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According to Smith and Mikami, the development of Japanese
mathematics could be divided into 6 periods:

(Note: other scholars divided the timeline in different ways)

® Earliest Period: Before 552

® Second Period: 552 — 1600

® Third Period: 1600 — 1675

® Fourth Period: 1675 — 17735

e Fifth Period: 1775 — 1868

® Sixth Period: After 1868

Other scholars divide the timeline differently, e.g.

o JEJEA H (1843-1915) CRHAHE Y

o JRRJFEAN =K (1881-1946) <HIGH] H AU Y
o MK, IREER CHIEIEREY

o IR CLFRFPIAG S R 2013.



Chronological list of events:
e Awakening Period: 1st — 7th centuries

Mathematics from Ancient China indirectly by way of Korea
Asuka period &SI 592 — 710
Empress Suiko i 15 K & (554-628) and Prince Shotoku EE {2 K +(572-621)
Horyu-ji 75[&ESF or Horya Gakumonji &% 55 was founded in 607
First Official Contacts with China Z[&/& / 38 FHE, 645 KAbLFHr.
In 701, Emperor Monbu X i K & establish a university system, nine Chinese
mathematics books were recognised
e Chou-pei (J&#), Sun-tsu ({2F), Liu-chang (75 %), San-kai Chung-cha (= H
7£), Wu-tsao (1. 1), Hai-tao (8 5), Chiu-szu (JL7]) , Chiu-Chang (J{ %), Chui-
She (Z&1ir).
Nara Period Z3 H R : 710 — 794. «FEELS-E45%» 718, « ZEE A SFEMy 733.
Heian Period 22 : 794 — 1185
Kamakura Period g8 % : 1185 — 1333
Samurai Governments’ Period: 1192 — 1573 / Civil War Period: 1467 — 1602
e In the late 16th century (1592-1598), Toyotomi Hideyoshi % [ 357 (1537-1598)
invaded the Korean ijf} peninsula and brought back to Japan the Korean’s
version of the Chinese mathematics books « BELEGSE» | KGR .
e The Chinese versions of «ZEELEIZZ» (1299) and < EEEE:» (1275) were already

lost in China at the time [ & 7% R B 2 & Tk
Edo Period 71 I3 or Tokugawa period ({1 54t : 1603 — 1867
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Thanks Professor Xiaojun Chen
for her comments earlier,
and subsequently,
this page was added.

go-dama A%
ichi-dama — %

early from China —hEREA
around 1850 — L PR A

1893 (H¥3264F) PUJIZ5 =RF PRty 6-E-B5k

big argument — PUBREEE (F—H1]Y)
KIE FEAD HREACHT DY 2K Gw base 16, for certain things, was only adopted in China
EERY E3E ACIE 134F (1924) (for example, 1)J7- = 16F{),

B AT S EEZBREBE but not in Japan, thus, no real need to keep 5 beads below.
1781 ¥ 3 & Mitsugi Nyui, and others, proposed to remove one bead

N

FHE THIES L) (ZkT4E (1781))
TCHARAEN s BB TRk HEZBRAMANE > W HHE TR N2k > SCEMADE > #HRE b2 SR MAE - FIbH BRI B2k > FIUBREIA .. - J



Just before entering into
The Edo Period (F1%5. wasan)

The book Suanfa Tongzong 147 5% was written by
Cheng Dawei (1533 — 1606, BAfY) (B2 1) in 1592.
A concise version of the book
Suanfa Zuanyao (A compendium of calculating methods) 8825
was also written by Cheng in 1598.

Mori Kambei / Mori Shigeyoshi &4 S / BFI|EFE translated the book Suanfa Zuanyao
into Japanese, and was also writing and teaching about the use of soroban.

The story has it that Mori was sent by Toyotomi Hideyoshi % 13575 to China (/X)) to bring the
mathematics/computational knowledge back to Japan (before Toyotomi invaded Korea).

Smith and Mikami argued that, Mori may not have been to China,
and doubtful about the account of Mori’s journey mentioned in

Sampo Tamatebako F1 5881 T F45 written by Fukuda Riken £& H P HT in 1879.



Edo period iT. 7 # 4t or Tokugawa period ({5 )1 i:4%) 1603 - 1867

(F1%4 wasan)

Mori Kambei / Mori Shigeyoshi 4| ey / BH| EHH{E
Yoshida Mitsuyoshi 3 H%&H (1598 — 1672)
Imamura Tomoaki 4~} £
Muramatsu Shigekiyo #1445 1E (1608 — 1695)

Araki Murahide FE KA (1640—1718)
Seki Takakazu [# 24401 (1642 — 1708)
Takebe Kataaki 3 3FEHH (1661 — 1716)
Takebe Katahiro 3l E 54 (1664 —1739)
Matsunaga Yoshisuke #4 7k K 5 (1690 — ?)

1587FEEFH NS
REHL  BITEH -
15974 T—+XEAM
B4 6 BEH
T 3 FHAEH L
17 ZEREREERIGH
B ATER -

Sakoku $5 &

1633FE 1R S -
RiEESEMMIMNER
M - FEFEEILEM
ERRRENIRIS - BA
BERNERRENXE
B R ETES
HIME - ERREYE
BT BES EISLAERT FT
X& -

LtEsh » ZEIETHER MBS
FMUERHAARE

Kurushima Yoshihiro A B E K/ AEEZN (? — 1757) (from the Dutch)

Arima Yoriyuki A F#EfE (1714 - 1783)
Fujita Sadasuke JiH H& (BEHE &) (1734 — 1807)
Ajima Naonobu ZZ 5 B (1732 — 1798)

Aida Yasuaki & H 2208 (1747 — 1817)
Shin'ichi Kawabe JI|#&{Z—

Fujita Kagen i H 3% 5 (1765 — 1821)

Wada Yenzo Nei £ H 2 (1787 — 1840)

Rangaku &2
around 1720

1808 B34 £ H AR 2L
RBEER R (SETASR S
HMS Phaeton 1782)

Modern Period (3% yosan)

° Hojo Tokiyuki Jb5& AR (1858 — 1929)
o Teiji Takagi Teiji Takagi /= /K H V4 (1875 — 1960)

o Mikami Yoshio = _EF&F (1875 -1950)

18545 EfEH
James Biddle 1512
RENMEEREIKE
BT S E A S
(BN 5P
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Seki Takakazu [3 2470

or
3R By A0
(1642 — 1708)
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Pictures from the reference:
Eberhard Knobloch ¢ Hikosaburo Komatsu * Dun Liu, Seki, Founder of Modern Mathematics in Japan. A Commemoration on His Tercentenary,2013.

Mathematical Methods for Exploring Subtle Points [#§ /{25 1% Hatsubi Sampo]
Compendium of Mathematics [ 2555 7% Katsuyo Sampo]
Complete Book of Mathematics [ K i Z. & Taisei Sankei]

fek, Koo Bufr, 55 R #E vk, BRI (Let x be ... algebra)

[E|# (arc-length, area of 2D regions, volume of 3D objects, mathematical analysis)
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Three circles with radius ry, 72 and r3 are inscribed within a circle as shown,
and each one 1s tangent to the other two, and to the original circle with radius rq

The total area of the space inside the circumscribing circle and outside the three

circles is 120 square units FJ5 4.

The diameters of the two smaller circles are equal, so ra =rs
and each is 5 units ~J" less than the diameter of the larger one.

Find the diameters of the circles. 1% = 60~
1EHE = 3600 FE A ~F



Since the two smaller circles are of the same size, they both have radius rs.

Note that 1F=6/, and 1/X=10~]". Hence, 12F=607]".
Therefore, 1°F-77 7 =3600 ~F- 7177

Thus, the space inside the circumscribing circle and outside the three circles can

be written as 7r§ — 7r? — wr3 — 73 = 120 x 3600 in *f-J7 5" units, or

(s

Moreover, the diameters of each of the two smaller circles is 5 units 3] less than
the diameter of the larger one. Thus,

2r1 = 2ro+5

n ﬂ“ units.



Kissing Circles Theorem

Apollonius circle packing Problem,
(Descartes-Soddy Circle Theorem) :

Apollonius of Perga (240 BC —190 BC)

Rene Descartes (1596-1650)

Princess Elizabeth of Bohemia (1618-1680)

Seki Takakazu [ Z£F1 (1642-1708)

Jakob Steiner (1796—1863) Steiner’s Chain Porism

Philip Beecroft (1818-1862) duel circles, published in Lady's
and Gentleman'’s diary in 1842

e Frederick Soddy (1877-1956) (Nobel laureate for Chemistry in
1921)

Let ry, ro and r3 be radius of blue circles 'y, (', and ('3, that they touched
each other tangentially. There are two red circles (the big outer circle, and the
small inner circle). The theorem says that, ry (radius of red circles) satisfy the

following
1 1 1  1)\° 1 1 1 1
<—+ + - i) = 2<—2+—2+—2+—2)-
1,.1 /’-2 7:3 ,',-O (’-2 ,',03 I’IO

(if 7o is the radius of the outer circle, the choice of the 4 sign should be —)



For Students who know how to use CoCalc to numerically solve for this Kissing Circles
problem stated in {8 ;% Hatsubi Sampo F[E|fZZEP9—R
(Decrates-Soddy Circle Theorem)

Kernel: SageMath 9.5 https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/kissingCircles.ipynb

https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/kissingCircles.pdf

In [1]: # CoCalc code to numerically solve for this Kissing Circles problem
# stated in ZE{MEA Hatsubi Sampo FEfEZEPY—RS
var('r0 rl r2')

Out[l]: (r0, rl, r2)

In [2]: eql=(r0)"2-(rl)"2-(r2)"2==RR(120*3600/pi)

In [3]: eq2=2*rl==2*r2+5

In [4]: eq3=(1/rl+1/r2+1/r2-1/r0)"2==2%(1/(xrl)"2+1/(xr2)"2+1/(xr2)"2+1/(x0)"2)
In [5]: solns=solve([eql,eq2,eq3],r0,rl,r2)

In [6]: # how many sets of solutions
len(solns)

Out[6]: 6

In [7]: # which set is real solutions for r0>=0, rl1>=0 and r2>=0.
soln=tuple(i for i in range(len(solns)) if (solns[i][0].rhs()>=0)and(solns[1i]
[1].rhs()>=0)and(solns[i][2].rhs()>=0))[0]

In [8]: # the only real solution set for r0>=0, rl1>=0 and r2>=0.
show(solns[soln])

8]:
ouelel [ro = 492.1816443594646, 7 = 230.0837696335078, 7y = 227.5837563451777]



A page of Digression:

Just a few more words on Kissing Circles:

Coxeter, H. S. M. gave a version of the proof in The Presidential address delivered to The Canadian Mathematical Congress at

The joint meeting with the Mathematical Association of America in Toronto in August 28, 1967.

https://www.cambridge.org/core/services/aop-cambridge-core/content/view/A16EF894E64D18EB7DCD16799E668536/
S0008439500056162a.pdf/problem_of_apollonius1.pdf

There are other beautiful web pages online about the proof, e.g.
https://euler.genepeer.com/from-herons-formula-to-descartes-circle-theorem

Descartes-Soddy can also be written in quadratic form:

1 1 1 1
Let kg = —, ky = —, ko = —, k3 = —. These are known as curvatures.
o r1 ra r3
Then, Descartes-Soddy
2
1 1 1 1 1 1 1 1
— =+ -4 —) 2(m+5+5+=5) = 0
ro T1 To T3 re Ty T35 T3

can be expressed as

1 1 1 11T ko- A= 2 (multiplicity 1)
ko kv ke k]| 7 Ty ) gl (] = O
111 1 ks




FEEHE X Katsuyo Sampo

1 £AR =10000 F5%
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(RAIELR) by BAZH seki Takakazu , EIZPEHR Takebe Kataakira, and ZEESES5A Takebe Katahiro
KA 48 Taisei Sankei, published in 1710 (after Seki Takakazu’s death in 1708).



A problem listed in KAEFEAL Taisei Sankei, Chapter 16
(page 35).

Suppose the side of the square is 1, and inscribed in it
an equilateral triangle with one vertex on the corner of
the square. Let z, and y be defined as in the diagram,
and s be the side of the triangle.

Yy X

Thus, we have 3 equations 3 unknowns:

2 4+1% =
y2 +y2 — g2
r+y = L

oy
g,

B{St

| BB D O%

=g

=%

|1 O O Of a3



Again, for those who know how to use CoCalc to numerically solve for this problem

https://www.polyu.edu.hk/ama/profile’hwlee/AMA1D01C/TaiseiSankeiChapteri6Page35.ipynb

https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/TaiseiSankeiChapteri6Page35.pdf
Kernel: SageMath 9.5

In [1]: # CoCalc code to numerically solve for this problem listed in
# KAEL Taisei Sankei, Chapter 16, page 35
var('x y s')

out[1l]: (x, y, S)

In [2]: eql=x"2+1==s"2

In [3]: eq2=2*y"2==s5"2

In [4]: eq3=x+y==

In [5]: solns=solve([eql,eq2,eq3],x,y,s)

In [6]: # how many sets of solutions
len(solns)

out[6]: 4
In [7]: # which set is real solutions for x>=0, y>=0 and s>=0.

soln=tuple(i for i in range(len(solns)) if (solns[i][0].rhs()>=0)and(solns[i]
[1].rhs()>=0)and(solns[i][2].rhs()>=0))[0]

In [8]: # the only real solution set for x>=0, y>=0 and s>=0.
show(solns[soln])

Oout[8]:
x:—\/§+2,y:\/§—1,s:2\/—\/§+2\

In [9]: # the numerical value of s is given by
show(RR(solns[soln][2].rhs()))

Out[9]: 1.03527618041008



In 1722, Takebe Katahiro ##H{E 54 (1664 - 1739 AD) (a student of Seki Takakazu [# 2441 ) has
published his famous work Tetsujutsu Sankei %&fly 4. 4%.

[Takebe Katahiro was the mathematician commissioned by General Tokugawa Yoshimune 7% )|
T 5% to cartograph the map « HASZE4&E» from 1719 to 1723, one of the significant symbol
of the Kyoho Reforms Z{RHHE .

In Chapter 12 of Tetsujutsu Sankei, the square of half the arc with
sagitta h in a circle of diameter d was considered, that is

o 2 5
‘ f(h) = (%) = | d sin™! \/g

iz dbB
H

Takebe wasu éalﬁng this quantity the definite half back arc squared & 5. A set of procedures

was then presented in the book to give arbitrarily close numerical approximations to the value
(square of arc-sine). Essentially, it was a power series. Rewriting the result using modern notation,

we have
0 22n+1(n!)2 A\"
h)=dh<1 —
f(h) +; (2n + 2)! (d)

n=

Takebe’s result was 15 years earlier than that of Euler’s.
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Note: To see why the definite half back arc squared ZE>}:75 %% has the arcsine squared form:

Let /BCE = @.

By Proposition 20 of Euclid Elements
(also known as Inscribed Angle Theorem),
L{BCE = [BAFE = 0.

By symmetry, /BAC = /(BAE = 0.

Also, by Proposition 20 of Euclid Elements,
LBOC =2/BAC = 20.

Since AB is the diameter passing through the
center O, thus, by Thales’s theorem ZACB is

a right angle.

Consider the right-angled triangle AABC where C is the right angle, thus, we

_ BC BC .
have sin(f) = 1B - d Or, BC = dsin(#).
Consider the right-angled triangle ABCD where D is the right angle, thus, we
BD h h
have sin(#) = = . Or, BC = .
ave sin(6) = 5= = g5+ On sin(0)
! h
Combining the two results, we have BC' = dsin(f) = m Therefore, sin” (0) = I

!
We can rewrite it as, # = sin™* (\/g) .



The ratio between the length of the red arc
8 5/2
— to the circumference is L, and the ratio

s
between the angle of the sector to the whole

.. 20 ,
revolution is o The two ratios are the same,
7y

therefore, ; = dfl.

; Thus, the definite half-back arc squared is given
, 2
L7 8\2 . —1 fh
------- - by (5) — (dSlll ( E)) .

By rearranging, we have

2
o o —1 ﬁ
PR - L2 - £ (( ,)) (S‘“ \/3))
2 — — —]

ECTE AT hd

Let z = %, we thus define g(z) to be

glz) =



Again, you might like to check with CoCalc on the Maclaurin series

In [1]: g(x)=arcsin(sqrt(x))"2/x

show(g)
Out[1]: .
'_)a.rcsm(\z)
x
In [2]: show(limit(diff(g,x,1),x=0)/factorial(l))
Out[2]:
2 X
3
In [3]: show(limit(diff(g,x,2),x=0)/factorial(2))
Out[3]:
2 S
45
In [4]: show(limit(diff(g,x,3),x=0)/factorial(3))
Out[4]:
..
35
In [5]: show(limit(diff(g,x,4),x=0)/factorial(4))
Out[5]: 198
T— —
1575
In [6]: show(limit(diff(g,x,5),x=0)/factorial(5))
Out[6]: 198
[ —
2079

In [7]: #alternatively, we can find the maclaurin / taylor series in one go
show(taylor(g(x),x,0,8))

71
et 32768 ., 256 , 1024 , 128 . 128 , 4 . 8 , 1 .
984555 © 6435~  21021° 2079° T 1575° 35 T4 T3




https://www.polyu.edu.hk/ama/profile’hwlee/AMA1D01C/TakebeCoCalc.ipynb
https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/TakebeCoCalc.pdf

In [8]: pO=plot(limit(g(x),x=0),x,0,1)
pl=plot(taylor(g(x),x,0,1),x,0,1)
p2=plot(taylor(g(x),x,0,2),x,0,1)
p3=plot(taylor(g(x),x,0,3),x,0,1)
p4=plot(taylor(g(x),x,0,4),x,0,1)
p5=plot(taylor(g(x),x,0,5),x,0,1)
pé=plot(taylor(g(x),x,0,6),x,0,1)
pg=plot(g(x),x,0,1,rgbcolor="red")
p0+pl+p2+p3+pd+p5+pb+pg

Out[8]: _
2.4 1
2.2
2.0 -
1.8 -
1.6 -
1.4 -

1.2 —

1.0 1

0.0 0.2 0.4 0.6 0.8 1.0



Kurushima Yoshihiro A £ .%qjaj( | ZEEEN (2 — 1757)
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Again, for those who might like to check with CoCalc

https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/KurushimaYoshihiro.ipynb
https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/KurushimaYoshihiro.pdf

Kernel: SageMath 9.5

In [7]: Asub3243=matrix([[a32,a33],[a42,a43]])

In [1]: var('all al2 al3 al4 a2l a22 a23 a24 a3l a32 a33 a34 a4l a42 a43 show (Asub3243)
a44')
A=matrix([[all,al2,al3,al4],[a2l,a22,a23,a24],[a31l,a32,a33,a34], Oout[7]: a a
[a41,a42,a43,a44]]) 32 933 )
show(A) Qg2 Q43
Out[1l]: a o o o
e e In [8]: Asubl223=matrix([[al2,al3],[a22,a23]])
a1 Az G an show(Asub1223)
as1 asg2 a3 asq ontrs
u H
aq1 Q42 Q43 Q44 (8] a2 a3
az2 Q23
In [2]: Asubll22=matrix([[all,al2],[a21,a22]])
show(Asubl122) In [9]: Asub3l4d=matrix([[a3l,a34],[a4l,add]])
Oout[2]: show(Asub3144)
ap;;  ap out[9]
u :
a1 G asy  asq
Q41 Q44
In [3]: Asub3344=matrix([[a33,a34],[a43,a44]])
show(Asub3344) In [10]: Asubl224=matrix([[al2,ald],[a22,a24]])
out[3]: show(Asubl224)
az3 Qasq outi10
a43 Q44 ut[10]: ay; ay
azz Q24
In [4]: Asubll23=matrix([[all,al3],[a21,a23]])
show(Asubl123) In [11]: Asub3143=matrix([[a3l,a33],[adl,ad3]])
Out[4]: show(Asub3143)
a;;  as
az  as Oout[1l1]:

asy ass
aq41 Q43

In [5]: Asub3244=matrix([[a32,a34],[a42,ad44]])

show(Asub3244) In [12]: Asubl324=matrix([[al3,ald],[a23,a24]])
Out[5]: show(Asubl324)
azz Qs34 5
G Gu out[12]: s an
a3 Qa4
In [6]: Asubll24=matrix([[all,al4],[a21,a24]])
show(Asubl124) In [13]: Asub3142=matrix([[a31,a32],[a4l,ad2]])

show(Asub3142)

out[6]:
a;; Gy
az  ag Oout[13]:

az; Qs
Q41 Qg2
In [14]): allKy=expand(det(Asubll22)*det(Asub3344)-det(Asubll23)*det(Asub3244)+det(Asubll24)*det(Asub3243)+det(Asubl223)*det(Asub3144)-det(Asubl224)*det(Asub3143)+det(Asubl324)*det(Asub3142))

In [15]: bool(allKY==det(A))

Oout[15]: True
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which were placed as offerings at Shinto shrines or Buddhist temples

during the Edo perio

n
4+
Qo
o)

©
4+

c

)
o

@)

o

=

c

@)

7))

S

)

P .

]

)
L
)

| -

@)

%))

S
O
O

o

| .

o
'©
O

| —
)

)

S

@)

)

(@]

)

7))

o

-

®

o

©
-

% D¥cES-©

ikt |

ViotedE s ¥ // =
23#.3m0|rhh.m“.m¥l¢ _EMH.IU

ﬂ.m




e P 2R 4

1847

i
.m
HIT
5
IS




S B S e Rl |

RIS E daemkHE T LA e

fENRERE, i
BRI T i ]
g HAXKEHENC R + DEEFRE
N & ERANEEELF
TR m oI Y
SRR - e

R + | =Nk
D 5 AHEE, CEAEEN ZRES m@é

?k%\;ﬁ@&@.aﬂ BE ! Rk

problem originally proposed by
& M{=Bj Hotta Nisuke (1745-1829) in 1788

2=

E

Fujita Kagen

-
Q,
N
Q
~
QO
=
>
aq
B
O
2 §
=2
_m.S
o)
5 s
IS
G
o, X
£ 5
hl
ZRS
Ay
%m
I S
=S
\#TM



O

D - - c ey
N (Decrates-Soddy Circle Theorem) m‘ﬁf‘? ng{?;?\
olloni . / J4S -
pollonian gasket Leibniz packing é\) 6 °o v m\?} 1
A 11 ), ‘{3 5 6 /@A\
a2 (2§ 11 1

0 Pyt A»\Q —L\

\».,\

o)
oy e 7- Q‘J Sk
,é?/ (38 T o4 \@(27\
fe Q/1 5 @8’ g0)
N/ Ao

et

@) ‘
¢ Yo
o} {15), g
\z/27 jo) éﬁ,(,?f‘-u ‘:,(__3‘8> 7
7 18 A QQ\ 38)
O N ]
")39}/ 3 /% T Q’ 7
g 11} & 23Y P A 18
! 23 PPy .
- g ol <11
%’30) ’ V \ /
hC | [ P
ﬂ\ B BHPG
AN ,.,/’ﬁ‘\\\ ;_)Q
ey 5
g @as) 14 Yo
e > TP~ o
P A\Y&« (O Q\i?ﬁ /@ 14 zasjy
A A e O A
SO LA, T Pr-Co
“ ﬁ/ ‘%\
‘z':i’"_“f

/ v»‘ﬂ?/
4 i \
A B
() s pd
QJ%\ 4 \ P A
(b ,/ﬁ_fm ) A
e ™ '
%4 T V.@y‘f’”‘“\j«
\'Y;i?/ ‘o XWV <7y

\ ’ i

N A 4 /

‘\,ig?’ < ;E:b_ < Q/
\\( p A /}v'
ol A 4
d\"di}»\ [A{\ :XP’/
Lo, 4{23. L



Again, for those who might like to use CoCalc to find Apollonius Circles
Kernel: SageMath 9.5

In [1]: from collections import namedtuple

import math

Circle = namedtuple( 'Circle', 'x, y, r')

def solveApollonius(cl, c2, c3, sl, s2, s3):
x1, yvl, rl = cl
X2, y2, r2 = c2
x3, y3, r3 = c3
vll = 2%*x2 - 2*x1
vli2 = 2%y2 - 2%yl

vl3 = x1*x1 - x2*xX2 + yl*yl - y2*y2 - rl*rl + r2*r2
vlid = 2%g2*%r2 - 2%gl*rl
v21l = 2*x3 - 2*%x2
v22 = 2%y3 - 2%y2
v23 = X2*X2 - X3*X3 + y2*y2 - y3*y3 - r2*r2 + r3*r3
v24 = 2%g3*%r3 - 2%*g2%r2
wl2 = v12/vll
wl3 = v13/vll
wld = v1d/vll
w22 = v22/v21-wl2
w23 = v23/v21-wl3
w24 = v24/v21-wld
= -w23/w22
= w24/w22 https://rosettacode.org/wiki/Problem_of_Apollonius#Python
= -wl2*P-wl3

wld - wl2*Q
= N*N + Q*Q - 1
= 2*M*N - 2*N*x1 + 2%P*Q - 2*Q*yl + 2*sl*rl
= x1*x1 + M*M - 2*M*x1 + P*P + yl*yl - 2*P*yl - rl*rl
Find a root of a quadratic equation. This requires the circle
centers not to be e.g. colinear

D = b*b-4*a*c

rs (-b-math.sqrt(D))/(2*a)

Xs = M+N*rs

ys = P+Q*rs

return Circle(xs, ys, rs)

0 0O =2=20WW
I



https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/ApolloniusCircles.ipynb

https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/ApolloniusCircles.pdf

3 initial circles (blue)

in this case, generate
8 Apollonius Circles



Or, you might like to use CoCalc to try to get a plot of Apollonius Gasket

https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/ApolloniusGasket.ipynb
https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/ApolloniusGasket.pdf

| just stopped
at 14 circles.

You might like
to carry on.

Or, you might like to use Google Colab / python (jupyter notebook)

https://www.polyu.edu.hk/ama/profile’hwlee/AMA1D01C/apolloniusColab.ipynb
https://www.polyu.edu.hk/ama/profile/hwlee/AMA1D01C/apolloniusColab.pdf

| just stopped
at 29 circles.

You might like
to carry on.




Another page of Digression:

Just a few more words on Kissing Spheres:
The Impossibility of the 13th Kissing Sphere

Newton and Gregory (a record of discussion in 1694)
Conway and Sloane (1993)

Bender (1874)

Hoppe (1874)

Gunther (1875)

Schiitte and van der Waerden (1953)
Leech (1956).

—

-0.25

| use GEKKO and the 3D plot function in pythonezs

The code can be found in the link below, 100
you are welcome to try it / modify it yourself

https://www.polyu.edu.hk/ama/profile/hwlee/GEKKO-MISER/TwelvePointsOnSphere.pdf




