ot Fractions Basic Combinatorics
T Permutations,
6B Ch. 2: Variations, Combmatlons
/ Applications
of Decimals
6A Ch 4:
T Basic Number Theory

\

Divisors, Multiples
Divisibility Criteria
Prime Numbers
GCD & LCM



8.8. Structure of Geometry Topics and Applications
in 6"-9t" Grades Curriculum

10B-12B:
Applications to
Calculus Theory
& Problems

f

8B Ch. 11
9A Ch.5
9B Ch. 10, 13:
Applications to
Plane Geometry

10A Ch. 2:
Stereometry

f

9B Ch. 13:
Trigonometry,

Identities, Laws
of Sine & Cosine

f

9B Ch. 10:
ProbTIems Metric Relations
8A Ch. 7: T
Practical 9A Ch. 5:
Applications
to Optimal T
Constructions
T 8B Ch. 11
Circles & Angles
8A Ch. 6:
Vectors in Physics T
Practical 8A Ch.7
Applications Transformations
7A Ch. 3: in the Plane
Round Solids \ Isometries
6A Ch.5
T 7A Ch. 2-3: T
7A Ch. 2: / Applications of 8A Ch. 6:
Polyhedral Solids Nets, Volume Vectors &
and Surface Area Operations
T Optimization T
6B Ch. 10: (Calculus Prequel)
Circles & Polygons T 8ACh. 3:
Parallelograms
T 6A Ch. 3: and Trapezoids
6A Ch. 5: Area Applications: T
Rectangular Pick's Formula 7B Ch. 9:
Parallelepiped Optimization Congruent
(Calculus Prequel) Triangles

6A Ch. 3:
Plane Figures
Triangles,
Quadrilaterals,
Perimeters, Areas

* o

/

~ .

f f

7B Ch. 7:
Foundations of Geometry
Primitive Concepts, Angles, Parallel Lines,
Axioms, Sum of Angles in a Triangle

N

Similar Triangles ™~ Geometry Review

9A Ch. 4:

t

8B Ch. 11:

/ Circles & Polygons

AN
/

/

8A Ch. 6:
Midsegments
& Centroids

f

8A Ch. 2:
Geometric
Inequalities

f

7B Ch. 9:
Euclidean
Constructions

Legend

Pre-TFoundations
Geomefry

Core Geomeﬁfy
Flective Geomeﬁy
Flﬁpﬁmﬁom'
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8.9. The Main Principles 9. Differentiate and Scaffold

The Main Principles in designing this middle Talking about differentiation in math classes
and high school math curriculum are is a “politically correct” and enticing buzzword

to mention when advertising a curriculum. Yet,
/ l\ by and large, this talk is not matched by actions
o . to truly support all students... because it is hard
+ +
Canfmmfy. gfl/ﬂ_me Qm‘ejmz‘y to scaffold math lessons and because it fakes an
of the 4 basic building math blocks:

enthusiastic math specialist to J'ucceﬂ'ﬂf@ cofe with diver-

1. Algebra is developed from an early sity in the math classroom.
stage, using numbers at first and then When mathematics is taught:
variables more and more frequently. * in an organized and sound way,

2. Geometry is developed alongside * building a solid Math Temple for everyone,
Algebra as an equal partner. the number of students who “fall through the

cracks” or lag behind is minimized. Some stu-
dents, though, need something beyond the reg-
ular curriculum that will still keep them top-
ic-wise in the same math vicinity as the rest of
their classmates. To this end, the exercises in the
9A Textbook are split into:

1. ZRasic (mandatory) problems for everyone;

2. ?@ﬁ T)m][iciency (recommended) problems;

3. Harder/ Math Confest (elective) problems.

4A. Number Theory, or the Queen of Math- Part | of the 9A Workbook is a Problems Collec-
ematics,** makes a :gran d appearance through ti'on'of over 2,250 problems, matching the mate-
the topics of Divisibility and Square Roots in the 6A, rial in every chapter of the textbook. Some prob-
and 8A textbooks, to aid both logical develop- lems are grouped into multlple-chplce tests, apd
ment and practical algebra skills; e.g., finding SOM€ are ppt?n-ended aqd organized by topic.
GCD, LCM, number of divisors, etc., efficiently. The material is gradated in three levels:

Algebra & Geometry support/reinforce each
other by applying each subject to the other.

Logic, Proofs, and Problem Solving*
comprise the skeleton of the Math Tem-
ple, providing the “glue” that keeps to-
gether all parts of mathematics.

The Logic/Proof-Writing Topics appear
uniformly and constantly throughout the
whole middle and high school curriculum.

If you wonder what Number Theory is all about, * Level A: basic pr.ol')lems deyeloping funda-
try to decide if 9,876,543,210 is divisible by 15 mentals and providing practice for everyone.
without actually dividing by 15! The world of  * Level B: recommended problems for excellent
whole numbers is how Number Theory can be proficiency that will extend the knowledge of
approximately described in early school age. those who want to move forward.

(7 4B. Combinatorics, Statistics. Proba- * Level C: preparation for math contests for the

L e Y ;

{é\ bility and Their Applications are ubig- more adventurous students.

4 uitous in the curriculum. Among other Part Il of the 9A Workbook provide worksheets
topics, they include counting techniques,  with all Lesson Exercises. While everyone should
data graphing, optimization, approximations, complete a substantial portion of them in class,
and calculating chances, and are often aided by  these are an absolute must for students who need
physical and mental experimentations. more time with the material.

* The role of Logic, Proofs, and Problem Solving is played by the Greek Titan Af/as, often pictured “holding the Earth
on his shoulders.” Naturally, Atlas represents the central Pillar of Mathematics, which keeps the whole structure together.
** Number Theory is widely regarded as the Queen of Mathematics. Some of the most famous math problems have
been in Number Theory; e.g., Fermat’s Last Theorem. In our Math Temple, Number Theory is played by Afhena, the
Greek Goddess of Mathematics (also of wisdom, courage, inspiration, war strategy, arts, literature, and others). In this
textbook series, Athena also supports the areas of Combinatorics, Probability, Statistics, and Applied Mathematics.



9.1. Examples of Scaffolding

The 9A Textbook features the exercises below on
Degree 2 Systems, Similar As, and Probability,
reaching all parts of the difficulty spectrum:

1. (Rasic). Solve | x2+ y*=29
VP —x =23.

2. (?@ﬁ pmﬁc;‘ency).
CL is an angle bisector in AABC.
Provethat CL?=CA-CB—AL-BL. 4

3. (More advanced matevial and ideas). L

In the Monty Hall show, there are 3 closed
doors and a prize hidden behind one of them.
As a show contestant, you choose one of the
3 doors. The host then randomly opens one
of the other two doors that does not have the
prize. You are given the choice to stick to your
original door and open it, or to switch to the
other unopened door. What should you do?

Test 2 in Lesson 91 further challenges the reader:

Question 11 (True or False). When the out-
come space ( is infinite, it is possible that
an event with probability 0 actually occurs,
while for a finite Q this cannot happen.

Answer (cf. the Appendix): True. For a finite
outcome space Q, by the (ratio) definition of clas-
sical probability, P(4) =0 iff v(4) =0; i.e., A =D,
and J never occurs. If Q) is infinite, we cannot use
this definition of probability: v(€2) = oo will mess
up the denominator of the ratio in P(4)! From this
viewpoint, this question is not “fair”: we have not
yet introduced probabilities for an infinite Q!

Still, think what will happen if the set of our
outcomes were the heights of people? The indi-
vidual probability of being, say, exactly 2 meters
tall is 0 (why?) but it is certainly possible that
some people are exactly 2 meters tall!

When using definitions, we must consider
whether our situation allows for the conditions
for these definitions or if new definitions are
needed. One way or another, before deciding if
a statement is true or false, we need all concepts
in it to be well-defined.

9.2. What are Optional Topics?

This U.S.-adapted program starts in 6™ grade
with the 5" grade Bulgarian material; that is, in
the beginning, it lags a full year behind its Bul-
garian counterpart. By the end of 8" grade, it has

has caught up with its Bulgarian counterpart.

The harder parts of the 7"-8" grade materi-
al on ﬁeﬂme 3 ??@nommﬁ', Vieta's Formulas,
Geometric 9neciuﬂ ties, Euclidean Constructions,

B M&ﬁeﬂmemﬁ' and Centroids, and Circles and

%@ﬂom, are optional and intended as elective
topics. The optional geometry topics are con-
siderably deeper than the standard U.S. high
school material and they provide a superb pre-
paration for anyone who would like to be chal-
lenged in Geometry.

There are no optional 9A topics: the Systems of
Deqree 2 FEquations, Similar f:ﬂiﬂnﬂéy, Rationa 9neqm/~
ities, and Classical Y%éﬂéiﬁ@ are a must for any 9"
grader. The review topics though on Functions,
Systems of Linear Equations, and Geomelry are op-
tional and can be studied as much as needed,
depending on the depth of previous understand-
ing and preparation.

9.3. Does the Scaffolding Work?

Does the program really benefit all levels of
students? Here is some anecdotal evidence.

Answer 1: A month after the start of the pilot
6™ grade program, the teacher received a letter
from a parent of a student who was struggling
tremendously in the beginning, not participating
at all in class, and submitting blank tests:

. 7&0
' o much for this feeyféﬂck/ \S'
o TQ?:%O;QMWZ;. 9 feel like sheis femﬂ’mnﬂ”
e b than she did o

more math now in one mont

our ﬁe/ﬂ.’ !
fm‘fy “ Tﬁﬂ"@"“ fow G ﬂmﬁfe ﬂifaf Pmﬂenf

The student gradually progressed to a very
good performance both on tests and in class,
showing enthusiasm and understanding of ma-
terial to which she had not even been exposed
before but was now fired up to learn.
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Answer 2: Several months after the start of
the pilot program, a parent of a student who had
always excelled in math wrote to the 6™ grade
pilot teacher:

ke 0 mgmenf mm/

Ww( workfhis ye’mﬂ
Wf:ﬁ%:“@ﬁ;jfof V):::h students. Temchmj
ZI sort of fike fﬂrm?’ng,
our cropy are ﬂomg
noﬁcepf with my son

rove;(, and 9 wm@

ﬂémxﬂf Wmfh'l

ug 'MSf Wﬂﬂfﬁﬂ[ fo

UYou never KNOW o
hut 9 have

ut,
fO f{/”ﬁn 0 V& hﬂf im-

hat his wo '
[f@eﬂ the way he is fa/kmg

gt grade il "

The new program has worked exceptionally
well for a number of students who had earlier
been identified as having severe problems with
learning mathematics. These students have grad-
ually improved and excelled with the new cur-
riculum, and questions about their future success
with mathematics have become obsolete. Inci-
dentally, a few of the girls improved so rapid-
ly that 2 months into the program they had to
be moved to the more advanced 6™-grade pilot
class.

Answer 3: Here is the truth as seen through
the eyes of the very first pilot teacher in the U.S.
who worked with this program in 6™ grade and
achieved what was impossible before, and to
whom the above letters were addressed:

“This hook has been a frememfouj/
PESOUICe for my students, and 9 wish 9 ha

sons are [ai
i 9 was in sehool. The [essons are :
e WaNNer. The math is

, f
out in a very clear 1o et ‘

ﬂppwmcﬁﬂb[e or cﬁﬂ[/enﬂinj
needs of child at any fevel. |

There are many math books that c/mr;;
fo reach ever person. This éooémcceﬁfufy
Aves so, and it is one 0][ the best.

Nafa/ya St Clair, teacher

author, "The Artof Wental Calculation”

A pilot 6" grade teacher shares:

o~

10. The Value of a Teacher

As with any textbooks, the present textbooks
are just that: 4 basis for /emﬂm'ry, They will come
alive in the classroom on@ fﬁm&gﬁ the teacher.

Let's not deceive ourselves: there is no univer-
sal panacea for the middle or high school math
problems in the U.S. And although the present
textbooks have been hailed by pilot parents as:

* the best textbooks they have ever seen;

 the most suitable for their children;

* a resource to easily follow and learn from
at home if a child is absent from school or
did not understand something in class...

..still, a mediocre teacher will do a mediocre j'oé even
with the best fexféoaé in hand,

The fact that many middle (and some high!)
school math positions are filled by non-special-
ists in math is alarming and is one of the major
reasons for the current general downfall of U.S.
middle school math, dragging down the U.S.
high school math too. A non-specialist does not
have a “bird's eye view” of the full middle and
high school math curriculum. Although locally,
he/she might be able to teach some of the mate-
rial well, a lot of damage is done by a teacher’s
limited knowledge and /ack of understanding of what
is imfrortant in the /onﬂ vun, even if havd to teach,

The situation is similar to parachuting the whole
math class into the middle of a jungle, giving
each student a flashlight, and waiting outside the
jungle to see who will come out alive. A better
chance of “survival” will be ensured if the stu-
dents are given a map) of the area, fmyﬁf how to read
and use it, and ec;m’ﬂpe/ with the necessary tools, knowl-
e;@e, and skills to efficiently cope with the diffi-
culties that will inevitably occur on the way out
of the jungle. And the teacher has to be there, with the
students, every step of the way,... not just waiting for
them outside of the “danger zone.” I personally
never thought of school math in this “jungle vi-
sion” until my own children experienced several
different U.S. math programs and the image of
the “jungle” more and more powerfully resem-
bled the reality of pre-college math education.



More often than not, non-specialist math teachers in middle and elementary school, for a variety
of reasons, decide to change the order, depth, and emphasis of the math program they are teaching
from. Not knowing the “big picture” of how mathematics will develop over the high school and
then college years (and perhaps, not caring about this big picture, since it is not part of their day-to-
day job duties), their actions unintentionally destroy the logical structure and goals of the program,
whether it is a good program or not. (See earlier discussion of this situation in Section 5: The Tem-
ple of Mathematics.) Fortunately,...

Is J‘fmyﬁ[foiﬂwam/ to follow:
every lesson is on
only 2 pages!

l

When each lesson in the
textbook is on 2 pages only,
with 6 to 10 exercises, and
when the concepts are prac-
ticed in the next lessons and
incorporated in new situa-
tions for better understand-
ing, it is very hard to j‘wﬁ@
5‘1‘@1’@ on one /;Mficu/ar lesson
for a week or so (and killing
everyone’s enthusiasm in
the process).

The Mathematical Level
A teacher with a solid math

éﬂﬁé I/'OMHﬁ/ who can see J’Bf/el"ﬂ[

5'L‘e/15' é@gn/ middle school, e.g.,
the high school curriculum,
and can recognize:

* the math concepts,

* types of solutions, and

« features of analytical

thinking

that are indispensable and
must be taught and rein-
forced in middle school, de-
spite how hard it might be to
teach them to a young audi-
ence unaware of them.

The new math program:

%»

(Most importantly!)
Ensures accountability
from the teachers.

$

The program is so crystal clear that
m/;one can track where the students are and

what fﬁey have covered at any time during
the school year. By “anyone” we mean
parents, administrators, and random
visitors alike. It is essential, though,
that a copy of the texthook resides at every
student's home: there is nothing to hide in
the program, while there is so much to
learn from reading the textbook at home!

A Good Choice for a Teacher
for this curriculum
would take into account:

$

The Pedagogical Level

A teacher who can c,m‘c@/y M/ﬂ/)z‘ to new
situations and turn them into an educa-
tional advantage for the students.

A teacher who is constantly attuned
to the weaknesses and strengths in stu-
dents’ background and skills, and who
accordingly emphasizes features of the
curriculum in a balanced way to match
and improve the classroom situation.

A teacher who can communicate math-
ematics fo young students,

Does not require search for
extra materials elsewhere:
the textbook, workbook,
and problem collection
contain eue@fﬁin for a success-

ful comﬁ/eﬁan of the frrogram,

Due to the natural trans-
arency of the material, it is
impossible to hide behind
phrases like “too much,”
“too hard,” or “not well or-
ganized” “to be covered all
in one year.” And the pro-
gram does /eﬂew/ on the J'fem@
and full comﬁéﬁon of the mate-
rial in every middle school
year, in order for the next
year to be successful.

The Level of Dedication

A teacher who is dedicated
to the we/ﬁéeinﬂ of the students
and who will sacrifice his/
her own desire to “shine on
the career ladder” to pro-
vide a robust math educa-
tion to the young charges.

A teacher who believes in
and is ;ﬂem@ to undertake and
follow the new curviculum close-
@; who is ready to face the
mathematical and cultural
difficulties that will inev-
itably arise in introducing
such a program.

XXVII



XXVIII

11. Can a U.S. Middle or High School be Successful
with this New Math Curriculum?

What kind of question is this?! Let us analyze
the situation as a mathematician would, putting
aside our own ambitions and de-politicizing math
education.

11.1. The U.S. Gene Pool

Of course, on the average, U.S. students can do
just as well as (if not better than) their Bulgarian
peers, and, for that matter, any peers around the
world. As far as the “gene pool” of the U.S. is con-
cerned, it is probably the best mixture in the world.

The cream of the crop among U.S. students have
performed at the top level and have occasionally
made the number 1 team in the world (!) at the
International Mathematical Olympiads (IMO)*,
the preeminent world math competition for pre-
college students that tests not speed but pﬁ;/ﬁfﬁ and
g@inﬂﬁ@ 0][ mathematical L‘ﬁz’n@'nﬂ.

The new math program emulates:

— T

the IMO a mature dedication

spirit of attitude to
deep and rich towards long-term
math culture | | mathematics goals

It is true that very few students will end up being
math Olympians, and we will not give false hopes
that the current program is training students for
the IMOs. However, the expectation is that:

Everyone who is touched by this program
will build a solid Temple of Mathematics,
where later, if desired, we may hang “fancy
chandeliers” and “brilliant art pieces.” More
importantly, the personal connection with
mathematics will remain all through life to be
enjoyed and cherished.

11.2. Can Girls Succeed in Math?

Upon coming to the U.S., I was shocked by
this question. I was raised in a provincial town
in Bulgaria and made it as a high school student
to two IMOs, winning silver medals. There was
another girl on the Bulgarian team for the 2 years
I was there.

It took the U.S. 25 years of participating at the
IMOs before the first U.S. girl, Melanie Wood, qual-
ified for the IMOs. I was privileged to train the U.S.
national team when Melanie competed at the IMOs,
also earning two silver medals. Later, I participated
in the training of the other two U.S. girls who went
on to win gold medals at the IMOs.

To cut the long story
short: anything is pos-
sible and ﬂem/er does not
matter as far as mathemat-
ical talent and success are
concerned,

Gender apparently does
matter in the social and
cultural aspects of educa-
tion. This in turn severely
handicaps many girls in
the U.S. who might oth-
erwise become excellent
mathematicians.

Decades after competing at the IMOs, I learned
that Bulgaria is the top country in the world in
sending more than 21 girls so far** to the IMOs.
Germany and Russia are next, with 19 and 15 girls,
respectively. The USA has only 3 girls so far.

Perhaps itis time for the U.S. e/umﬁom/;yxfem tofol-
low the exﬂmp/e of other [rrograms from around the world

that have been hugely successful in raising gen-

* The IMO takes place every summer in a different country. Each country’s team has 6 students. As opposed to standardized
tests, there are only 6 problems over 2 days, 4.5 hours each day. The solutions are written as rigorous mathematical proofs.
** See “Cross-Cultural Analysis of Students with Exceptional Talent in Mathematical Problem Solving” by Titu Andree-
scu, Joseph A. Gallian, and Jonathan M. Kane, http://www.ams.org/notices/200810/fea-gallian.pdf.



erations of women who are highly educated in
math and other STEM (Science, Technology,
Engineering and Mathematics) disciplines, and
who have been brought up to think of men and
women as intellectually equal.

11.3. The Needed Cultural Shift

The current middle school math program orig-
inating in Bulgaria necessitates a cultural shift in
the U.S. school community so that the program
can take root and yield results. For starters, the
school must make

math a f0ﬁ pm’o;ﬂ@ in its academic curriculum

and continue unwaveringly in its determination
to overturn the middle school math situation to
the huge benefit of its students.

11.4. Continuity of the Curriculum

It is most important and advantageous for
everyone that:

The same teacher continues with the
same students throughout middle school,
and then another teacher in high school.

The alternative has struck me as a very bad way
to organize middle (and high) school math edu-
cation. Indeed, when a person teaches the same
grade year after year he/she:

* gains no understanding of the “big picture”
of pre-college math education;

+ shares no responsibility for the continua-
tion of the program in the next grade (and a
lot of time will be wasted in the beginning
of each school year for the new teacher to
test and get attuned to the new students);

* has no incentive (or responsibility) for reach-
ing the final goals of the program.

Yes, I am acutely aware of the counterargument:

"9 do not want a bad math teacher to teach my kid

for all of widdle school. 9 would rather bite the hullet

of & had math teacher one  year, 50 48 to get the ﬂao&f

math teacher the other year.

In summary, many parents are (unwittingly)
willing for their kids to endure on the average
a mediocre middle school education. Can you
imagine what kind of damage the “bad” teacher
would do to the Temple of Mathematics during
that, hopefully, single year of “bad” math les-
sons? Would the next, “good” teacher have the
opportunity, or even the incentive, to rebuild the
Temple AND cover the new material on top of
that? Probably not.

This kind of “averaging math teaching” is an-
other major reason for the tremendous difficulties
in U.S. middle school math education. Z tzacher
must be an asset for math education: equally important
(if not more important) than the actual math cur-
riculum! And so, the truth must be spoken:

* a bad math teacher must be let go, to pre-
vent more irreversible damage to our kids;

 a good math teacher must be treasured and
given opportunities to further develop.

11.5. Local Support

There is no easy remedy and no miracle solu-
tion to math education problems anywhere
around the world. The new math Program will
need all the support it can get from parents and
students, in addition to teachers and adminis-
trators. The Program will depend on the school
community’s belief in it and commitment to it.

Approaching the end of the first pilot year,
here is what the Head of School shared, after
extensive observations and conversations with
pilot teachers, parents, and students:

"9 have onb heard GREAT commenhfs‘
about math uring and. aﬂer pmﬂenﬁfmc -
o conferences n March. 77?0/)/6 are uey
lensed with the direction fﬁznj& are going
with the Bu@mﬂmn curriculum. Weare ve?f
excifwf fo continue to grow the program nex
J ear!” Debra Massey
Former Head of Pilot School
Teﬁiyﬂﬁ Day Sehool, El Cerrito, CcA
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12. Within the Global U.S. Picture

At a sectional meeting of the Mathematical
Association of America (MAA) in 2014, I heard
a captivating presentation by Or. Zhil Daro, one
of the three principal writers of e Common Core
Mathematics Standards (CCSS-M). The talk ad-
dressed the biggest education problem in school
mathematics, on which the CCSS-M writing
team focused:

"The mile wide, inch p/ee/a " configuration
of the American school curriculum.

Consequently, Dr. Daro would ask any teacher:

“Are you teaching

Nathematics or Flm'wewéeffmﬂ \S’L‘m@iey?"
This question fully resonated with the educa-
tional philosophy with which I was brought up
back in Bulgaria. Dr. Daro explained that the
core change incorporated in the CCSS-M is:

A shiftin the foersprective
toward mathematics
taught in schools:

Less empﬁ//n’z}' on a ﬁﬂ//y~ % empﬁmfy on core
mented mullitude of Jpecia/ pm’nci/)[ey and foractic-
solution method, ejpecia@ es that uni@ and focus
tricks that ﬂUOlZ/MW/W‘/yIW mathematical fﬁinﬁiry,

mathematical, /am‘ncip[ey,

Dr. Daro assembled the major pieces of the gi-
gantic math education picture in the U.S.:

"Sfﬂm/m%’ can ﬁe[p solve this kind of
cwm’cwfwm architecture poblem, hut we a

][ﬂcb’ more p[efm[e;[ &Wid &[fﬁ%bfﬁl Cﬁﬂ[/ﬁi’lﬂﬁ)’

inls, assess an
of im’fmcﬁonm[ wmfe:ﬂmﬁ, assessment,

s well as the even more
rogram /esgn, as we :
P[/i%[icwff] area 0][ feacher preﬂamﬁon and

canﬁnm’nﬂ education.

Or. Phil Daro
A ?Vincipﬂf Witer

Common Core Nathematics Standards

Visually, the scheme below represents the levels
of change in the U.S. math education that are envi-
sioned by the CCSS-M writing team:

Teacher
Preparation
and Continuing
Education

!

Program
Design

Instructional
Materials

Assessment

~— 1

Standards
(e.g., CCSS-M)

At the time, I had no idea that I would soon
launch the translation, adaptation, and imple-
mentation effort of the present curriculum. In-
spired by Dr. Daro’s talk, I invited him to meet
the then-leaders of Tehiyah Day School in per-
son. Perhaps, not entirely by serendipity, this
meeting marked the path for the new math cur-
riculum: as it turned out, the new Bulgarian cur-
riculum matched the CCSS-M very closely.

During the 2016-2017 academic school year,
I spent a day every week working with the pilot
classes, training the pilot teachers, and learning
myself how to adapt the curriculum to the U.S.
reality. The instructional materials, program de-
sign, and assessment of the adapted math cur-
riculum for 6"-7" grades have been published,
and the adaptation of the 8" grade curriculum
is ready.

Coming full circle, two years after his memo-
rable MAA presentation, Dr. Daro reviewed the

U.S.-adapted version of our new math program
and assessed it as a

"Widdle and High School Math Wroﬂmm
that is iep@ ﬂ@nwf with
the Common Core Mathematics Standards”,




13. How to Work with
the 9A Materials

The 9A Textbook is for use in class as the main
source of material to be covered:

« The Texthook Emm/a/ey are the core of the
class discussion and work.

« The Texthook Exercises can be done in class
or assigned for homework.

o Answers fo all Exercises are in the back of the
textbook. Thus, writing only answers brings
no credit, while good reasoning and orga-
nized calculations may earn a lot of credit.

9A Workbook Part Il consists of Lesson Work-
sheets, identical to the textbook examples, with
spaces for writing solutions. These worksheets
are intended for classwork or for review at home.

9A Workbook Part |, or the 94 Problems Collec-
tion (PC), contains over 2,250 problems. The PC:

 will save the teacher time in searching for
more problems of various difficulty.

* can be used for independent work by the stu-
dent, to assign homework, to conduct tests,
and for practical work with applications.

The problems in the 9A PC correspond to each
chapter in the 9A Textbook, grouped in 3 levels:

Level A: For Everyone.

* Level A problems are for all students.
They will strengthen and extend the ba-
sic knowledge and skills needed to under-
stand the 9A material.

Level B: For Excellent Preparation

* Level B problems should be addressed by
any student who wishes to master the 9A
material and obtain excellent preparation
for future math courses.

€L Level C: For Math Contests

* Level C problems are intended for stu-
dents who wish to go beyond the 9A text-
book material and/or to prepare for math
contests. These problems will prove to be
significantly more challenging.

14. Biographical
Sketches

The idea for the Archimedes ?ué/iyﬁiry House
was conceived in 1982 when Professor Georgi
Paskalev collected all entrance exams given thus
far to Mathematics Departments in universities
across Bulgaria and wrote a book with their
solutions. The occasion was the upcoming exam
of his own son, who actively participated in the
preparation of the book. Until 2004, Professor
Georgi Paskalev continued to study the compet-
itive university entrance exams and published a
variety of preparation materials. These books
have enjoyed continual interest, large circula-
tions, and many editions.

In 1989 Professor Georgi Paskalev, together
with his wife Zdravka Paskaleva and their grown-
up children Plamen and Nadezhda, founded
publishing house “Georyi Paskale,” specializing
entirely in mathematics materials. Ten years later
Plamen Paskalev assembled a team of authors
and published a collection of tests to prepare for
admissions to high schools. This book became
the first publication of “rchimedes, " the successor
to ”éemyi Paskalev.” The new publishing house is
directed by Plamen Paskalev, and it still bases its
activities on the creative duo of Georgi Paska-
lev and Zdravka Paskaleva. During 1997-2004,
these two authors created a complete series of
math textbooks for 5"-12% grades, which set new
standards in the methodology of teaching math-
ematics and has ever since enjoyed popularity
in teaching circles around Bulgaria.

Over the years, Archimedes Publishing House
grew to include books in informatics, information
technology, and chemistry, as well as translated
academic and journalistic literature.

“Archimedes” is an active member of Asso-
ciation "Bu@mﬂmn Book" and an active participant
in the publishing conferences of the Union of
Mathematicians in Bulgaria. In 2010 the EMI"O/?MH
Council for Stientific and Cultural Community awarded
the “Golden Book " to “Archimedes” for its contri-
butions to the development of Bulgarian culture.
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771/'0][65'5'01/' G eorgi pﬂ%ﬂ/ev (1932-2004) taught
for many years at Sofia University. He co-founded
the Mathematics Department at Plovdiv University
(PU) and was the Vice Provost of PU (1970-1972)
and also a longtime Chair of the Departments of
Mathematics and Mechanics at PU and the Uni-
versity of Structural Engineering & Architecture
(USEA) in Sofia.

Professor Paskalev was known for his ability
to teach difficult math disciplines in a clear and
accessible manner. He published numerous re-
search papers in various areas of mathematics and
mechanics. He mentored many mathematicians
and authored more than 100 books, problems
collections, and textbooks in mathematics. In
2004 the Academic Council of PU named its au-
ditorium after him. Another auditorium at USEA
in Sofia is also named in his honor.

Z&/muéﬂ pﬂjﬁﬂfem (1938-2017) was a well-
known and experienced specialist in mathematics
and the methodology of mathematics, with 20 years
experience as a teacher in leading high schools
and 10 years as a leader in teachers’ education and
development, having observed and reviewed over
1,000 lessons by teachers at various schools. From
1985 until 2010 she was the head of the Education
Center "rchimedes”.

Myﬂ ;{/ﬂfﬁ@ received a degree in mathemat-
ics from Sofia University (SU), with a specialty in
elementary school education. She has taught math
for 40 years at all pre-college levels. As an affiliate
of SU, she has trained many future teachers. She
has participated in various education projects and
co-authored a number of popular textbooks, problem
collections, and other education materials for all
pre-college levels.

77/@;4467; pm'@/eu 1s an Assistant Professor of
Mathematics, author of dozens of scientific publica-
tions in mathematics and mechanics, collections and
guides for students, and articles on the challenges
in math education. He has taught at USEA, the
University of National and World Economy, and
the German Language High School in Sofia. He has
directed “Archimedes” since its creation in 1999. In
2004 he founded and has since chaired the Union of
Publishers of Texthooks & Curriculum Materialsin &f@ﬂﬂ'ﬁ.

pI/'O][t‘/’J‘J‘Oi" Zf/ez&/e/im \S‘)fﬂnﬁom (Zvezda)

was drawn into the world of mathematics when,
as a 5th grader, she joined the math circle at her
school in Bulgaria and, three months later, won
the Regional Math Olympiad. She represented
her home country at two nternational Mathematical
Ogmpim& (IMOs), earning silver medals.

As a freshwoman at Sofia University, Zvezda
won a competition to study in the U.S. and com-
pleted her undergraduate degree at Bryn Mawr
College in 1993. She did her first math research
in enumerative combinatorics at two summer
programs in Duluth, Minnesota. The resulting
papers contributed to her Afice 7. Schafer Prize for
Excellence in Mathematics by an Undergraduate
Woman, awarded by the Association for Women in
Mathematics. In 1997, Zvezda received a Ph.D.
from Harvard University, with a thesis on moduli
spaces of curves (in algebraic geometry). She also
earned a high school teaching certification in the
state of Massachusetts and later in California.

As a postdoctoral fellow at the Mathematical
Sciences Research Institute (MSRI) and UC
Berkeley in 1997-1999, Zvezda co-founded the
Bay Area Mathematical (7@7@1‘&1&/ and created the
ﬂgerﬁe@ Math Circle (BMC). She trained the USA
national team for the IMOs for six years, including
the memorable year of 2001 when three of the six
team members were BMCers and the USA tied
with Russia for second place in the world overall.
She worked at Mills College 1999-2016, and she
joined the faculty at UC Berkeley in 2016.

Zvezda’s inspiring style and passion to teach
were recognized by the Mathematical Association
of America (MAA): in 2004 she received the first
7-/emjy L. Alder Award for Distinguished Teaching
by a Beginning College or University Mathe-
matics Faculty Member. In 2011 MAA honored
her with the highest math teaching award in the
U.S., the Deborah and Franklin Teﬁﬁer Haimo Award
for Distinguished College or University Teachers
who are widely recognized as extraordinarily
successful and whose teaching effectiveness has
shown to have influence beyond their own institu-
tions. Zvezda was featured in the Salutes Program
of the ABC 7 News in spring 2011. In 2012, she was
listed in Princeton Review's ~200 Best Professors,”



In fall 2015 she introduced a new middle
school math program at Tehiyah Day School
in El Cerrito, CA, and in fall 2016 she founded
the “Math Taught the Right Way” program for
middle and high school students at UC Berkeley.
Both programs are based on this textbook series.

Zvezda’s most enduring passion remains
working at the BMC with young students mo-
tivated to discover new mathematical wonders.
She spends a lot of time with her girl and boy,
studying foreign languages and playing the pi-
ano with them, and teaching them mathematics
in the “Bulgarian” way.

7_0144 (/Qiée graduated from San Francisco
State College in 1968. He taught in the Oakland
Unified School District from 1970 until he retired
in 2003. He now volunteers at Oakland High
School three days a week. He served as the high
school liaison for BMC and BAMO until 2009.

Tom has been fascinated by giants of math-
ematical thought such as Archimedes, Euler, and
Gauss, and has shared their works at the BMC
sessions on a number of occasions: using the
arbelos from the Book af Lemmas by Archimedes;
showing Euler’s solution to the Rase/ Problem;
and demonstrating Gauss’s proof from Disquisi-
fiones Arithmeticae that a 17-gon is constructible. It is
Archimedes’ /lever, on which he “balanced” his
Mass Point article in Volume T of “A Decad of the
Berkeley Math Circle - the American Ex/veﬁence. “For
a number of years, Tom also ran a math circle
at Oakland High.

Tom has been involved as a coach and director
of the Zast Bay Mathletss, a monthly competition
among local high schools since 1978. In 1983, he
helped found in Oakland a middle school math
competition, All-Star Mathletzs. Among his other
interests are the game of go, opera, chamber
music, languages, and the writings of James 7@06.

This series of textbooks has tremendously
benefited from Tom’s unsurpassed expertise in
U.S. pre-college mathematics and from his gen-
erous and unbounded enthusiasm for new and
sound ways to teach mathematics to youngsters.

Stankova's and Rike's bio sketches are partially taken from
“A Decade of The Berkeley Math Circle,” AMS/ MSRI’s
Math Circles Library.

ﬁ;ﬂ. 7<e/ﬁ 7;/&15'@: has been a student and

teacher of mathematics nearly all her life, starting
with frequently volunteering to write the prob-
lem of the day in fifth grade. Her mathematics
education really took off in her years as a student
and later a counselor at the Honors Summer Math
Camp (for high school students) at Texas State
University. She spent two summers working
on original mathematics research at the Quluth
Summer Y%jmm for undergraduates. After com-
pleting her degree at Texas A&M University in
2002, Kelli spent two years teaching at Lowell
High School in San Francisco.

She later returned to graduate school at the
University of Michigan and received her Ph.D.
in 2010, with a thesis in algebraic combinatorics.
Kelli was an NSF Postdoctoral Fellow at UC
Berkeley from 2010-2013, and returned to UC
Berkeley as a lecturer in 2015, after starting her
tutoring and enrichment business, chofaw Math.

Kelli relishes the chance to work with students
of all ages and to expose students to the idea that
mathematics involves not just algorithms and
memorization, but also incredibly rich opportu-
nities to experiment and to look for patterns and
connections. She has been involved with the
Berée@ Math Circle since 2015 and has also had
the opportunity to teach at the Sants Cruz Math
Circle and at E/m’ﬁm Camp.

Kelli really enjoys hands-on math explo-
rations, including logic puzzles, geometric
constructions, and paper cutting and folding
activities. Outside of math, Kelli is an avid
scuba diver and loves to talk about fascinating
ocean critters.

ﬁl". NOV’W) pméup joined the faculty at Col-
ege Preparatory School in Oakland, CA in 2003.
He has been the MTRW Geometry instructor
for the 8A-9A groups. He graduated from Cor-
nell University and received his Ph.D. from the
University of Rhode Island at Kingston, studying
nonlinear difference equations that model two-
stage “healthy-infected” populations, suggested
by epidemiologists. He has taught math ever
since, working with students from grade 6 through
college and covering a wide range of subjects,
from algebra to ordinary differential equations.
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E }/75’6’3 Wiﬁ'om E ﬂa/f, although always
fond of and interested in mathematics, spent most
of her early schooling years studying literature
and world languages. Strong encouragement by
her grandfathers and her parents' provision of
practical education in woodworking, repair, and
agriculture led her to apply for study in college
as a mechanical engineer. As an undergraduate at
UC Berkeley she was exposed to real mathematics
for the first time. She immediately applied for a
change in degree to mathematics major and was
soon spending full days in the math/stats library
in Evans Hall in UCB campus.

After graduating with her BA in 2013, she
remembered the patience and skill of her Russian
and Polish instructors with gratitude and looked
for opportunities to share their mathematical taste
with others. She built on her years of after-school
tutoring as a teenager and started working with
the Beginners' group at the Berée/ey Math Circle's
Summer Program in 2016. Subsequently she has
taught 6™ grade algebra and both 6™ grade and
7™ grade problem-solving with MTRW; at BMC,
she has taught Beginners I and II and Interme-
diate I groups. Although she likes to share any
kind of elegant proof or surprising result, she is
especially fond of classical geometry, topology,
and analysis: her favorite lessons with BMC in-
volve repeating decimal expansions and limits,
the combinatorics of 4™-dimensional objects,
and graph theory. A quote by Elysée regarding
the Bulgarian Math Program appears earlier in
this chapter.

For several years since the fall of 2016, she
also worked with Bentley Upper School, a private
high school in Lafayette, where she used the Bul-
garian textbooks to teach Honors Geometry and
enjoyed tying school topics to their applications
in practical living. She is now headed for a new
exciting job at the Urban School of San Francisco,
where she will be teaching an imiuhy%me/ curvic~
ulum to high school students as a way to stimulate
their creativity and problem-solving abilities.

When not learning more mathematics or
teaching her students, she still translates poems
and walks in the mountains.

15. Math Taught
the Right Way

In addition to running the Tehiyah Day School
math program on this textbook series for 3 years,
we continued the weekly program “Math Taught
the Right Way” (MTRW) for a 3" year, extending
the Berkeley Math Circle (BMC) at UC Berkeley.

In spring 2019, MTRW had an enrollment
of about 130 students from 72 schools and 27
towns in the extended San Francisco Bay Area.
The four program groups were selected by age
and proficiency in the previous groups. As in
the spirit of the BMC, younger, more advanced
students were promoted to higher groups. The
spring groups were named 6B, 7B, 8B, and 9B.

6B Group: Instructor:
© 68 ﬂ@eém Roy Zhao
6B Geomet Harry Main-Luu
6B Problem So/uinj Elena Blanter

7B Group:
- 78 Fl@eém Elena Blanter

Harry Main-Luu

- 78 Qeomeﬁﬂy
Elysée W.-Egolf

- 78 DProblem Soﬁ/iry
8B Group:

- 88 F(@eém Kelli Talaska

- 88 Geomef@ Norm Prokup

- 8B Proofs Elysée W.-Egolf
9B Group:

- 98 Zl@eém Kelli Talaska

+ 98 Geameﬁy Norm Prokup

Zvezdelina Stankova

* 9B Proofs
In the 15 weekly 3-hour sessions in spring 2019:

The 68  grouf) covered all of the 6B curriculum,
plus some 7B Geometry of Polyhedra. 6B Prob-
lem Solving concentrated on the Common Frac-
tions problems and math contests.

7B ﬂ@eém covered Integer Expressions and
Algebra on Polynomials. 78 Geomelry studied
Foundations of Geometry, Congruent Triangles,
and Euclidean Constructions. 773 Problem Soﬁ/i@
worked its way through Bulgarian Math Con-
tests for 6"-7" grades, learning about modular
arithmetic, the pigeonhole principle, set theory,
angle chasing and others.



8B F@eém covered Square Roots, Quadratic
Equations, and Vieta's Formulas. 8B Geomef@
covered Vectors, Operations, Midsegments,and
Centroids. 8B ?roé/emd’oﬁ/inﬂ was based on Ra-
tional Expressions from the 8B curriculum and
Chapters 5-6 on Proofs and Induction from “A
Decade of The Berkeley Math Circle - the Amer-
ican Experience,” vol. 1, edited by Stankova and
Rike, as well math contests for 8"-9" grades on
Parity, Tiling, Divisibility, and Irrationality.

98 ﬂ@eém reviewed Linear Systems and
moved onto Systems of Degree 2 Equations. 9=
Geometry covered Similar Triangles and Metric
Relations. R Proofs finished Circles and Poly-
gons from the 9A curriculum and and studied
Inversion in the Plane from “A Decade of the
Berkeley Math Circle - the American Experience,”
vol. I-1I, edited by Stankova and Rike.

16. BMC Summer Program

The Berkeley Math Circle Summer Program
2019 can be viewed as a third component of
the MTRW Program, which completes the 6%-9t
grade curriculum, as well as some math circle
topics. Here is the list of faculty who taught at
the BMC Summer Program in 2019:

¢ Chris Overton, Ph.D., Ayasdi
* Elena Blanter, M.A., MTRW
* Elizabeth Wang, UCB undergraduate

» Elysée Wilson-Egolf, B.A. UCB, Urban
School of San Francisco

* Espen Slettnes, BMC

* Hai Main-Luu, BA in Math, UCB

 Kelli Talaska, Ph.D., UC Berkeley

* Laura Pierson, Harvard, BMC alumna

» Matyas Sustik, Ph.D., WalmartLabs

+ Nikhil Sahoo, UC Berkeley, undergraduate
» Norm Prokup, Ph.D., College Prep, Oakland
* Paul Zeitz, Ph.D., USF, Proof School

* Pratima Karpe, M.A., BMC

* Quan Lam, Ph.D., Office UC President

* Roy Zhao, UCB grad. Student, MTRW

» Zvezdelina Stankova, Ph.D., UC Berkeley

In the 10 daily 3-hour sessions in summer 2019,
the four program groups covered the following:

The ﬂfymnm grouf (with Hai Main-Luu, Ele-
na Blanter, Elizabeth Yang, and Elysée Wil-
son-Egolf) applied a problems-based approach
to survey the 6B Chapters 6-10, using almost
entirely the 6B Workbooks.

Intermediate T F@eém class covered 7B Model-
ing and Applications of Equations with Kelli
Talaska. Norm Prokup led the group in Geome-
ﬁy through 7B Euclidean Constructions and 8A
Geometric Inequalities. Elysée Wilson-Egolf
taught the students the structure of mathematics
and proofs, targeting Problem Soﬁ/inﬂ techniques
through 6"-7" grade math contests.

Intermediate IT Fl@eém tlass covered 8B Combi-
natorics and 9A Classical Probability with Kelli
Talaska. Norm Prokup led the group in Geom-
ez‘;ﬂy through 9B Trigonometric Functions of an
Acute Angle. In Math Circles sessions, the students
learned about

* Gaussian Integers w/ Laura Pierson;

* Number Theory w/ Matyas Sustik;

* Generating Functions w/ Paul Zeitz,

» Compass Constructions w/ Hai Main-Luu;

* Geometry Applications w/ Zvezda Stankova.

The F{&ﬁmnce&/jmup worked hard and was chal-
lenged on the following topics:

* Group Theory w/ Quan Lam;

» Graph Theory w/ Espen Slettnes;

* Number Theory w/ Matyas Sustik;

* Modular Arithmetic w/ Roy Zhao;

* Polya Enumeration w/ Paul Zeitz;

» (lassification of Surfaces w/ Nikhil Sahoo;

* Compactness: Behavior Modification for
Unruly Spaces w/ Chris Overton;

 Inversion in the Plane w/ Zvezda Stankova;
* School-Choice Mechanism w/ Pratima Karpe;
» Compass Constructions w/ Hai Main-Luu.

Attending the Summer Program were 133
students from 84 schools in 40 towns, coming
from 6 states/countries around the world.
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10. PROPERTIES OF QUADRATIC FUNCTIONS:
INCREASE AND DECREASE, MINIMA AND
MAXIMA

EXAMPLE 1 Draw the graphs of the functions:

a)y=%x2+4x+6; b)y:—%x2+4x—1.
Solution:
1. We find the vertex of the parabola: 1. We find the vertex of the parabola:
X, == o1 4 X, g 2,(_l) 4
2 , V(=4,-2). 2 (4,7,

yv:%(—4)2+4~(—4)+6=—2 yv=—%~42+4'4—1=7
2. We find two more points 4 and B on the 2. We find two more points 4 and B on the

parabola. parabola.

xAsz_2:_6’ xAsz—2=2,

¥, :%(—6)2+4-(—6)+6:0, A(-6, 0); yAz—%-22+4-2—1=5, A2, 5);

x,=x,+2=-2,y,=y,=0,B(-2,0). x,=x,+2=6, y,=y, =5, B(6,5).

3. We draw the parabola. 3. We draw the parabola
i 7 1
i 5 )
4 | B _ L
-6\ —4 -2 [0 «x i §
A -2 | i
14 0 2 4 6

\x

slopes downward” since

Increase and decrease of a function

2 <

On the interval (—oo, 0), the graph of the function y = x
the value of the function decreases as the input increases.

On the interval (0, +0), the graph of the function y =x* “slopes upward” since the
value of the function increases as the input increases.

D10 The function y = f'(x) is called increasing on an interval if for any two values of x,
and x, on this interval such that x <x,, itis true that f(x ) <f(x,).
The function y = f(x) is called decreasing on an interval if for any two values of x,
and x, on this interval such that x <x,, itis true that f(x ) > f(x,).

is decreasing on the interval (—o0, 0),

: — 2 . .
Thus, the function y =%, D: x€ (~o0, +o0) | i increasing on the interval (0, +o0).
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When a > 0:

Properties of a quadratic function

We will consider some properties of the function y = ax? + bx + ¢, a # 0.

Leta > 0.

Consider the function in Example 1a,
y=f(x) :%xz +4x+6.

From its graph, we notice that the function

decreases on the interval (—oo, —4) and in-
creases on the interval (—4, +o).

Leta <.

Consider the function in Example 1b,
y=f(x) :—%x2 +4x-1.

From its graph, we notice that the function

increases on the interval (—oo, —4) and de-
creases on the interval (-4, +o0).

The properties of the functions and their graphs in the examples above are true for
any quadratic function y=ax?>+bx + ¢, a #0.

a<0

a>0 o4 yA
V
1; 0O x

" 2a

4
0 b x
2a
When a <0:

Property 1. The graph of the function is
a parabola.

Property 2. The function is:

e decreasing on the interval (—oo, —L);

2a
e increasing on the interval (—%ﬁoo).
Property 3. The function has a smallest
value, which is attained at x = —2%1, and

it has no largest value.

Property 1. The graph of the function is
a parabola.

Property 2. The function is:

e increasing on the interval (—00,—%);
b

e decreasing on the interval (—2—, + oo).
a

Property 3. The function has a largest

value, which is attained at x = —i, and

2a
it has no smallest value.

EXERCISES

Find the largest value of the function y and the value of x for which it is obtained:

1.y=—x*+4;
4.y =—x"+8x;

2.y=—x*—4x+5;
5.y=—4x"-4x+9;

3.y=—x*+6x—6;
6.y=—9x"+30x—11.

Find the smallest value of the function y and the value of x for which it is obtained:

7.y=x>-2x+09;
10. y = 4x* + 20x + 23;

8.y=x*—28x;
11. y =36x* — 180x + 209;

9.y=9%+12x-5;
12.y=4x>—12x - 1.

Find the intervals over which function y increases or decreases:

13.y=—x*+09;
16.y = x?+ 6x;

14. y = 2x* — 4x;
17.y=2x>-8x+ 7,

15.y=—x*+2x + 6;
18. y=—3x?+30x - 7.
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25. SOLVING SYSTEMS OF EQUATIONS OF
DEGREE 2 WITH TWO UNKNOWNS. EXERCISES

X2 +2xy — 3 =0
x* +y*— 10y =0.

EXAMPLE 1 Solve the system

Solution:
We factor the expression x? + 2xy — 3)7:
X+ 2xy—3P=x>—xy+3xy - 3> =x(x —y) + 3y(x —y) = (x —y)(x + 3p).

We arrive at the system | (x —y)(x + 3y)=0

xX2+y*—10y=0,
which is equivalent to the union of the following two systems:
x—-y=0->y=x x+3y=0—>x=-3y
xX*+y*—10y=0 xX*+y*—10y=0
y=x x=-3y
x2_5x:O—)x1:0,x2:5 yz_y:O—)ySZO’ y4:1
x=0 U x,=5 x,=0 v x,=-3
yl:O y2:5 y3:0 y4:1

Answer: The solutions to the given system are (0, 0), (5, 5), and (-3, 1).

D19 An equation of the type ax* + bxy + ¢y*= 0, where at least one of the numbers a,
b, and c is different from zero, is called a homogeneous equation of degree 2 with
two unknowns.

A homogeneous equation is satisfied by the pair x = 0 and y = 0. This solution is called
the zero solution of the homogeneous equation. Any other solution in which at least
one of x and y is not zero is called a non-zero solution of the homogeneous equation.

T11 After dividing a homogeneous equation by )? (or by x?), we obtain a quadratic

equation with respect to % (or pd
x

m A system with at least one homogeneous equation is called homogeneous.

X*+xy—2=0
xy+x—y=1.

EXAMPLE 2 Solve the homogeneous system

Solution:
We check that the pair (0, 0) is not a solution to the system.
We divide the two sides of the first equation by y* (y # 0) and we obtain the equation

2
(1j +X_2=0, which is quadratic with respect to < .
y y y
We set % = u and solve the equation u* +u —2 =0.

We obtain u, = 1 and u, = -2; i.e.,l =land < =-2.
y y
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The given system is equivalent to the union of the following two systems.

x=y x=-2y

xy+x—y=1 xy+x—y=1

xX=y X=—2y

y=l-oy=1Ly=-1 2y2+3y+1=0—>y3=—1,y4=_%
x=1 v |x,=-1 x,=2 v [x,=1

y=1 y,= -1 yy==1 y4=_%

Answer: The solutions to the given system are (1, 1), (-1, -1), (2,-1), and (1, —%) .

EXAMPLE 3

X+xy+ =17
4x*— xy—4y*=-14.

Solve the system

Solution:
The system does not contain a homogeneous equation, but the expressions con-
taining the variables are homogeneous. To obtain a homogeneous equation, we
multiply the first equation by 2 and then add the two equations term by term:
6x* +xy—2y=0
X +xy+ =71

X4+xy+ =17 27+ 2xy+ 2y =14
4x* — xy—4y*=-14 4x* — xy—4y*=-14
We check that the pair (0, 0) is not a solution to the system, and we divide the first
equation by )? (v # 0). 5
We arrive at the system: 6(%) + % -2=0

X+xy+y*="1.
We set & =y, to arrive at the equation 612 + u — 2 = 0, from which we obtain u =

|'2<:> +<:>

o=

- =L v=2v) and %:—% (3x =-2).

The given system is equivalent to the union of the following two systems:

2 .
andu,= —7;le., X
y

—2y=3x—>y:—3

Answer: The solutions to the given system are (1, 2), (-1, -2), (2, -3), and (-2, 3).

y =2x X

X+ xy+y=17 X+ xy+y=17

y =2x y=—%x

¥=1l->x=1x=-1 5
X=4>x=2,x,=-2

X, = v lx,= -1 x,=2 v |x,=-2

=2 Y, =2 y,==3 V=3

EXERCISES  Solve the systems:
1. {x*=3xy+2y" =0 3. |x*—4y* =9 5. |x*+xy=15
x*+y>—4y=0; xy+2y° =18; xy+ > =10;
2. |2x3 +5xy-18y2 =0 4. |5x*+xy—) =-1 6. | x> +xy=6
xy+y° =12; 4 +xy—y* =-2; ¥ +xy=3.
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39. VECTORS AND OPERATIONS

N
A vector is a segment whose endpoints are ordered; e.g., 4AB.

Dy end Elements: 4
<

A
beginning "~ A __ . /
o /15‘-- Collinear ~_»

Pairs: -

0 N

Operations with vectors
e Sum of vectors

beginning A o AZ - 6
direction A — B Zero vector: W\ -
length | AB | |AA|=0

uni-directional: AB T OM

counter-directional: AB T4 ON

equal: 07\/ = P@ (07\/ ™ PZQ, |07V| = P@ b

opposite: ON =—OM (ON TLOM, |ON|=|0M])
PO=-0OM

C B T24 Two vectors with a common Igeginging are added
by the parallelogram rule: O4+ OC = OB.
Adding more vectors: Ojal +A§ +Bz’ = O%.
L 11

0) A
e Difference of vectors

Two vectors with a common beginning are subtracted
by the triangle rule: OA-O0C = C74; 1.e.,CA=0A4-0OC.

e Product of a vector with a number

a a
u=2d u=-2a

a and 2a are collinear, a and —24 are collinear AB=—BA
k O,ATT% ul=|2 Zl) k<0, 3T~LZZ,|ZZ|=|—2H3| pd — -
>0, alTu,lul=[2|a| AB+BA=AA=0

IPE (o+Pd=oi+Pu gy any numbers AB (asasum) = 40 + OB

a(u+v)=au+av aand Bgnd BT AB (as a difference) — OB —034,
a(Bu)=(ap)u, vectors u and v. where O is any point in the plane.
a+0=a ;+(—2):6 a+b=b+a a—a=0

T26 Collinear vectors and points: OA4 =

k OB if and only if points O, A, and B lie on one line.

T27 Vectors and midpoints: For any segment 4B and points O and M in the plane,
O}\)J = %(O_)A+ OB) if and only if point M is the midpoint of AB.
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EXAMPLE 1 Prove that the midpoints of the segments whose endpoints are midpoints of the opposite
sides in an arbitrary quadrilateral coincide.

C Proof:

D We denote the midpoints of sides AB, BC, CD, and DA by N, Q,
M, and P, respectively. Let S, and S, be the midpoints of PQ and MN,
respectively. We choose an arbitrary point O in the plane. Then

p 08, = %(074 00) = %B(O?H ob)+ %(079+ 02*)} -
_ %(0?4+ OB+ 0C+OD).
B
A O N Analogously, OS, = %(O_}H OB+0C+0D) = 08 =08, = S, =8,.

EXAMPLE 2 In quadrilateral ABCD, M and N are the midpoints of sides 4B and CD, respectively, and
Pi is the mldpomt of MN Point Q, inside ABCD, satisfies the following vector equality:
Q —(AB + AD+ AC ). Prove that points A4, P, and Q lie on one line.

N C Proof: Points 4, P, and Q will lie on one line if AP kAQ.
y 0 AP —(AM AN)——BAB+§(AD+ AC)}
S AP —(AB+ AD+ AC), AB+ AD+ AC=44P (1)
AQ:—(AB+ AD+ AC), AB+ AD+ AC=340 (2
A M B From (1) and (2) we obtain 44P = 3AQ,,1e AP——AQ ie.,
A, P, and Q lie on one line.
EXERCISES 1. Draw arhombus ABCD and construct 5. In A4BC, 4,, B, and C| are the mid-

vectors AM and CN equal to vector
DB. Prove that AMNC is a rectangle.

2. Point S divides segment AB into two
partssothat AS=12 cm and SB=42 cm.
If O is any point not lying on 4B, ex-
press OS in terms of OA4 and OB.

3. Points L, M, and N on sides BC, CA,
and AB of AABC are such that BL : LC
=1:3,CM:MA=2:5,and AN ; NB
=3:2. Express LM MN and, NL in
terms of vectors CA = @ and CB=b.

4.Let M and N be the midpoints of

sides AB and CD of quadrilateral
ABCD. If § is the midpoint of MN,
and 01 1s an arbltrary pomt  prove that

:—(0A+ OB+ 0C+ OD)

points of sides BC, AC, and AB. Prove
that segments CC, and 4 B, have a
common midpoint.

6. In AABC, prove that AB+BC+CA=0.
Is the converse statement below also
true?

“If ; Fyv+w= 6 then there ex1sts some

trlangleABC 1nwhlchAB u, BC= v,
and CA=w.

7. Consider A4BC. Prove that there exists
a triangle whose sides are equal and
parallel to the medians of AABC.

(Hint: The median-vectors of AABC are
Ad, = %(Af? +AC), BB, = %(334 + BO),
and C_él = %(C74+ C_)B). Use Exercise 6.)
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EXAMPLE 1

EXAMPLE 2

EXAMPLE 3

THE METHOD OF INTERVALS. EXERCISES

Solve the inequality 2x }13 >1.
X

Solution:

>1 in the form

We rewrite the 1nequa11ty ‘113

2x* 13 2x2—13—x"+4 -9 (x+3)(x-3)
2~ 120 >0 X >0 227 1>,
x4 x'—4 x’—4 (x+2)(x-2)
g ¥ ¥ 3 ¥ — ¥ + >

-3 —2 2 3 x
Answer: x € (-0, 3] U (-2,2) U [3, +x0)

Solve the system of inequalities | x* —25x > 0
2

X =6
x=7
Solution:
1. We rewrite the system in the form
x(x+5)(x-5)>0 — I — + ]
(x+6)x=6) _ ~ 0 5 X
x=7 - — VA R + >
—J/6 V6 7
2. We find the common —7\
solutions to the two v/_ [ 4 o -
inequalities. 5 —J6 0 J6 5 7 X
Answer: x € (—5, — \/E} (s, 7)
Solve the inequality 3 > 4

x> —4x+3 x*-5x+4

Solution:
3 _ 4 3 _ 4
x*—4x+3 x2—5x+420c>(x—1)(x—3) (x—l)(x—4)20
3(x—4)—-4(x-3) —X
(x=D(x=3)(x—-4) 20= (x=D(x=3)(x—4) 20 -(=D
X
S EonE ) —d =
+ — + — + _
0 1 3 4 X

Answer: x € [0, 1)U (3, 4)



EXAMPLE 4 golve the inequality < j <1.

Solution:

x —4 X —4-x"+4 X’ (x-1)
= -10—F—<0& —————-X<
x*—4 0 x> —4 0 (x+2)(x—2) 0

— + + = +

O

-2 0 1 2 X
Answer: x € (—0,2) U {0} U[1,2)

»
>

EXAMPLE 5 A motorboat must travel from port 4 to port B and back in no more than 3 h. What
should the motorboat's speed (in calm waters) be if the speed of the current of the
river is 5 km/h, the distance between 4 and B is 28 km, and the boat rests at port B
for 40 min?

Solution:
1. We denote by x the motorboat's speed in calm waters, AV: x > 5.
ThenV . =x+5km/h, and V, =x—5 km/h.
with the curren against the current
2. We make a table: 3. The relationship is
S (km) V (kII]./h) t (h) tw/ cur. + tagainst cur. + tbreak < 3
with 28 28 28, 20 28 +z <3
current 28 x+5 x+5 x+5 x-5 3
X —x” +24x+ 25 .
current -5
(x=25)(x+1) >0
(x+5)(x-5)
4. We solve the inequality using the method of intervals.
+ X - N + N - Y + |
=5 -1 5 25 X
5. We take into account that AV: x > 5.
-5 -1 5 25 X
Answer: The speed of the motorboat must be at least 25 km/h.
EXERCISES Solve the inequalities:

X x> —4x-5"" x=5"x-3’
x—4_4.
2 3 7 6. 5x +x=3 . 9. (x=2)" (x~ 5)
3. Ix=5 5 x> -3x—-4 (x+3)(x+7) :
> X
x+1
a 1 < 1. 7. x2—13x+6< . 10. w
" x-3 " 2x’ x> —4x+3 (x+9)(x=1)*
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89.

PROBABILITY OF THE SUM OF
INTERSECTING EVENTS

EXAMPLE 1 Using the figure, express the following probabilities in terms of a, b, ¢ and d:

a) P(A); b) P(B); p B
¢) P(4 N B); d) P(4 v B);
e) P(4) + P(B) — P(4 N B). e
. d
Solution: 5 5
- a+b . __ b+c .
2) P(A)_a+b+c+d’ b) P(B) a+b+c+d’
b . __atb+c
2 P(AGB)_a+b+c+d’ 4 PAVB) a+b+c+d’
b+c b

e) P(4)+P(B)- P(ANB)=—39+0

a+b+c+d a+b+c+d a+b+c+d

__a+b+c
a+b+c+d

=P(AUB).

EXAMPLE 2 We have a deck of 52 cards. We randomly draw one of them. Represent graphically
the set of all elementary outcomes and find the probability that the card drawn is:

a) 6 or a King;

Solution: a) 4

0000000000000

2345678910 QKA
A = {the card is a 6}

* B = {the card is a King (K)}

c AnB=Y

* AU B = {the card is 6 or a King}

_4_1. _ 4 _ 1.

— P(ANB)=0; P(AUB)zs%:%;

= P(AUB)=P(A)+ P(B).

b) 6 or hearts.

2345678910 QKA
A = {the card is 6}
* B = {the card is hearts (¥)}
A M B = {the card is 6 of hearts (6¥)}
* AU B = {the card is 6 or hearts}

- P(A)=%; P(B)=£;

= P(AmB):SLz; P(AuB):%;
= P(AUB)=P(A)+P(B)-P(ANB).

Events 4 and B are called compatible (overlapping) when they can occur at the
same time or together; i.e., if AN B = .

T10 If the events 4 and B are compatible, then the probability of their union is the sum
of the probabilities of these events minus the probability of their intersection; i.e.,

P(4 U B) = P(4) + P(B) — P(A N B).

178



EXAMPLE 3 We simultaneously roll a fair coin and a die. Represent graphically the set of all el-
ementary outcomes and find the probability that the die will show 5 or the coin will

Solution:

show tails.
Coin

heads| ¢ ¢ ¢+ o R _ . . _ l
ails |t A = {the coin shows tails} = P(4) = 5

' 123456 Die * Bz{thedieShOWSS}SP(B):é.

* A N B = {the coin shows tails and the die show 5},

:P(AmB):%.

* A U B = {the coin shows tails or the die shows 5, or both},

— P(AUB)=P(A)+P(B)-P(ANB)

- P(AuB)=%+l—L:l

6 12 12°

EXAMPLE 4 We roll two fair dice. Find the probability that at least one die shows 3.

Solution:
die 1 . A= {die 1 shows 3}, P(A)z%.
61—+ 4+ |
S5+ * B = {die 2 shows 3}, P(B):%.
44— 1 1 o
ST L TTT « 40 B={both dice show 3}, P(AmB):%.
14— 1
* AU B = {die 1 shows 3 or die 2 shows 3, or both show 3}.
123456
die 2 — P(AUB) = P(A4)+ P(B)—P(ANB).
1.1 1 _11
= PAVB) =+ 673673
EXERCISES 1. We have a deck of 52 cards. Without 3. We have a deck of 52 cards. Without

looking, we draw one of them. Represent
graphically the set of all elementary out-
comes and find the probability the card
drawn is diamonds or an Ace.

2. We have a deck of 32 cards. Without
looking, we draw one of them. Represent
graphically the set of all elementary out-
comes and find the probability the card
drawn is red or a face card.

looking, we draw one of them. Represent
graphically the set of all elementary out-
comes and find the probability the card
drawn is black or 5.

4. We roll two fair dice. Find the proba-
bility that at least one die shows a num-
ber divisible by 3.

5. We roll two fair dice. Find the proba-
bility that at least one die shows an even
number.

179



