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PROBLEMS FOR JUNIORS 

JP.601 If 𝒂, 𝒃, 𝒄 > 0 and 𝝀 ≥ 𝟎 then: 

(𝝀 + 𝟏)∑
𝒂𝟐

𝒃 + 𝝀𝒄
+ 𝟐√𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟑(𝒂 + 𝒃 + 𝒄) 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

We use 𝒑𝒒𝒓 Method. We denote 𝒑 = 𝒂 + 𝒃 + 𝒄; 𝒒 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 𝒓 = 𝒂𝒃𝒄. 

Due to homogeneity we can assume 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 

We obtain 

∑
𝒂𝟐

𝒃 + 𝝀𝒄
=∑

𝒂𝟑

𝒂(𝒃 + 𝝀𝒄)
≥

𝑯𝒐𝒍𝒅𝒆𝒓 (∑𝒂)𝟑

𝟑∑𝒂(𝒃 + 𝝀𝒄)
=

𝒑𝟑

𝟑 ⋅ (𝝀 + 𝟏)∑𝒃𝒄
=

𝒑𝟑

𝟑(𝝀 + 𝟏)𝒒
= 

=
𝒑𝟑

𝟑(𝝀 + 𝟏) ⋅ 𝟑
=

𝒑𝟑

𝟗(𝝀 + 𝟏)
. 

It suffices to prove that: 

(𝝀 + 𝟏) ⋅
𝒑𝟑

𝟗(𝝀 + 𝟏)
+ 𝟐√𝟑 ⋅ 𝟑 ≥ 𝟑𝒑 ⇔

𝒑𝟑

𝟗
+ 𝟔 ≥ 𝟑𝒑 ⇔ 𝒑𝟑 − 𝟐𝟕𝒑 + 𝟓𝟒 ≥ 𝟎 ⇔ 

⇔ (𝒑 − 𝟑)𝟐(𝒑 + 𝟔) ≥ 𝟎. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄. 

Note: For 𝝀 = 𝟏 we obtain the propose problem by Nguyen Viet Hung in Pure Inequalities 

3/2022: If 𝒂, 𝒃, 𝒄 > 0 then 

∑
𝒂𝟐

𝒃 + 𝒄
+ √𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥

𝟑

𝟐
(𝒂 + 𝒃 + 𝒄) 

Nguyen Viet Hung – Vietnam  

Solution 2 by Soumava Chakraborty=Kolkata-India 

(𝛌 + 𝟏)∑
𝒂𝟐

𝐛 + 𝛌𝐜
𝐜𝐲𝐜

+ 𝟐√𝟑∑𝒂𝐛

𝐜𝐲𝐜

= (𝛌 + 𝟏)∑
𝒂𝟑

𝒂𝐛 + 𝛌𝐜𝒂
𝐜𝐲𝐜

+ 𝟐√𝟑∑𝒂𝐛

𝐜𝐲𝐜
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≥
𝐇𝐨𝒍𝐝𝐞𝐫

(𝛌 + 𝟏).
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟑(𝛌 + 𝟏)∑ 𝒂𝐛𝐜𝐲𝐜
+ 𝟐√𝟑∑𝒂𝐛

𝐜𝐲𝐜

=
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟑∑ 𝒂𝐛𝐜𝐲𝐜
+ √𝟑∑𝒂𝐛

𝐜𝐲𝐜

+ √𝟑∑𝒂𝐛

𝐜𝐲𝐜

 

≥
𝐀𝐌−𝐆𝐌

𝟑. √
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟑∑ 𝒂𝐛𝐜𝐲𝐜
√𝟑∑𝒂𝐛

𝐜𝐲𝐜

. √𝟑∑𝒂𝐛

𝐜𝐲𝐜

𝟑

= 𝟑∑𝒂

𝐜𝐲𝐜

 

∴ (𝛌 + 𝟏)∑
𝒂𝟐

𝐛 + 𝛌𝐜
𝐜𝐲𝐜

+ 𝟐√𝟑(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) ≥ 𝟑(𝒂 + 𝐛 + 𝐜) ∀ 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝛌 ≥ 𝟎, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

JP.602 If 𝒂, 𝒃, 𝒄 > 0 and 𝝀 ≥ 𝟎 then: 

𝟐∑
𝒂𝟑

𝒃 + 𝝀𝒄
+
𝝀 + 𝟏

𝟐
∑𝒃𝒄 ≥ 𝟐∑𝒂𝟐 

Proposed by Marin Chirciu – Romania  
Solution 1 by proposer 
Using means inequality, we have: 

𝟐𝒂𝟑

𝒃 + 𝝀𝒄
+
𝒂(𝒃 + 𝝀𝒄)

𝟐
≥ 𝟐√

𝟐𝒂𝟑

𝒃 + 𝝀𝒄
⋅
𝒂(𝒃 + 𝝀𝒄)

𝟐
= 𝟐𝒂𝟐, 

with equality for 
𝟐𝒂𝟑

𝒃+𝝀𝒄
=
𝒂(𝒃+𝝀𝒄)

𝟐
⇔ 𝟐𝒂 = 𝒃 + 𝝀𝒄. 

Writing the other analogs inequalities and summing we obtain: 

𝟐∑
𝒂𝟑

𝒃 + 𝝀𝒄
+∑

𝒂(𝒃 + 𝝀𝒄)

𝟐
≥ 𝟐∑𝒂𝟐 ⇔ 𝟐∑

𝒂𝟑

𝒃 + 𝝀𝒄
+
𝝀 + 𝟏

𝟐
∑𝒃𝒄 ≥ 𝟐∑𝒂𝟐 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 and 𝝀 = 𝟏. 
 

Solution 2 by Omkumar Rao-India 

∑
𝒂𝟑

𝒃 + 𝝀𝒄
𝒄𝒚𝒄

=∑
𝒂𝟒

𝒂𝒃 + 𝝀𝒂𝒄
𝒄𝒚𝒄

 

𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 

∑
𝒂𝟒

𝒂𝒃 + 𝝀𝒂𝒄
𝒄𝒚𝒄

≥
(∑𝒂𝟐)𝟐

𝝀∑𝒂𝒃 + ∑𝒂𝒃
 

𝟐∑
𝒂𝟑

𝒃 + 𝝀𝒄
𝒄𝒚𝒄

≥ 𝟐
(∑𝒂𝟐)𝟐

(𝝀 + 𝟏)∑𝒂𝒃
 

𝟐∑
𝒂𝟑

𝒃 + 𝝀𝒄
𝒄𝒚𝒄

+
𝝀 + 𝟏

𝟐
∑𝒂𝒃 ≥ 𝟐

(∑𝒂𝟐)𝟐

(𝝀 + 𝟏)∑𝒂𝒃
+
𝝀 + 𝟏

𝟐
∑𝒂𝒃 

𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 𝑨𝑴 − 𝑮𝑴 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒐𝒏 𝑹𝑯𝑺: 
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𝟐
(∑𝒂𝟐)𝟐

(𝝀 + 𝟏)∑𝒂𝒃
+
𝝀 + 𝟏

𝟐
∑𝒂𝒃 ≥ 𝟐√

𝟐(∑𝒂𝟐)𝟐

(𝝀 + 𝟏)∑𝒂𝒃
 
𝝀 + 𝟏

𝟐
∑𝒂𝒃 

 

𝟐∑
𝒂𝟑

𝒃 + 𝝀𝒄
𝒄𝒚𝒄

+
𝝀 + 𝟏

𝟐
∑𝒂𝒃 ≥ 𝟐∑𝒂𝟐 

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝑳𝑯𝑺 ≥ 𝟐∑𝒂𝟐 = 𝑹𝑯𝑺 

JP.603 If 𝒂, 𝒃, 𝒄 > 0 then: 

𝟐(𝒂𝒂 + 𝒃𝒃 + 𝒄𝒄) ≥ 𝒂𝒃 + 𝒂𝒄 + 𝒃𝒂 + 𝒃𝒄 + 𝒄𝒂 + 𝒄𝒃 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

Lemma: If 𝒂, 𝒃 > 0 then: 

𝒂𝒂 + 𝒃𝒃 ≥ 𝒂𝒃 + 𝒃𝒂     (1) 

Proof: 

WLOG: 𝒂 ≥ 𝒃 ⇒ 𝐥𝐧𝒂 ≥ 𝐥𝐧𝒃 

(𝒂, 𝒃); (𝐥𝐧𝒂 , 𝐥𝐧𝒃) are similarly ordered. By rearrangement’s inequality: 

𝒂 𝐥𝐧 𝒂 + 𝒃 𝐥𝐧𝒃 ≥ 𝒂 𝐥𝐧 𝒃 + 𝒃 𝐥𝐧 𝒂 

Let be 𝒇: ℝ → ℝ; 𝒇(𝒙) = 𝒆𝒙, 𝒇′(𝒙) = 𝒆𝒙; 𝒇′′(𝒙) = 𝒆𝒙 > 0 ⇒ 𝑓  convexe 

By Karamata’s inequality: 

𝒆𝒂 𝐥𝐧 𝒂 + 𝒆𝒃 𝐥𝐧 𝒃 ≥ 𝒆𝒂 𝐥𝐧 𝒃 + 𝒆𝒃 𝐥𝐧 𝒂 

𝒂𝒂 + 𝒃𝒃 ≥ 𝒂𝒃 + 𝒃𝒂 

Back to the problem. By (1): 

𝒂𝒂 + 𝒃𝒃 ≥ 𝒂𝒃 + 𝒃𝒂 

𝒃𝒃 + 𝒄𝒄 ≥ 𝒃𝒄 + 𝒄𝒃     (2) 

𝒄𝒄 + 𝒂𝒂 ≥ 𝒂𝒄 + 𝒄𝒂    (3) 

By adding (1); (2); (3): 

𝟐(𝒂𝒂 + 𝒃𝒃 + 𝒄𝒄) ≥ 𝒂𝒃 + 𝒂𝒄 + 𝒃𝒂 + 𝒃𝒄 + 𝒃𝒂 + 𝒄𝒃 + 𝒄𝒂 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

∀ 𝒙 > 0, 𝒙𝒙 ≥
?
𝒙 ⇔ 𝒙. 𝐥𝐧 𝒙 ≥

?
𝐥𝐧 𝒙 ⇔ (𝐥𝐧 𝒙)(𝒙 − 𝟏) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∀ 𝒙 ∈ (𝟎, 𝟏) 

𝒂𝐧𝐝 𝒂𝒍𝐬𝐨 𝐭𝐫𝐮𝐞 ∀ 𝒙 ≥ 𝟏 ∵ 𝐥𝐧𝒙 ≥ 𝟎 𝒂𝐧𝐝 𝒙 − 𝟏 ≥ 𝟎 ∴ 𝒙𝒙 ≥ 𝒙 ∀ 𝒙 > 0 →①  
𝐖𝐞 𝐩𝐫𝐨𝐯𝐞 ∶ 𝒂𝒂 + 𝐛𝐛 ≥ 𝒂𝐛 + 𝐛𝒂 ∀ 𝒂, 𝐛 > 0 𝑎𝐧𝐝 𝐢𝐟 𝒂 = 𝐛 = 𝟏, 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 
= 𝟎 𝒂𝐧𝐝 𝐢𝐟 𝐞𝒙𝒂𝐜𝐭𝒍𝐲 𝐨𝐧𝐞 𝐯𝒂𝐫𝐢𝒂𝐛𝒍𝐞 = 𝟏 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟏, 𝐭𝐡𝐞𝐧 

𝐫𝐞𝐦𝒂𝐢𝐧𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐛𝐛 ≥
?
𝐛 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 ①;𝐰𝐞 𝐧𝐨𝐰 𝐝𝐢𝐯𝐞 𝐢𝐧𝐭𝐨 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 ∶ 

𝐂𝒂𝐬𝐞 𝟏  𝒂 ≥ 𝐛 > 1 𝑜𝑟 𝑏 > 1 > 𝑎 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂𝒂 + 𝐛𝐛 ≥
?
𝒂𝐛 + 𝐛𝒂 

⇔ 𝐛𝒂−𝐛. ((
𝒂

𝐛
)
𝒂

− 𝟏) ≥
?
⏟
(∗)

(
𝒂

𝐛
)
𝐛

− 𝟏;𝐍𝐨𝐰, (𝒂 − 𝐛) 𝒂𝐧𝐝 (𝐥𝐧𝒂 − 𝐥𝐧𝐛) 𝐡𝒂𝐯𝐞 𝐬𝒂𝐦𝐞 𝐬𝐢𝐠𝐧 

∴ (𝒂 − 𝐛) (𝐥𝐧
𝒂

𝐛
) ≥ 𝟎 ⇒ 𝒂(𝐥𝐧

𝒂

𝐛
) ≥ 𝐛(𝐥𝐧

𝒂

𝐛
) ⇒ (

𝒂

𝐛
)
𝒂

≥ (
𝒂

𝐛
)
𝐛

 

(∵ 𝐥𝐧 𝐢𝐬 𝒂𝐧 ↑  𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧) ⇒ 𝐛𝒂−𝐛. ((
𝒂

𝐛
)
𝒂

− 𝟏) ≥ 𝐛𝒂−𝐛. ((
𝒂

𝐛
)
𝐛

− 𝟏) ≥
?
(
𝒂

𝐛
)
𝐛

− 𝟏 

⇔ ((
𝒂

𝐛
)
𝐛

− 𝟏) (𝐛𝒂−𝐛 − 𝟏) ≥
?
⏟
(∗∗)

𝟎 

𝐅𝐨𝐫 𝒂 ≥ 𝐛 > 1,𝑤𝑒 ℎ𝑎𝐯𝐞 ∶ 𝐛 (𝐥𝐧
𝒂

𝐛
) ≥ 𝟎 𝒂𝐧𝐝 (𝒂 − 𝐛)(𝐥𝐧𝐛) ≥ 𝟎 

⇒ ((
𝒂

𝐛
)
𝐛

− 𝟏) , (𝐛𝒂−𝐛 − 𝟏) ≥ 𝟎 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐅𝐨𝐫 𝐛 > 1 > 𝑎 > 0,𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ 𝐛 (𝐥𝐧
𝒂

𝐛
) ≤ 𝟎 𝒂𝐧𝐝 (𝒂 − 𝐛)(𝐥𝐧𝐛) ≤ 𝟎 

⇒ ((
𝒂

𝐛
)
𝐛

− 𝟏) , (𝐛𝒂−𝐛 − 𝟏) ≤ 𝟎 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝒂 > 𝟏 > 𝑏 > 0 𝐨𝐫 𝐛 ≥ 𝒂 > 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂𝒂 + 𝐛𝐛 ≥
?
𝒂𝐛 + 𝐛𝒂 

⇔ 𝒂𝒂−𝐛. (𝟏 − (
𝐛

𝒂
)
𝒂

) ≥
?
⏟
(⦁)

𝟏 − (
𝐛

𝒂
)
𝐛

; 𝐍𝐨𝐰, (𝐛 − 𝒂) 𝒂𝐧𝐝 (𝐥𝐧𝐛 − 𝐥𝐧 𝒂) 𝐡𝒂𝐯𝐞 𝐬𝒂𝐦𝐞 𝐬𝐢𝐠𝐧 

∴ (𝐛 − 𝒂) (𝐥𝐧
𝐛

𝒂
) ≥ 𝟎 ⇒ 𝐛(𝐥𝐧

𝐛

𝒂
) ≥ 𝒂(𝐥𝐧

𝐛

𝒂
) ⇒ 𝟏 − (

𝐛

𝒂
)
𝒂

≥ 𝟏 − (
𝐛

𝒂
)
𝐛

⇒ 

𝒂𝒂−𝐛 (𝟏 − (
𝐛

𝒂
)
𝒂

) ≥ 𝒂𝒂−𝐛. (𝟏 − (
𝐛

𝒂
)
𝐛

) ≥
?
𝟏 − (

𝐛

𝒂
)
𝐛

⇔ (𝟏 − (
𝐛

𝒂
)
𝐛

) (𝒂𝒂−𝐛 − 𝟏) ≥
?
⏟
(⦁⦁)

𝟎 

𝐅𝐨𝐫 𝒂 > 𝟏 > 𝑏 > 0,𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ 𝟎 ≥ 𝐛 (𝐥𝐧
𝐛

𝒂
)  𝒂𝐧𝐝 (𝒂 − 𝐛)(𝐥𝐧𝒂) ≥ 𝟎 

⇒ (𝟏− (
𝐛

𝒂
)
𝐛

) , (𝒂𝒂−𝐛 − 𝟏) ≥ 𝟎 ⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐅𝐨𝐫 𝐛 ≥ 𝒂 > 𝟏,𝒘𝒆 𝒉𝒂𝐯𝐞 ∶ 𝐛 (𝐥𝐧
𝐛

𝒂
) ≥ 𝟎 𝒂𝐧𝐝 (𝒂 − 𝐛)(𝐥𝐧 𝒂) ≤ 𝟎 
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⇒ (𝟏− (
𝐛

𝒂
)
𝐛

) , (𝒂𝒂−𝐛 − 𝟏) ≤ 𝟎 ⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟑  𝟏 > 𝒂 ≥ 𝐛 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂𝒂 + 𝐛𝐛 ≥
?
𝒂𝐛 + 𝐛𝒂 ⇔ 𝒂𝒂 − 𝒂𝐛 ≥

?
𝐛𝒂 − 𝐛𝐛  

𝐋𝐞𝐭 𝐟(𝒙) = 𝒙𝒂 − 𝒙𝐛 𝒂𝐧𝐝 𝐬𝐨,𝐰𝐞 𝐫𝐞𝐪𝐮𝐢𝐫𝐞 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐟(𝒂) ≥
?
𝐟(𝐛) 𝒂𝐧𝐝 𝐰𝐞 𝐡𝒂𝐯𝐞 𝐟 ′(𝒙) = 

𝒂𝒙𝒂−𝟏 − 𝐛𝒙𝐛−𝟏 = 𝒙𝐛−𝟏(𝒂𝒙𝒂−𝐛 − 𝐛) →② 

𝐍𝐨𝐰, (𝐛 − 𝟏) 𝐥𝐧𝒙 > 0 (∵ 𝟏 > 𝒂 ≥ 𝒙 ≥ 𝐛 > 0 ⇒ (𝐛 − 𝟏), 𝐥𝐧 𝒙 < 0) ⇒ 𝒙𝐛−𝟏 > 1 

> 0 𝑎𝐧𝐝 𝐡𝐞𝐧𝐜𝐞 ② ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐟 ′(𝒙) ≥ 𝟎, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝒂𝒙𝒂−𝐛 − 𝐛 ≥
?
𝟎 𝒂𝐧𝐝 (𝒂 − 𝐛)(𝐥𝐧 𝒙 − 𝐥𝐧𝐛) ≥ 𝟎 ∴ 𝒙𝒂−𝐛 ≥ 𝐛𝒂−𝐛 𝒂𝐧𝐝 ∵ 𝒂 > 0 

∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝒂𝐛𝒂−𝐛 ≥
?
𝐛 ⇔ 𝒂 ≥

?
⏟
(𝐢)

𝐛𝟏−𝒂+𝐛 

𝐋𝐞𝐭 𝒂 = 𝐛𝐦 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐦 − 𝟏 =
𝐥𝐧 𝒂

𝐥𝐧𝐛
− 𝟏 =

𝐥𝐧 𝒂 − 𝐥𝐧 𝐛

𝐥𝐧 𝐛
≤ 𝟎 (∵ 𝒂 ≥ 𝐛 𝒂𝐧𝐝 𝐛 < 1) 

⇒ 𝐦 ≤ 𝟏 →③ 𝒂𝐧𝐝 𝐧𝐨𝐰, (𝐢) ⇔ 𝐛𝐦 ≥
?
𝐛𝟏−𝐛

𝐦+𝐛 ⇔𝐦𝐥𝐧𝐛 ≥
?
(𝟏 − 𝐛𝐦 + 𝐛) 𝐥𝐧 𝐛 

⇔ 𝐦 ≤
?
𝟏 − 𝐛𝐦 + 𝐛 (∵ 𝐛 < 1 ⇒ 𝐥𝐧 𝐛 < 0) ⇔ 𝐛𝐦 ≤

?
⏟
(𝐢𝐢)

𝟏 + 𝐛 −𝐦 

𝐈𝐧𝐝𝐞𝐞𝐝 𝐯𝐢𝒂 ③ 𝒂𝐧𝐝 𝐁𝐞𝐫𝐧𝐨𝐮𝒍𝒍𝐢, 𝐛𝐦 ≤ 𝟏 + (𝐛 − 𝟏)𝐦 ≤
𝐦 ≤ 𝟏

𝟏 −𝐦+ 𝐛 ⇒ (𝐢𝐢) ⇒ (𝐢) 𝐢𝐬  
𝐭𝐫𝐮𝐞 ⇒ 𝐟 ′(𝒙) ≥ 𝟎 ⇒ 𝐟(𝒙) ↑ 𝐨𝐧 [𝐛, 𝒂] ⇒ 𝐟(𝒂) ≥ 𝐟(𝐛) ⇒ 𝒂𝒂 + 𝐛𝐛 ≥ 𝒂𝐛 + 𝐛𝒂 

𝐂𝒂𝐬𝐞 𝟒  𝟏 > 𝒃 ≥ 𝒂 > 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐞𝐭 𝐅(𝒙) = 𝒙𝐛 − 𝒙𝒂 & 𝐬𝐨,𝐰𝐞 𝐫𝐞𝐪𝐮𝐢𝐫𝐞 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐅(𝐛) ≥
?
𝐅(𝒂) 𝒂𝐧𝐝 𝐰𝐞 𝐡𝒂𝐯𝐞 𝐅 ′(𝒙) = 𝐛𝒙𝐛−𝟏 − 𝒂𝒙𝒂−𝟏 = 𝒙𝒂−𝟏(𝐛𝒙𝐛−𝒂 − 𝒂) →④ 

𝐍𝐨𝐰, 𝒙𝒂−𝟏 > 0 ∴ ④ ⇒ 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐅 ′(𝒙) ≥ 𝟎, 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐛𝒙𝐛−𝒂 ≥
?
𝒂   

𝒂𝐧𝐝 (𝐛 − 𝒂)(𝐥𝐧𝒙 − 𝐥𝐧 𝒂) ≥ 𝟎 ∴ 𝒙𝐛−𝒂 ≥ 𝒂𝐛−𝒂 ∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐛𝒂𝐛−𝒂 ≥
?
𝒂 

⇔ 𝐛 ≥
?
⏟
(𝐦)

𝒂𝟏−𝐛+𝒂; 𝐋𝐞𝐭 𝐛 = 𝒂𝐧; 𝐭𝐡𝐞𝐧 ∶ 𝐧 − 𝟏 =
𝐥𝐧𝐛 − 𝐥𝐧 𝒂

𝐥𝐧𝒂
≤ 𝟎 →⑤ 𝒂𝐧𝐝 𝐧𝐨𝐰, (𝐦) ⇔ 

𝒂𝐧 ≥
?
𝒂𝟏−𝒂

𝐧+𝒂 ⇔ 𝐧𝐥𝐧𝒂 ≥
?
(𝟏 − 𝒂𝐧 + 𝒂) 𝐥𝐧𝒂 ⇔ 𝐧 ≤

?
𝟏 − 𝒂𝐧 + 𝒂 ⇔ 𝒂𝐧 ≤

?
⏟
(𝐧)

𝟏 + 𝒂 − 𝐧 

𝐁𝐞𝐫𝐧𝐨𝐮𝒍𝒍𝐢,⑤ ⇒ 𝒂𝐧 ≤ 𝟏 + (𝒂 − 𝟏)𝐧 ≤
𝐧 ≤ 𝟏

𝟏 − 𝐧 + 𝒂 ⇒ (𝐧) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐅(𝒙) ↑ 𝐨𝐧 [𝒂, 𝐛] 
⇒ 𝐅(𝐛) ≥ 𝐅(𝒂) ∴ 𝐰𝐢𝐭𝐡 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 𝒂𝒂 + 𝐛𝐛 ≥ 𝒂𝐛 + 𝐛𝒂 & 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴ 𝟐(𝒂𝒂 + 𝐛𝐛 + 𝐜𝐜)  

≥ 𝒂𝐛 + 𝒂𝐜 + 𝐛𝒂 + 𝐛𝐜 + 𝐜𝒂 + 𝐜𝐛 ∀ 𝒂, 𝐛, 𝐜 > 0, ′′ = ′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

JP.604 If 𝒂, 𝒃 > 0; 𝑛 ∈ ℕ∗ then: 

𝒂𝟐𝒏

𝒃𝟐𝒏
+ 𝒂𝟐𝒏𝒃𝟒𝒏 +

𝟏

𝒂𝟒𝒏𝒃𝟐𝒏
≥
𝒃

𝒂
+ 𝒂𝟐𝒃 +

𝟏

𝒂𝒃𝟐
 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by proposer 

For 𝒏 = 𝟏 we will prove that: 

𝒂𝟐

𝒃𝟐
+ 𝒂𝟐𝒃𝟒 +

𝟏

𝒂𝟒𝒃𝟐
≥

𝒃

𝒂
+ 𝒂𝟐𝒃 +

𝟏

𝒂𝒃𝟐
        (1) 

Denote: 

𝒙 =
𝒂

𝒃
;𝒚 = 𝒂𝒃𝟐; 𝒛 =

𝟏

𝒂𝟐𝒃
 

Let’s observe that 𝒙𝒚𝒛 = 𝟏. Inequality (1) can be written: 

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≥
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
,    𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≥

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

𝒙𝒚𝒛
 

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≥ 𝒙𝒚+ 𝒚𝒛 + 𝒛𝒙 

𝟐𝒙𝟐 + 𝟐𝒚𝟐 + 𝟐𝒛𝟐 ≥ 𝟐𝒙𝒚 + 𝟐𝒚𝒛 + 𝟐𝒛𝒙 

𝒙𝟐 − 𝟐𝒙𝒚 + 𝒚𝟐 + 𝒚𝟐 − 𝟐𝒚𝒛 + 𝒛𝟐 + 𝒛𝟐 − 𝟐𝒛𝒙 + 𝒙𝟐 ≥ 𝟎 

(𝒙 − 𝒚)𝟐 + (𝒚 − 𝒛)𝟐 + (𝒛 − 𝒙)𝟐 ≥ 𝟎 

Back to the problem: 

𝒂𝟐𝒏

𝒃𝟐𝒏
+ 𝒂𝟐𝒏𝒃𝟒𝒏 +

𝟏

𝒂𝟒𝒏𝒃𝟐𝒏
=
(
𝒂𝟐

𝒃𝟐
)
𝒏

𝟏𝒏−𝟏
+
(𝒂𝟐𝒃𝟒)𝒏

𝟐𝒏−𝟏
+
(
𝟏

𝒂𝟒𝒃𝟐
)
𝒏

𝟏𝒏−𝟏
≥

𝑹𝑨𝑫𝑶𝑵
 

≥
(
𝒂𝟐

𝒃𝟐
+ 𝒂𝟐𝒃𝟒 +

𝟏
𝒂𝟒𝒃𝟐

)
𝒏

(𝟏 + 𝟏 + 𝟏)𝒏−𝟏
=
(
𝒂𝟐

𝒃𝟐
+ 𝒂𝟐𝒃𝟒 +

𝟏
𝒂𝟒𝒃𝟐

)
𝒏−𝟏

𝟑𝒏−𝟏
⋅ (
𝒂𝟐

𝒃𝟐
+ 𝒂𝟐𝒃𝟒 +

𝟏

𝒂𝟒𝒃𝟐
) ≥ 

≥
𝑨𝑴−𝑮𝑴

(𝟑√
𝒂𝟐

𝒃𝟐
⋅ 𝒂𝟐𝒃𝟒 ⋅

𝟏
𝒂𝟒𝒃𝟐

𝟑

)

𝒏−𝟏

𝟑𝒏−𝟏
⋅ (
𝒂𝟐

𝒃𝟐
+ 𝒂𝟐𝒃𝟒 +

𝟏

𝒂𝟒𝒃𝟐
) ≥ 

≥
(𝟏) 𝟑𝒏−𝟏

𝟑𝒏−𝟏
⋅ (
𝒃

𝒂
+ 𝒂𝟐𝒃 +

𝟏

𝒂𝒃𝟐
) =

𝒃

𝒂
+ 𝒂𝟐𝒃 +

𝟏

𝒂𝒃𝟐
 

Equality holds for 𝒂 = 𝒃 = 𝟏. 

Solution 2 by Tapas Das-India 

𝑳𝒆𝒕 𝒙 =
𝒂𝟐𝒏

𝒃𝟐𝒏
, 𝒚 = 𝒂𝟐𝒏𝒃𝟒𝒏 , 𝒛 =

𝟏

𝒂𝟒𝒏𝒃𝟐𝒏
 𝒕𝒉𝒆𝒏

𝒃

𝒂
= 𝒙

𝟏
𝟐𝒏, 𝒂𝟐𝒃 = 𝒚

𝟏
𝟐𝒏,

𝟏

𝒂𝒃𝟐
= 𝒛

𝟏
𝟐𝒏, 𝒙𝒚𝒛 = 𝟏 

𝒔𝒐 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘, 𝒙 + 𝒚 + 𝒛 ≥ 𝒙𝒓 + 𝒚𝒓 + 𝒛𝒓, 𝒘𝒉𝒆𝒓𝒆 𝒓 =
𝟏

𝟐𝒏
< 1 
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𝒙 + 𝒚 + 𝒛

𝟑
≥

𝑨𝑴−𝑮𝑴
 √𝒙𝒚𝒛
𝟑 =

𝒙𝒚𝒛=𝟏
 𝟏 𝒂𝒏𝒅

 𝒙𝒓 + 𝒚𝒓 + 𝒛𝒓

𝟑
≤ (

𝒙 + 𝒚 + 𝒛

𝟑
)
𝒓

 𝒂𝒔 𝒓 ∈ (𝟎, 𝟏) 

𝒔𝒐 𝒄𝒍𝒆𝒂𝒓𝒍𝒚 ,
 𝒙𝒓 + 𝒚𝒓 + 𝒛𝒓

𝟑
≤ (

𝒙 + 𝒚 + 𝒛

𝟑
)
𝒓

≤
𝒙 + 𝒚 + 𝒛

𝟑
( 𝒂𝒔 

𝒙 + 𝒚 + 𝒛

𝟑
≥ 𝟏 & 𝑟 ∈ (𝟎, 𝟏) ) 

𝒔𝒐, 𝒙 + 𝒚 + 𝒛 ≥ 𝒙𝒓 + 𝒚𝒓 + 𝒛𝒓 
 

Equality holds for x=y=z=1 or a=b=1 
 

Solution 3 by Marin Chirciu-Romania 

Using substitutions   2

2

1
, , , ,

a
x y z ab

b a b

 
  
 

, , , 0x y z  , 1xyz  the inequality can be 

written: 

2 2 2 1 1 1n n nx y z
x y z

      2 2 2n n nx y z xy yz zx     see: 

2 2 2
SOS Lema

n n n n n n n n nx y z x y y z z x xy yz zx        . 

Lemma. 

If , , 0A B C  , 1ABC  and *nN then 
n n nA B C A B C     . 

Proof: 
For 1n  we obtain: A B C A B C     . 

For 2n  : 

 
 

1
1

3

13 3

n n
Holder AM GM n

n

n

A A
A A A ABC A


 



 
     

 

 
    . 

 Lemma is used for    , , , ,A B C xy yz zx , 1xyz   1ABC  . 

Equality holds for x y z  
2

2

1a
ab

b a b
   1a b  . 

JP.605 Find 𝒙, 𝒚 ∈ ℝ such that: 

𝟒𝒙+𝒚 + √𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟔𝒚 − 𝟐 = 𝟐𝒙+𝒚+𝟏 − 𝟏. 

Proposed by Adrian Gobej – Romania  

Solution 1 by proposer 

The relationship in the statement is written √𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟔𝒚 − 𝟐 + (𝟐𝒙+𝒚 − 𝟏)𝟐 = 𝟎 ⇒ 

⇒ {
√𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟔𝒚 − 𝟐 = 𝟎(𝑹𝟏)

𝒂𝒏𝒅
𝟐𝒙+𝒚 − 𝟏 = 𝟎 ⇒ 𝒙 = −𝒚
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From 𝒙 = −𝒚 ⇒ relationship (𝑹𝟏) becomes 𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟔−𝒙 = 𝟐 ⇔ 

⇔ 𝟐𝟎𝟐𝟔𝒙 +
𝟏

𝟐𝟎𝟐𝟔𝒙
= 𝟐 ⇔ (𝟐𝟎𝟐𝟔𝒙 − 𝟏)𝟐 = 𝟎 ⇔ 𝟐𝟎𝟐𝟔𝒙 = 𝟏 ⇔ 𝒙 = 𝟎 and so 𝒙 = 𝒚 = 𝟎. 

Solution 2 by Omkumar Rao-India 

𝟒𝒙+𝒚 − 𝟐𝒙+𝒚+𝟏 + 1      + √𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟔𝒚 − 𝟐=0 

 

(𝟐𝒙+𝒚 − 𝟏)𝟐+√𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟔𝒚 − 𝟐=0 
          ≥ 𝟎                     ≥ 𝟎 

(𝟐𝒙+𝒚 − 𝟏)𝟐=0⇒ 𝟐𝒙+𝒚=𝟐𝟎 ⟹y=-x 

√𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟔𝒚 − 𝟐=0 ∶ (𝒚 = −𝒙) 

𝟐𝟎𝟐𝟔𝒙+
𝟏

𝟐𝟎𝟐𝟔𝒙
=2. By AM-GM Inequality, for m>0: m+

𝟏

𝒎
≥2 

Hence: 𝟐𝟎𝟐𝟔𝒙=1⟹x=0  and since x+y=0 , y=0. Therefore,the unique solution is (𝒙, 𝒚)=(𝟎, 𝟎). 

 

JP.606 Solve the following equation: 

𝟐𝟎𝟏𝟔𝟐−𝒙
𝟐
+ 𝟐𝟎𝟏𝟔𝟐𝟎𝟏𝟕𝒙

𝟐−𝟒√𝒙−𝟐𝟎𝟏𝟑 = 𝟐𝟎𝟏𝟕 

Proposed by Adrian Gobej – Romania  

Solution by proposer 

Conditions 𝒙 ∈ [𝟎;+∞). LHS can be written: 

𝑬(𝒙) = 𝟐𝟎𝟏𝟔 ⋅ 𝟐𝟎𝟏𝟔𝟏−𝒙
𝟐
+ 𝟐𝟎𝟏𝟔𝟐𝟎𝟏𝟕𝒙

𝟐−𝟒√𝒙−𝟐𝟎𝟏𝟑 = 

= 𝟐𝟎𝟏𝟔𝟏−𝒙
𝟐
+ 𝟐𝟎𝟏𝟔𝟏−𝒙

𝟐
+⋯+ 𝟐𝟎𝟏𝟔𝟏−𝒙

𝟐
⏟                          

𝟐𝟎𝟏𝟔 𝒕𝒆𝒓𝒎𝒔

+ 𝟐𝟎𝟏𝟔𝟐𝟎𝟏𝟕𝒙
𝟐−𝟒√𝒙−𝟐𝟎𝟏𝟑⏟              

𝟏 𝒕𝒆𝒓𝒎

≥
𝑨𝑴≥𝑮𝑴

 

≥
𝑨𝑴≥𝑮𝑴

𝟐𝟎𝟏𝟕 √𝟐𝟎𝟏𝟔
𝟏−𝒙𝟐 ⋅ 𝟐𝟎𝟏𝟔𝟏−𝒙

𝟐
⋅ … ⋅ 𝟐𝟎𝟏𝟔𝟏−𝒙

𝟐
⏟                        

𝟐𝟎𝟏𝟔 𝒕𝒆𝒓𝒎𝒔

⋅ 𝟐𝟎𝟏𝟔𝟐𝟎𝟏𝟕𝒙
𝟐−𝟒√𝒙−𝟐𝟎𝟏𝟑𝟐𝟎𝟏𝟕 = 

= 𝟐𝟎𝟏𝟕 √𝟐𝟎𝟏𝟔𝟐𝟎𝟏𝟔−𝟐𝟎𝟏𝟔𝒙
𝟐
⋅ 𝟐𝟎𝟏𝟔𝟐𝟎𝟏𝟕𝒙

𝟐−𝟒√𝒙−𝟐𝟎𝟏𝟑
𝟐𝟎𝟏𝟕

= 

= 𝟐𝟎𝟏𝟕 √𝟐𝟎𝟏𝟔𝟐𝟎𝟏𝟔−𝟐𝟎𝟏𝟔𝒙
𝟐+𝟐𝟎𝟏𝟕𝒙𝟐−𝟒√𝒙−𝟐𝟎𝟏𝟑

𝟐𝟎𝟏𝟕
= 

= 𝟐𝟎𝟏𝟕 √𝟐𝟎𝟏𝟔𝒙
𝟐−𝟒√𝒙+𝟑

𝟐𝟎𝟏𝟕
 (𝑹𝟏) 

As 𝒙𝟐 − 𝟒√𝒙 + 𝟑 =
𝒏𝒐𝒕 √𝒙=𝒕

𝒕𝟒 − 𝟒𝒕 + 𝟑 = (𝒕 − 𝟏)𝟐(𝒕𝟐 + 𝟐𝒕 − 𝟑) = (returning to the 

notation)= (√𝒙 − 𝟏)
𝟐
(𝒙 + 𝟐√𝒙 − 𝟑) we obtain using (𝑹𝟏): 
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𝑬(𝒙) ≥ 𝟐𝟎𝟏𝟕 √𝟐𝟎𝟏𝟔(√𝒙−𝟏)
𝟐
(𝒙+𝟐√𝒙+𝟑)

𝟐𝟎𝟏𝟕

𝑨𝒔 (√𝒙 − 𝟏)
𝟐
≥ 𝟎

𝒙+ 𝟐√𝒙 + 𝟑 = (√𝒙 + 𝟏)
𝟐
+ 𝟐 ≥ 𝟐

} ⇒ (√𝒙 − 𝟏)
𝟐
(𝒙 + 𝟐√𝒙 + 𝟑) ≥ 𝟎

}
 
 

 
 

⇒ 

⇒ 𝑬(𝒙) ≥ 𝟐𝟎𝟏𝟕 √𝟐𝟎𝟏𝟔𝟎
𝟐𝟎𝟏𝟕

= 𝟐𝟎𝟏𝟕. 

As in the previous inequalities we have equality if and only if 𝒙 = 𝟏 ⇒ 𝒙 = 𝟏 is a unique 

solution of the given equation. 

JP.607 Solve for reals: 

√𝟖𝒙 − 𝟕
𝟒

+ √𝟑− 𝟐𝒙𝟒
𝟒

= 𝟐 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

Existence conditions: 𝟖𝒙 − 𝟕 ≥ 𝟎 and 𝟑 − 𝟐𝒙𝟒 ≥ 𝟎. 

With means inequality we obtain: 

1. (𝟖𝒙 − 𝟕) + 𝟏 + 𝟏 + 𝟏 ≥ 𝟒√(𝟖𝒙 − 𝟕) ⋅ 𝟏 ⋅ 𝟏 ⋅ 𝟏
𝟒

= 𝟒√𝟖𝒙 − 𝟕
𝟒

, with equal for  

𝟖𝒙 − 𝟕 = 𝟏 ⇔ 𝒙 = 𝟏. 

2. (𝟑 − 𝟐𝒙𝟒) + 𝟏 + 𝟏 + 𝟏 ≥ 𝟒√(𝟑 − 𝟐𝒙𝟒) ⋅ 𝟏 ⋅ 𝟏 ⋅ 𝟏
𝟒

= 𝟒√𝟑 − 𝟐𝒙𝟒
𝟒

, with equal for 

𝟑 − 𝟐𝒙𝟒 = 𝟏 ⇔ 𝒙 = 𝟏.  

It follows: 

𝟐 = √𝟖𝒙 − 𝟕
𝟒

+ √𝟑 − 𝟐𝒙𝟒
𝟒

≤
(𝟖𝒙 − 𝟕) + 𝟏 + 𝟏 + 𝟏

𝟒
+
(𝟑 − 𝟐𝒙𝟒) + 𝟏 + 𝟏 + 𝟏

𝟒
= 

=
𝟖𝒙 − 𝟐𝒙𝟒 + 𝟐

𝟒
⇒ 𝟐 ≤

𝟖𝒙 − 𝟐𝒙𝟒 + 𝟐

𝟒
⇔ 𝒙𝟒 − 𝟒𝒙 + 𝟑 ≤ 𝟎 ⇔ 

⇔ (𝒙− 𝟏)𝟐(𝒙𝟐 + 𝟐𝒙 + 𝟑) ≤ 𝟎 ⇔ 𝒙 = 𝟏. 

We deduce that 𝒙 = 𝟏 is the unique solution of the equation. 

Solution 2 by Jose Luis Diaz – Barrero – Spain  

For the fourth roots to be defined over the real numbers, the radicands must be non-

negative: 
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1. 𝟖𝒙 − 𝟕 ≥ 𝟎 ⇒ 𝒙 ≥
𝟕

𝟖
 

2. 𝟑 − 𝟐𝒙𝟒 ≥ 𝟎 ⇒ 𝒙𝟒 ≤
𝟑

𝟐
⇒ 𝒙 ≤ √

𝟑

𝟐

𝟒
 

Thus, any real solution 𝒙 must lie within the interval: 

𝒙 ∈ [
𝟕

𝟖
, √
𝟑

𝟐

𝟒

] 

By inspection, we test 𝒙 = 𝟏, which lies within our valid domain: 

√𝟖(𝟏) − 𝟕
𝟒

+ √𝟑 − 𝟐(𝟏)𝟒
𝟒

= √𝟏
𝟒

+ √𝟏
𝟒

= 𝟏 + 𝟏 = 𝟐 

Thus, 𝒙 = 𝟏 is a valid real solution. 

Let us define the function 𝒇(𝒙) = √𝟖𝒙 − 𝟕
𝟒

+ √𝟑 − 𝟐𝒙𝟒
𝟒

 on the interval [
𝟕

𝟖
, √

𝟑

𝟐

𝟒
]. 

To determine its behavior, we compute its first derivative 𝒇′(𝒙): 

𝒇′(𝒙) =
𝟏

𝟒
(𝟖𝒙 − 𝟕)−

𝟑
𝟒 ⋅ 𝟖 +

𝟏

𝟒
(𝟑 − 𝟐𝒙𝟒)−

𝟑
𝟒 ⋅ (−𝟖𝒙𝟑) 

𝒇′(𝒙) =
𝟐

(𝟖𝒙 − 𝟕)
𝟑
𝟒

−
𝟐𝒙𝟑

(𝟑 − 𝟐𝒙𝟒)
𝟑
𝟒

 

Setting 𝒇′(𝒙) = 𝟎 to find the critical points: 

𝟐

(𝟖𝒙 − 𝟕)
𝟑
𝟒

=
𝟐𝒙𝟑

(𝟑 − 𝟐𝒙𝟒)
𝟑
𝟒

⇒
𝟏

(𝟖𝒙 − 𝟕)
𝟑
𝟒

=
𝒙𝟑

(𝟑 − 𝟐𝒙𝟒)
𝟑
𝟒

 

Raising both sides to the power of 
𝟒

𝟑
 yields: 

𝟏

𝟖𝒙 − 𝟕
=

𝒙𝟒

𝟑 − 𝟐𝒙𝟒
⇔ 𝟖𝒙𝟓 − 𝟓𝒙𝟒 − 𝟑 = 𝟎 

Since we know 𝒙 = 𝟏 satisfies this equation, we can factor out (𝒙 − 𝟏) using polynomial 

long division or synthetic division: 

(𝒙 − 𝟏)(𝟖𝒙𝟒 + 𝟑𝒙𝟑 + 𝟑𝒙𝟐 + 𝟑𝒙 + 𝟑) = 𝟎 

For any 𝒙 in our domain [
𝟕

𝟖
, √

𝟑

𝟐

𝟒
], the value of 𝒙 is strictly positive. Consequently, the 

polynomial factor (𝟖𝒙𝟒 + 𝟑𝒙𝟑 + 𝟑𝒙𝟐 + 𝟑𝒙 + 𝟑) is always strictly greater than zero and has 
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no real roots. Therefore, 𝒙 = 𝟏 is the unique critical point of 𝒇(𝒙) in this domain. We can 

check the sign of 𝒇′(𝒙) around 𝒙 = 𝟏: 

 For 
𝟕

𝟖
≤ 𝒙 < 1, we have 𝒇′(𝒙) > 0, meaning 𝒇(𝒙) is strictly increasing. 

 For 𝟏 < 𝑥 ≤ √𝟏. 𝟓
𝟒

, we have 𝒇′(𝒙) < 0, meaning 𝒇(𝒙) is strictly decreasing. 

Since 𝒇(𝒙) strictly increases to a peak at 𝒙 = 𝟏 and strictly decreases thereafter, 𝒙 = 𝟏, is 

a strict global maximum. The maximum value achieved by the function is exactly 𝟐. Thus, 

the equation 𝒇(𝒙) = 𝟐 has exactly one real solution 𝒙 = 𝟏. 

JP.608 Let be the triangle 𝑨𝑩𝑪,𝑨𝑨𝟏, 𝑩𝑩𝟏, 𝑪𝑪𝟏 internal bisectors and 

𝑨𝟐, 𝑩𝟐, 𝑪𝟐 contact points to the bisectors with the circumcircle of the triangle. 

Prove that: 𝑨𝟏𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐 +𝑩𝟏𝑩𝟐 ⋅ 𝑨𝟐𝑪𝟐 + 𝑪𝟏𝑪𝟐 ⋅ 𝑨𝟐𝑩𝟐 ≥ 𝑹𝒔 

where 𝒑 represent the semiperimeter and 𝑹 the circumradii of triangle 𝑨𝑩𝑪. 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

Solution by proposers 

We have 𝝆(𝑨𝟏) = 𝑨𝑨𝟏 ⋅ 𝑨𝟏𝑨𝟐 = 𝑩𝑨𝟏 ⋅ 𝑨𝟏𝑪 ⇒ 𝑨𝟏𝑨𝟐 =
𝑩𝑨𝟏⋅𝑨𝟏𝑪

𝑨𝟏𝑨𝟐
    (1) 

 

From Bisector Theorem, we get: 𝑩𝑨𝟏 =
𝒂𝒄

𝒃+𝒄
 and 𝑪𝑨𝟏 =

𝒂𝒃

𝒃+𝒄
    (2) 

But 𝑨𝑨𝟏 =
𝟐𝒃𝒄

𝒃+𝒄
𝐜𝐨𝐬

𝑨

𝟐
    (3) 
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From (1), (2) and (3), it follows that: 𝑨𝟏𝑨𝟐 =
𝒂𝟐

𝟐(𝒃+𝒄) 𝐜𝐨𝐬
𝑨

𝟐

     (4) 

From Law of sines: 
𝑩𝟐𝑪𝟐

𝐬𝐢𝐧(
𝑩+𝑪

𝟐
)
= 𝟐𝑹 ⇒ 𝑩𝟐𝑪𝟐 = 𝟐𝑹 ⋅ 𝐜𝐨𝐬

𝑨

𝟐
     (5) 

From (4) and (5) we get: 𝑨𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐 =
𝒂𝟐𝑹

𝒃+𝒄
 

Therefore, by adding we obtain: 

∑𝑨𝟏𝑨𝟐
𝒄𝒚𝒄

⋅ 𝑩𝟐𝑪𝟐 = 𝑹∑
𝒂𝟐

𝒃 + 𝒄
𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

𝑹 ⋅
(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂 + 𝒃 + 𝒄)
= 𝑹 ⋅

𝒂 + 𝒃 + 𝒄

𝟐
= 𝑹𝒔. 

JP.609 In acute triangle 𝑨𝑩𝑪, 𝑨′, 𝑩′, 𝑪′ are symmetric points of the points 

𝑨,𝑩, 𝑪 to the sides 𝑩𝑪, 𝑨𝑪, and 𝑨𝑩 respectively. Prove that: 

𝝈[𝑨′𝑩′𝑪′]

𝝈[𝑨𝑩𝑪]
= 𝟒 (

𝒓

𝑹
)
𝟐

+ 𝟖 ⋅
𝒓

𝑹
− 𝟏 

where 𝝈[𝑨𝑩𝑪] represent area of 𝚫𝑨𝑩𝑪. 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

 

Solution by proposers 

Let be {𝑯} = 𝑨𝑨′ ∩ 𝑩𝑩′ ∩ 𝑪𝑪′. From 𝒉𝒂 = 𝟐𝑹 𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪 and 𝑯𝑴 = 𝟐𝑹𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪, 

 

then 𝑯𝑨′ = 𝟐𝑹𝐜𝐨𝐬(𝑩 − 𝑪) and analogs. Hence, we get: 
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𝝈[𝑨′𝑩′𝑪′] =
𝟏

𝟐
(𝑯𝑨′ ⋅ 𝑯𝑩′ ⋅ 𝐬𝐢𝐧 𝑪 + 𝑯𝑩′ ⋅ 𝑯𝑪′ ⋅ 𝐬𝐢𝐧𝑨 +𝑯𝑪′ ⋅ 𝑯𝑨′ ⋅ 𝐬𝐢𝐧 𝑩) = 

= 𝟐𝑹𝟐∑𝐜𝐨𝐬(𝑩 − 𝑪) 𝐜𝐨𝐬(𝑪 − 𝑨) 𝐬𝐢𝐧𝑪

𝒄𝒚𝒄

= 

= 𝟐𝑹𝟐 𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪∑
𝐜𝐨𝐬(𝑩−𝑪) 𝐜𝐨𝐬(𝑪−𝑨)

𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩𝒄𝒚𝒄       (1) 

But 𝝈[𝑨𝑩𝑪] = 𝟐𝑹𝟐 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 and  

∑
𝐜𝐨𝐬(𝑩−𝑪) 𝐜𝐨𝐬(𝑪−𝑨)

𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩𝒄𝒚𝒄 = 𝟑 + 𝟖𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝑪   (2) 

From (1) and (2), it follows: 
𝝈[𝑨′𝑩′𝑪′]

𝝈[𝑨𝑩𝑪]
= 𝟑 + 𝟖𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝑪    (3) 

But 𝐜𝐨𝐬 𝑨𝐜𝐨𝐬 𝑩𝐜𝐨𝐬 𝑪 =
𝒔𝟐−(𝟐𝑹+𝒓)𝟐

𝟒𝑹𝟐
  (4) 

From (3) and (4), it follows: 

𝝈[𝑨′𝑩′𝑪′]

𝝈[𝑨𝑩𝑪]
= 𝟑 +

𝟐(𝒔𝟐−𝟒𝑹𝟐−𝟒𝑹𝒓−𝒓𝟐)

𝑹𝟐
     (5) 

Using Walker’s inequality 𝒔𝟐 ≥ 𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟑𝒓𝟐 to obtain: 

𝝈[𝑨′𝑩′𝑪′]

𝝈[𝑨𝑩𝑪]
≥ 𝟑 −

𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐

𝑹𝟐
= 𝟒(

𝒓

𝑹
)
𝟐

+ 𝟖 ⋅
𝒓

𝑹
− 𝟏 

JP.610 Solve for real numbers: 

𝐥𝐨𝐠
𝟐√𝟖+𝟐√𝟏𝟓

(𝒙𝟐 + 𝒙 + 𝟐) = 𝐥𝐨𝐠
√𝟒+√𝟏𝟓

(𝒙𝟐 + 𝒙 + 𝟏) 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

Solution by proposers 

Let be 𝐥𝐨𝐠
𝟐√𝟖+𝟐√𝟏𝟓

(𝒙𝟐 + 𝒙 + 𝟐) = 𝐥𝐨𝐠√𝟒+√𝟏𝟓
(𝒙𝟐 + 𝒙 + 𝟏) = 𝒚 ⇒ 

{
 
 

 
 𝒙𝟐 + 𝒙 + 𝟏 = (√𝟒+ √𝟏𝟓)

𝒚

𝒙𝟐 + 𝒙 + 𝟐 = (𝟐√𝟖+ 𝟐√𝟏𝟓)

𝒚⇔ (𝟒 + √𝟏𝟓)
𝒚
+ 𝟏 = (𝟐√𝟐 ⋅ √𝟒 + √𝟏𝟓)

𝒚

. 

We observe that 𝒚 = 𝟐 is a solution, (𝟒 + √𝟏𝟓)
𝟐
+ 𝟏 = (𝟐√𝟐 ⋅ √𝟒 + √𝟏𝟓)

𝒚

⇔ 

𝟑𝟐 + 𝟖√𝟏𝟓 = 𝟑𝟐 + 𝟖√𝟏𝟓 true. Let us prove that 𝒚 = 𝟐 is the unique solution: 
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𝟏 + (
𝟏

𝟒 + √𝟏𝟓
)
𝒚

= (
𝟐√𝟐

√𝟒 + √𝟏𝟓
)

𝒚

 

Let be the function 𝒇(𝒚) = 𝟏 + (
𝟏

𝟒+√𝟏𝟓
)
𝒚

 strictly decreases because 
𝟏

𝟒+√𝟏𝟓
< 1, 

and 𝒈(𝒚) = (
𝟐√𝟐

√𝟒+√𝟏𝟓
)
𝒚

 strictly increases function because 
𝟐√𝟐

√𝟒+√𝟏𝟓
> 1. 

Hence, 𝒚 = 𝟐 is the unique solution i.e. 𝒙𝟐 + 𝒙 + 𝟏 = 𝟒 + √𝟏𝟓 ⇔ 𝒙𝟐 + 𝒙 − 𝟑 − √𝟏𝟓 = 𝟎 

with 𝒙𝟏,𝟐 =
−𝟏±√𝟑+𝟓√𝟏𝟓

𝟐
 

JP.611 Find the angle between the real plans: 

𝑷𝟏: 𝟐𝒙 + 𝒚 + 𝟑𝒛 − 𝟏 = 𝟎 

𝑷𝟐: 𝟑𝒙 − 𝟐𝒚 + 𝒛 + 𝟏 = 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

The normal vectors of 𝑷𝟏, 𝑷𝟐 are: 

𝒖𝟏⃗⃗ ⃗⃗  (𝟐, 𝟏, 𝟑) = 𝟐𝒊 + 𝒋 + 𝟑𝒌⃗⃗  

𝒖𝟐⃗⃗ ⃗⃗  (𝟑,−𝟐, 𝟏) = 𝟑𝒊 − 𝟐𝒋 + 𝒌⃗⃗  

𝒖𝟏⃗⃗ ⃗⃗  ⋅ 𝒖𝟐⃗⃗ ⃗⃗  = 𝟐 ⋅ 𝟑 + 𝟏 ⋅ (−𝟐) + 𝟑 ⋅ 𝟏 = 𝟔 − 𝟐 + 𝟑 = 𝟕 

|𝒖𝟏⃗⃗ ⃗⃗  | = √𝟐𝟐 + 𝟏𝟐 + 𝟑𝟐 = √𝟏𝟒 

|𝒖𝟐⃗⃗ ⃗⃗  | = √𝟑𝟐 + (−𝟐)𝟐 + 𝟏 = √𝟏𝟒 

𝐜𝐨𝐬(∢(𝒖𝟏⃗⃗ ⃗⃗  , 𝒖𝟐⃗⃗ ⃗⃗  )) =
𝒖𝟏⃗⃗ ⃗⃗  ⋅ 𝒖𝟐⃗⃗ ⃗⃗  

|𝒖𝟏⃗⃗ ⃗⃗  | ⋅ |𝒖𝟐⃗⃗ ⃗⃗  |
=

𝟕

√𝟏𝟒 ⋅ √𝟏𝟒
=
𝟕

𝟏𝟒
=
𝟏

𝟐
 

∢(𝒖𝟏⃗⃗ ⃗⃗  , 𝒖𝟐⃗⃗ ⃗⃗  ) = ∢(𝑷𝟏, 𝑷𝟐) =
𝝅

𝟑
 

Solution 2 by José Luis Díaz – Barrero – Spain 

The acute angle 𝜽 between two planes is equal to the angle between their normal vectors, 

which is given by the formula: 

𝐜𝐨𝐬𝜽 =
|𝒏𝟏⃗⃗ ⃗⃗  ⋅ 𝒏𝟐⃗⃗ ⃗⃗  |

||𝒏𝟏⃗⃗ ⃗⃗  ||||𝒏𝟐⃗⃗ ⃗⃗  ||
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The normal vector coefficients correspond directly to the coefficients of 𝒙, 𝒚 and 𝒛 in each 

plane equation: 

𝒏𝟏⃗⃗ ⃗⃗  = (𝟐, 𝟏, 𝟑) 

𝒏𝟐⃗⃗ ⃗⃗  = (𝟑,−𝟐, 𝟏) 

𝒏𝟏⃗⃗ ⃗⃗  ⋅ 𝒏𝟐⃗⃗ ⃗⃗  = (𝟐)(𝟑) + (𝟏)(−𝟐) + (𝟑)(𝟏) = 𝟔 − 𝟐 + 𝟑 = 𝟕 

||𝒏𝟏⃗⃗ ⃗⃗  || = √𝟐𝟐 + 𝟏𝟐 + 𝟑𝟐 = √𝟒 + 𝟏 + 𝟗 = √𝟏𝟒 

||𝒏𝟐⃗⃗ ⃗⃗  || = √𝟑𝟐 + (−𝟐)𝟐 + 𝟏𝟐 = √𝟗+ 𝟒 + 𝟏 = √𝟏𝟒 

Substituting the values back into the cosine formula: 

𝐜𝐨𝐬𝜽 =
|𝟕|

√𝟏𝟒 ⋅ √𝟏𝟒
=
𝟕

𝟏𝟒
=
𝟏

𝟐
 

Taking the inverse cosine (𝐚𝐫𝐜𝐜𝐨𝐬  ): 

𝜽 = 𝐚𝐫𝐜𝐜𝐨𝐬 (
𝟏

𝟐
) = 𝟔𝟎∘      (or 

𝝅

𝟑
 radians) 

Thus, the angle between the two planes is 𝟔𝟎∘. 

JP.612 Find the angle between the line 𝒅 and the real plan 𝑷. 

𝒅: {
𝒙 = 𝟐 + 𝟑𝒕
𝒚 = 𝟑 − 𝟐𝒕
𝒛 = 𝟏 + 𝟓𝒕

; 𝒕 ∈ ℝ;𝑷: 𝟐𝒙 + 𝒚 + 𝒛 − 𝟓 = 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝒅: {
𝒙 − 𝟐 = 𝟑𝒕
𝒚 − 𝟑 = −𝟐𝒕
𝒛 − 𝟏 = 𝟓𝒕

⇒

{
 
 

 
 
𝒙 − 𝟐

𝟑
= 𝒕

𝒚 − 𝟑

−𝟐
= 𝒕

𝒛 − 𝟏

𝟓
= 𝒕

; 𝒕 ∈ ℝ 

𝒅:
𝒙 − 𝟐

𝟑
=
𝒚 − 𝟑

−𝟐
=
𝒛− 𝟏

𝟓
 

The directory vector of 𝒅 is: 𝒗⃗⃗ (𝟑,−𝟐, 𝟓) = 𝟑𝒊 − 𝟐𝒋 + 𝟓𝒌⃗⃗  

The normal vector of 𝑷 is:  𝒖⃗⃗ (𝟐, 𝟏, 𝟏) = 𝟐𝒊 + 𝒋 + 𝒌⃗⃗  

𝒖⃗⃗ ⋅ 𝒗⃗⃗ = 𝟑 ⋅ 𝟐 − 𝟐 ⋅ 𝟏 + 𝟓 ⋅ 𝟏 = 𝟔 − 𝟐 + 𝟓 = 𝟗 
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|𝒖⃗⃗ | = √𝟐𝟐 + 𝟏𝟐 + 𝟏𝟐 = √𝟔 

|𝒗⃗⃗ | = √𝟑𝟐 + (−𝟐)𝟐 + 𝟓𝟐 = √𝟗 + 𝟓 + 𝟐𝟓 = √𝟑𝟖 

𝐜𝐨𝐬(∢(𝒖⃗⃗ , 𝒗⃗⃗ )) =
𝒖⃗⃗ ⋅ 𝒗⃗⃗ 

|𝒖⃗⃗ | ⋅ |𝒗⃗⃗ |
=

𝟗

√𝟔 ⋅ √𝟑𝟖
=

𝟗

𝟐√𝟑 ⋅ 𝟏𝟗
=

𝟗√𝟓𝟕

𝟐 ⋅ 𝟑 ⋅ 𝟏𝟗
 

𝐜𝐨𝐬(∢(𝒖⃗⃗ , 𝒗⃗⃗ )) =
𝟑√𝟓𝟕

𝟑𝟖
 

𝝁(∢(𝒖⃗⃗ , 𝒗⃗⃗ )) = 𝐚𝐫𝐜𝐜𝐨𝐬 (
𝟑√𝟓𝟕

𝟑𝟖
) 

∢(𝒅,𝑷) =
𝝅

𝟐
− 𝐚𝐫𝐜𝐜𝐨𝐬 (

𝟑√𝟓𝟕

𝟑𝟖
) = 𝒂𝒓𝒄𝒔𝒊𝒏 (

𝟑√𝟓𝟕

𝟑𝟖
) 

 

Solution 2 by José Luis Díaz – Barrero – Spain 

To find the angle 𝜽 between a line and a plane, we use the relationship between the 

direction vector of the line 𝒖⃗⃗  and the normal vector of the plane 𝒏⃗⃗ . Because the normal 

vector is perpendicular to the plane, the angle 𝜶 between 𝒖⃗⃗  and 𝒏⃗⃗  is complementary to 

the angle 𝜽 we want to find 𝜽 = 𝟗𝟎∘ − 𝜶. Therefore, we use the sine formula: 

𝐬𝐢𝐧(𝜽) =
|𝒖⃗⃗ ⋅ 𝒏⃗⃗ |

||𝒖⃗⃗ ||||𝒏⃗⃗ ||
 

 Direction vector of the line 𝒖⃗⃗ : Look at the coefficients of the parameter 𝒕 in the 

line’s parametric equations, to obtain:  𝒖⃗⃗ = (𝟑, −𝟐, 𝟓) 

 Normal vector of the plane 𝒏⃗⃗ : Look at the coefficients of 𝒙, 𝒚, and 𝒛 in the plane’s 

equation, to obtain: 𝒏⃗⃗ = (𝟐, 𝟏, 𝟏) 

Then, 

𝒖⃗⃗ ⋅ 𝒏⃗⃗ = (𝟑)(𝟐) + (−𝟐)(𝟏) + (𝟓)(𝟏) = 𝟗, 

and |𝒖⃗⃗ ⋅ 𝒏⃗⃗ | = 𝟗. 

On the other hand, 

 Magnitude of 𝒖⃗⃗ : 

||𝒖⃗⃗ || = √𝟑𝟐 + (−𝟐)𝟐 + 𝟓𝟐 = √𝟗 + 𝟒 + 𝟐𝟓 = √𝟑𝟖 
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 Magnitude of 𝒏⃗⃗ : 

||𝒏⃗⃗ || = √𝟐𝟐 + 𝟏𝟐 + 𝟏𝟐 = √𝟒 + 𝟏 + 𝟏 = √𝟔 

Therefore, 

𝐬𝐢𝐧(𝜽) =
𝟗

√𝟑𝟖 ⋅ √𝟔
=

𝟗

√𝟐𝟐𝟖
=

𝟗

𝟐√𝟓𝟕
, 

and the exact angle is given by 

𝜽 = 𝐚𝐫𝐜𝐬𝐢𝐧 (
𝟗

𝟐√𝟓𝟕
) = 𝒂𝒓𝒄𝒔𝒊𝒏 (

𝟗√𝟓𝟕

𝟐 ∙ 𝟑 ∙ 𝟏𝟗
) = 𝒂𝒓𝒄𝒔𝒊𝒏 (

𝟑√𝟓𝟕

𝟑𝟖
) 

 

Solution 3 by Omkumar Rao-India 

𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒂 𝒍𝒊𝒏𝒆 𝒂𝒏𝒅 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒊𝒔 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆  
𝒍𝒊𝒏𝒆′𝒔 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆′𝒔 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒆𝒄𝒕𝒐𝒓. 𝑭𝒐𝒓 𝒍𝒊𝒏𝒆 𝒅, 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏  

𝒗𝒆𝒄𝒕𝒐𝒓 𝒊𝒔 𝒅⃗⃗ = (𝟑,−𝟐, 𝟓), 
𝒂𝒏𝒅 𝒇𝒐𝒓 𝒑𝒍𝒂𝒏𝒆 𝑷, 𝒕𝒉𝒆 𝒏𝒐𝒓𝒎𝒂𝒍 𝒗𝒆𝒄𝒕𝒐𝒓 𝒊𝒔 𝒏⃗⃗ = (𝟐, 𝟏, 𝟏). 

𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝜽 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆  
𝒑𝒍𝒂𝒏𝒆 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚: 

 

𝐬𝐢𝐧𝜽 =
|𝒅⃗⃗ . 𝒏⃗⃗ |

|𝒅⃗⃗ |. |𝒏⃗⃗ |
, 𝒅⃗⃗ . 𝒏⃗⃗ = 𝟗 

 

|𝒅⃗⃗ | = √𝟑𝟖  , |𝒏⃗⃗ | = √𝟔 

 

𝐬𝐢𝐧 𝜽 =
𝟑√𝟓𝟕

𝟑𝟖
 

 
𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒅 𝒂𝒏𝒅 𝒕𝒉𝒆  

𝒑𝒍𝒂𝒏𝒆 𝑷 𝒊𝒔 𝜽 = 𝐬𝐢𝐧−𝟏 (
𝟑√𝟓𝟕

𝟑𝟖
) 

JP.613 Find the angle between the lines: 

𝒅𝟏: {
𝒙 = 𝟑 − 𝟐𝒕
𝒚 = 𝟏 + 𝒕
𝒛 = −𝟏 + 𝟑𝒕

; 𝒅𝟐: {
𝒙 = 𝟐 + 𝟒𝒕
𝒚 = −𝟏 + 𝟐𝒕
𝒛 = 𝟒 − 𝒕

; 𝒕 ∈ ℝ 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by proposer 

𝒅𝟏:

{
 
 

 
 
𝒙 − 𝟑

−𝟐
= 𝒕

𝒚 − 𝟏

𝟏
= 𝒕

𝒛 + 𝟏

𝟑
= 𝒕

; 𝒅𝟐:

{
 
 

 
 
𝒙− 𝟐

𝟒
= 𝒕

𝒚 + 𝟏

𝟐
= 𝒕

𝒛 − 𝟒

−𝟏
= 𝒕

; 𝒕 ∈ ℝ 

𝒅𝟏:
𝒙 − 𝟑

−𝟐
=
𝒚 − 𝟏

𝟏
=
𝒛 + 𝟏

𝟑
;𝒅𝟐:

𝒙 − 𝟐

𝟒
=
𝒚 + 𝟏

𝟐
=
𝒛 − 𝟒

−𝟏
 

The directions vectors of 𝒅𝟏, 𝒅𝟐: 

𝒖𝟏⃗⃗ ⃗⃗  (−𝟐, 𝟏, 𝟑) = −𝟐𝒊 + 𝒋 + 𝟑𝒌⃗⃗  

𝒖𝟐⃗⃗ ⃗⃗  (𝟒, 𝟐, −𝟏) = 𝟒𝒊 + 𝟐𝒋 − 𝒌⃗⃗  

𝒖𝟏⃗⃗ ⃗⃗  ⋅ 𝒖𝟐⃗⃗ ⃗⃗  = −𝟐 ⋅ 𝟒 + 𝟏 ⋅ 𝟐 + 𝟑 ⋅ (−𝟏) = −𝟖 + 𝟐 − 𝟑 = −𝟗 

|𝒖𝟏⃗⃗ ⃗⃗  | = √(−𝟐)𝟐 + 𝟏𝟐 + 𝟑𝟐 = √𝟒 + 𝟏 + 𝟗 = √𝟏𝟒 

|𝒖𝟐⃗⃗ ⃗⃗  | = √𝟒𝟐 + 𝟐𝟐 + (−𝟏)𝟐 = √𝟏𝟔+ 𝟒 + 𝟏 = √𝟐𝟏 

𝐜𝐨𝐬(∢(𝒖𝟏⃗⃗ ⃗⃗  , 𝒖𝟐⃗⃗ ⃗⃗  )) =
𝒖𝟏⃗⃗ ⃗⃗  ⋅ 𝒖𝟐⃗⃗ ⃗⃗  

|𝒖𝟏⃗⃗ ⃗⃗  | ⋅ |𝒖𝟐⃗⃗ ⃗⃗  |
=

−𝟗

√𝟏𝟒 ⋅ √𝟐𝟏
=
−𝟗

𝟕√𝟔
=
−𝟗√𝟔

𝟕 ⋅ 𝟔
=
−𝟑√𝟔

𝟏𝟒
 

𝝁(∢(𝒖𝟏⃗⃗ ⃗⃗  , 𝒖𝟐⃗⃗ ⃗⃗  )) = 𝐚𝐫𝐜𝐜𝐨𝐬 (
−𝟑√𝟔

𝟏𝟒
) = 𝝅 − 𝐚𝐫𝐜𝐜𝐨𝐬 (

𝟑√𝟔

𝟏𝟒
) 

Solution 2 by José Luis Díaz – Barrero – Spain 

To find the acute angle 𝜽 between the two lines 𝒅𝟏 and 𝒅𝟐, we need to find the angle 

between their respective direction vectors. These vectors are formed by the coefficients of 

the parameter 𝒕, as it is well-known. 

For the first line 𝒅𝟏, the direction vector is 𝒗𝟏⃗⃗ ⃗⃗ = (−𝟐, 𝟏, 𝟑) . 

For the second line 𝒅𝟐, the direction vector is 𝒗𝟐⃗⃗ ⃗⃗ = (𝟒, 𝟐, −𝟏). 

The acute angle 𝜽 between two lines with direction vectors 𝒗𝟏⃗⃗ ⃗⃗  and 𝒗𝟐⃗⃗ ⃗⃗  is given by: 

𝐜𝐨𝐬(𝜽) =
|𝒗𝟏⃗⃗ ⃗⃗ ⋅ 𝒗𝟐⃗⃗ ⃗⃗ |

||𝒗𝟏⃗⃗ ⃗⃗ ||||𝒗𝟐⃗⃗ ⃗⃗ ||
 

1. Dot Product (𝒗𝟏⃗⃗ ⃗⃗ ⋅ 𝒗𝟐⃗⃗ ⃗⃗ ): 

𝒗𝟏⃗⃗ ⃗⃗ ⋅ 𝒗𝟐⃗⃗ ⃗⃗ = (−𝟐)(𝟒) + (𝟏)(𝟐) + (𝟑)(−𝟏) = −𝟖 + 𝟐 − 𝟑 = −𝟗 
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Taking the absolute value yields: |𝒗𝟏⃗⃗ ⃗⃗ ⋅ 𝒗𝟐⃗⃗ ⃗⃗ | = 𝟗. 

2. Magnitude of 𝒗𝟏⃗⃗ ⃗⃗ : 

||𝒗𝟏⃗⃗ ⃗⃗ || = √(−𝟐)
𝟐 + 𝟏𝟐 + 𝟑𝟐 = √𝟒 + 𝟏 + 𝟗 = √𝟏𝟒 

3. Magnitude of 𝒗𝟐⃗⃗ ⃗⃗ : 

||𝒗𝟐⃗⃗ ⃗⃗ || = √𝟒𝟐 + 𝟐𝟐 + (−𝟏)𝟐 = √𝟏𝟔 + 𝟒 + 𝟏 = √𝟐𝟏 

4. Product of Magnitudes: 

||𝒗𝟏⃗⃗ ⃗⃗ ||||𝒗𝟐⃗⃗ ⃗⃗ || = √𝟏𝟒 ⋅ √𝟐𝟏 = √𝟐𝟗𝟒 = 𝟕√𝟔 

Substituting the calculated values into the formula, yields 

𝐜𝐨𝐬(𝜽) =
𝟗

𝟕√𝟔
=
𝟑√𝟔

𝟏𝟒
 

Finally, taking the inverse cosine, we obtain 

𝜽 = 𝐚𝐫𝐜𝐜𝐨𝐬 (
𝟑√𝟔

𝟏𝟒
) 

Solution 3 by Omkumar Rao-India 

𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒘𝒐 𝒍𝒊𝒏𝒆𝒔 𝒊𝒔 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆𝒊𝒓 
𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓𝒔.  𝑭𝒐𝒓 𝒍𝒊𝒏𝒆 𝒅𝟏, 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝒊𝒔 𝒗⃗⃗ 𝟏 = (−𝟐, 𝟏, 𝟑), 

𝒂𝒏𝒅 𝒇𝒐𝒓 𝒍𝒊𝒏𝒆 𝒅𝟐, 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓: 𝒗⃗⃗ 𝟐 = (𝟒, 𝟐,−𝟏) 
𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝜽 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚: 

𝐜𝐨𝐬 𝜽 =
|𝒗⃗⃗ 𝟏. 𝒗⃗⃗ 𝟐|

|𝒗⃗⃗ 𝟏|. |𝒗⃗⃗ 𝟐|
 

𝒗⃗⃗ 𝟏. 𝒗⃗⃗ 𝟐 = −𝟗 

 

|𝒗⃗⃗ 𝟏| = √𝟏𝟒  , |𝒗⃗⃗ 𝟐| = √𝟐𝟏 

𝐜𝐨𝐬 𝜽 =
𝟑√𝟔

𝟏𝟒
 

𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒅𝟏 𝒂𝒏𝒅 𝒅𝟐 𝒊𝒔 

𝜽 = 𝐜𝐨𝐬−𝟏 (
𝟑√𝟔

𝟏𝟒
) 

JP.614 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟒 + 𝒃𝟒

𝒉𝒄
+
𝒃𝟒 + 𝒄𝟒

𝒉𝒂
+
𝒄𝟒 + 𝒂𝟒

𝒉𝒃
≥ 𝟐𝟖𝟖𝒓𝟑 
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Proposed by Nguyen Hung Cuong – Vietnam  

Solution 1 by Daniel Sitaru – Romania  

𝒂𝟒 + 𝒃𝟒

𝒉𝒄
+
𝒃𝟒 + 𝒄𝟒

𝒉𝒂
+
𝒄𝟒 + 𝒂𝟒

𝒉𝒃
=∑

𝒂𝟒 + 𝒃𝟒

𝒉𝒄
𝒄𝒚𝒄

≥ 

≥
𝑨𝑴−𝑮𝑴

∑
𝟐𝒂𝟐𝒃𝟐

𝒉𝒄
𝒄𝒚𝒄

=∑
𝟐𝒂𝟐𝒃𝟐

𝟐𝑭
𝒄𝒄𝒚𝒄

=
𝟏

𝑭
∑𝒂𝟐𝒃𝟐𝒄

𝒄𝒚𝒄

= 

=
𝒂𝒃𝒄

𝑭
∑𝒂𝒃

𝒄𝒚𝒄

=
𝟒𝑹𝑭

𝑭
(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) ≥ 𝟒𝑹(

𝟐𝟕𝑹𝟐

𝟒
+ 𝒓𝟐 + 𝟒𝑹𝒓) ≥

𝑬𝑼𝑳𝑬𝑹
 

≥ 𝟒 ⋅ 𝟐𝒓 (
𝟐𝟕

𝟒
⋅ 𝟒𝒓𝟐 + 𝒓𝟐 + 𝟒 ⋅ 𝟐𝒓 ∙ 𝒓) = 𝟖𝒓(𝟐𝟕𝑹𝟐 + 𝟗𝒓𝟐) = 𝟖𝒓 ⋅ 𝟑𝟔𝒓𝟐 = 𝟐𝟖𝟖𝒓𝟑 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Marin Chirciu – Romania  

       
4 4 4 44 4 4 4 4 42 2 32 32

9 9 9 9 9 3

Holder Santalo

a a a a a a a

b c p pb c b c p p

h h h h h h h p


       



 
  

   

 
3

3 3
3

32 3 332 32 27 3 3
288

9 3 9 3 9 3

Mitinovic rp r
r RHS

 
     . 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 3 by Omkumar Rao-India 

𝑻𝒉𝒆 𝒂𝒍𝒕𝒊𝒕𝒖𝒅𝒆𝒔 𝒂𝒓𝒆 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚 ∶ 𝒉𝒄 =
𝟐𝑺

𝒄
 , 𝒉𝒂 =

𝟐𝑺

𝒂
 , 𝒉𝒃 =

𝟐𝑺

𝒃
 

: 𝑺 − 𝑨𝒓𝒆𝒂 𝒐𝒇 ∆𝑨𝑩𝑪 , 𝒔 − 𝒔𝒆𝒎𝒊𝒑𝒆𝒓𝒊𝒎𝒆𝒕𝒆𝒓, 𝒓 − 𝒊𝒏𝒓𝒂𝒅𝒊𝒖𝒔 , 𝑹 − 𝒄𝒊𝒓𝒄𝒖𝒎𝒓𝒂𝒅𝒊𝒖𝒔 

 

𝑳𝑯𝑺 =
𝒄(𝒂𝟒 + 𝒃𝟒)

𝟐𝑺
+
𝒂(𝒃𝟒 + 𝒄𝟒)

𝟐𝑺
+
𝒃(𝒄𝟒 + 𝒂𝟒)

𝟐𝑺
 

 
𝑩𝒚 𝑨𝑴 − 𝑮𝑴,𝒙𝟒 + 𝒚𝟒 ≥ 𝟐𝒙𝟐𝒚𝟐  

𝒇𝒐𝒓 𝒂𝒍𝒍 𝒓𝒆𝒂𝒍 𝒙,𝒚. 

 

𝑳𝑯𝑺 ≥
𝒂. 𝟐𝒃𝟐𝒄𝟐 + 𝒃.𝟐𝒄𝟐𝒂𝟐 + 𝒄. 𝟐𝒂𝟐𝒃𝟐

𝟐𝑺
 

𝑳𝑯𝑺 ≥
𝟐𝒂𝒃𝒄(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝟐𝑺
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𝑩𝒚 𝒆𝒙𝒕𝒆𝒏𝒅𝒆𝒅 𝒍𝒂𝒘 𝒐𝒇 𝒔𝒊𝒏𝒆𝒔 𝒂𝒃𝒄 = 𝟒𝑹𝑺 

 
𝑳𝑯𝑺 ≥ 𝟒𝑹(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

 
𝑬𝒖𝒍𝒆𝒓′𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ∶ 𝑹 ≥ 𝟐𝒓 
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒔𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 

𝒔 ≥ 𝟑√𝟑𝒓 
𝑳𝑯𝑺 ≥ 𝟒. 𝟐𝒓. 𝟑𝟔𝒓𝟐 = 𝟐𝟖𝟖𝒓𝟑 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒘𝒉𝒆𝒏 𝒃𝒐𝒕𝒉 𝑬𝒖𝒍𝒆𝒓′𝒔  
𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆 − 𝒊𝒏𝒓𝒂𝒅𝒊𝒖𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒂𝒓𝒆 𝒕𝒊𝒈𝒉𝒕 ,𝒘𝒉𝒊𝒄𝒉  

𝒐𝒄𝒄𝒖𝒓𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

 

JP.615 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟒 + 𝒃𝟒

𝒉𝒄
𝟐 +

𝒃𝟒 + 𝒄𝟒

𝒉𝒂
𝟐 +

𝒄𝟒 + 𝒂𝟒

𝒉𝒃
𝟐 ≥ 𝟗𝟔𝒓𝟐 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution 1 by Daniel Sitaru – Romania  

𝒂𝟒 + 𝒃𝟒

𝒉𝒄𝟐
+
𝒃𝟒 + 𝒄𝟒

𝒉𝒂𝟐
+
𝒄𝟒 + 𝒂𝟒

𝒉𝒃
𝟐 =∑

𝒂𝟒 + 𝒃𝟒

𝒉𝒄𝟐
𝒄𝒚𝒄

≥ 

≥
𝑨𝑴−𝑮𝑴

∑
𝟐𝒂𝟐𝒃𝟐

𝟒𝑭𝟐

𝒄𝟐
𝒄𝒚𝒄

=
𝟏

𝟐𝑭𝟐
∑𝒂𝟐𝒃𝟐𝒄𝟐

𝒄𝒚𝒄

=
𝟑

𝟐𝑭𝟐
⋅ (𝟒𝑹𝑭)𝟐 =

𝟑

𝟐𝑭𝟐
⋅ 𝟏𝟔𝑹𝟐𝑭𝟐 = 

= 𝟐𝟒𝑹𝟐 ≥
𝑬𝑼𝑳𝑬𝑹

𝟐𝟒 ⋅ (𝟐𝒓)𝟐 = 𝟐𝟒 ⋅ 𝟒𝒓𝟐 = 𝟗𝟔𝒓𝟐 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Marin Chirciu– Romania  

       
4 4 4 44 4 4 4 4 4

2 2 2 2 2 2 2 2

2 2 32 32

9 9 9 9 9

Holder

a a a a a a a

b c p pb c b c p p

h h h h h h h p


       



 
  

   

 
2

2 2
2

32 3 332 32 27
96

9 9 9

Mitinovic rp r
r RHS

 
     . 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 3 by Omkumar Rao-India 
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𝑻𝒉𝒆 𝒂𝒍𝒕𝒊𝒕𝒖𝒅𝒆𝒔 𝒂𝒓𝒆: 

𝒉𝒂 =
𝟐𝑺

𝒂
 , 𝒉𝒃 =

𝟐𝑺

𝒃
 , 𝒉𝒄 =

𝟐𝑺

𝒄
, 𝑳𝑯𝑺 =

𝒄𝟐(𝒂𝟒 + 𝒃𝟒) + 𝒂𝟐(𝒃𝟒 + 𝒄𝟒) + 𝒃𝟐(𝒄𝟒 + 𝒂𝟒)

𝟒𝑺𝟐
 

 

𝑩𝒚 𝑨𝑴− 𝑮𝑴,𝒙𝟒 + 𝒚𝟒 ≥ 𝟐𝒙𝟐𝒚𝟐 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒓𝒆𝒂𝒍 𝒙,𝒚. 

𝑳𝑯𝑺 ≥
𝟔𝒂𝟐𝒃𝟐𝒄𝟐

𝟒𝑺𝟐
, 𝑩𝒚 𝒆𝒙𝒕𝒆𝒏𝒅𝒆𝒅 𝒍𝒂𝒘 𝒐𝒇 𝒔𝒊𝒏𝒆𝒔: 𝒂𝒃𝒄 = 𝟒𝑹𝑺 

𝑬𝒖𝒍𝒆𝒓′𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 𝑹 ≥ 𝟐𝒓 

 
𝑳𝑯𝑺 ≥ 𝟗𝟔𝒓𝟐 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒃𝒐𝒕𝒉 𝒕𝒉𝒆 𝑨𝑴

− 𝑮𝑴 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒂𝒏𝒅 𝑬𝒖𝒍𝒆𝒓′𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 
𝒂𝒓𝒆 𝒕𝒊𝒈𝒉𝒕 ,𝒘𝒉𝒊𝒄𝒉 𝒐𝒄𝒄𝒖𝒓𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 

∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 
 

PROBLEMS FOR SENIORS 

SP.601 What is the largest positive value of the power 𝒌 such that 

𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌 ≤ 𝟑 

for all nonnegative real numbers 𝒂, 𝒃, 𝒄, 𝒅 with 𝒂 ≤ 𝒃 ≤ 𝒄 ≤ 𝒅 and 𝒂𝒃 +

𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂 = 𝟒? 

Proposed by Vasile Cîrtoaje – Romania  

Solution by proposer 

For 𝒂 = 𝟎 and 𝒃 = 𝒄 = 𝒅 = √𝟐, the constraints are satisfied and the inequality becomes  

𝟐 ⋅ 𝟐
𝒌
𝟐 ≤ 𝟑, 

that is 

𝒌 ≤ 𝒎 =
𝐥𝐧 𝟗

𝐥𝐧 𝟐
− 𝟐 ≈ 𝟏. 𝟏𝟕,     𝟐

𝒎
𝟐 =

𝟑

𝟐
. 

To show that 𝒎 is the largest positive 𝒌, we need to prove the required inequality for  

𝒌 = 𝒎. Let’s write it in the homogeneous form 
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(
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂

𝟒
)

𝒎
𝟐

≥
𝒂𝒎 + 𝒃𝒎 + 𝒄𝒎

𝟑
. 

Since 𝒅 ≥ 𝒄, it suffices to prove the inequality for 𝒅 = 𝒄. For fixed 𝒃 and 𝒄, we need to 

prove that 𝒇(𝒂) ≥ 𝟎, where  

𝒇(𝒂) = (
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒄𝟐

𝟒
)

𝒎
𝟐

−
𝒂𝒎 + 𝒃𝒎 + 𝒄𝒎

𝟑
,    𝒂 ∈ [𝟎, 𝒃], 

with  

𝟏

𝒎
𝒇′(𝒂) =

𝒃 + 𝒄

𝟖
(

𝟒

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒄𝟐
)
𝟏−
𝒎
𝟐
−
𝟏

𝟑
𝒂𝒎−𝟏. 

Since 𝒇′(𝒂) is decreasing, 𝒇(𝒂) is concave. So, it suffices to prove that 𝒇(𝒂) ≥ 𝟎 for 𝒂 = 𝟎 

and 𝒂 = 𝒃. 

Case 1: 𝒂 = 𝟎. We need to show that 

(
𝒃𝒄 + 𝒄𝟐

𝟒
)

𝒎
𝟐

≥
𝒃𝒎 + 𝒄𝒎

𝟑
. 

Due to homogeneity, we may set 𝒄 = 𝟏. So, we need to prove that 

(
𝒃 + 𝟏

𝟒
)

𝒎
𝟐

≥
𝒃𝒎 + 𝟏

𝟑
 

for 𝟎 ≤ 𝒃 ≤ 𝟏. Since 𝒃𝒎 ≤ 𝒃, it suffices to show that 

(
𝒃 + 𝟏

𝟒
)

𝒎
𝟐

≥
𝒃 + 𝟏

𝟑
, 

which is true if  

𝟑 ≥ 𝟐𝒎(𝒃 + 𝟏)𝟏−
𝒎
𝟐 . 

We have 

𝟑 − 𝟐𝒎(𝒃 + 𝟏)𝟏−
𝒎
𝟐 ≥ 𝟑 − 𝟐𝒎 ⋅ 𝟐𝟏−

𝒎
𝟐 = 𝟑 − 𝟐 ⋅ 𝟐

𝒎
𝟐 = 𝟑 − 𝟐 ⋅

𝟑

𝟐
= 𝟎. 

Case 2: 𝒂 = 𝒃. We need to show that 

(
𝒃 + 𝒄

𝟐
)
𝒎

≥
𝟐𝒃𝒎 + 𝒄𝒎

𝟑
. 

Due to homogeneity, we may set 𝒄 = 𝟏. So, we need to prove that 
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(
𝒃 + 𝟏

𝟐
)
𝒎

≥
𝟐𝒃𝒎 + 𝟏

𝟑
 

for 𝟎 ≤ 𝒃 ≤ 𝟏. Since 𝒃𝒎 ≤ 𝒃, it suffices to show that 

(
𝒃 + 𝟏

𝟐
)
𝒎

≥
𝟐𝒃 + 𝟏

𝟑
. 

By Bernoulli’s inequality, we have 

(
𝒃 + 𝟏

𝟐
)
𝒎

= (𝟏 −
𝟏 − 𝒃

𝟐
)
𝒎

≥ 𝟏 −
𝒎

𝟐
(𝟏 − 𝒃) ≥ 𝟏 −

𝟐

𝟑
(𝟏 − 𝒃) =

𝟐𝒃 + 𝟏

𝟑
. 

The proof is completed. If 𝒌 = 𝒎, then the equality occurs for 𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝟏, as well 

as for 𝒂 = 𝟎 and 𝒃 = 𝒄 = 𝒅 = √𝟐. 

SP.602 Let 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 be nonnegative real numbers such that 
𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏 = 𝒏. Prove that: 

∑√
𝒏− 𝒂𝒊

𝒏 − 𝟏 + 𝒂𝒊

𝒏

𝒊=𝟏

≥ √𝒏(𝒏 − 𝟏) 

Proposed by Vasile Cîrtoaje – Romania  
Solution 1 by proposer 
 
By Holder’s inequality, we have 

(∑√
𝒏 − 𝒂𝒊

𝒏 − 𝟏 + 𝒂𝒊

𝒏

𝒊=𝟏

)

𝟐

∑(𝒏− 𝒂𝒊)
𝟐(𝒏 − 𝟏 + 𝒂𝒊) ≥ (∑(𝒏 − 𝒂𝒊)

𝒏

𝒊=𝟏

)

𝟑𝒏

𝒊=𝟏

= 𝒏𝟑(𝒏 − 𝟏)𝟑. 

So, it suffices to show that 

𝒏𝟐(𝒏 − 𝟏)𝟐 ≥∑(𝒏− 𝒂𝒊)
𝟐(𝒂𝒊 + 𝒏− 𝟏),

𝒏

𝒊=𝟏

 

which is equivalent to 𝑬 ≥ 𝟎, where 

𝑬 = −∑𝒂𝒊
𝟑

𝒏

𝒊=𝟏

+ (𝒏 + 𝟏)∑𝒂𝒊
𝟐

𝒏

𝒊=𝟏

− 𝒏𝟐. 

For 𝒏 = 𝟐, we have 𝑬 = 𝟎, and for 𝒏 = 𝟑, the inequality 𝑬 ≥ 𝟎 reduces to the well-known 
inequality  

(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑)(𝒂𝟏𝒂𝟐 + 𝒂𝟐𝒂𝟑 + 𝒂𝟑𝒂𝟏) ≥ 𝟗𝒂𝟏𝒂𝟐𝒂𝟑. 
For 𝒏 ≥ 𝟒, assume 𝒂𝟏 = 𝐦𝐚𝐱{𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏} and consider two cases. 
Case 1: 𝒂𝟏 ≤ 𝒏− 𝟏. We have 

𝑬 =∑[−𝒂𝒊
𝟑 + (𝒏 + 𝟏)𝒂𝒊

𝟐 − 𝒏]

𝒏

𝒊=𝟏

=∑[−𝒂𝒊
𝟑 + (𝒏 + 𝟏)𝒂𝒊

𝟐 − (𝟐𝒏 − 𝟏)𝒂𝒊 + 𝒏 − 𝟏]

𝒏

𝒊=𝟏
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=∑(𝟏− 𝒂𝒊)
𝟐(𝒏 − 𝟏 − 𝒂𝒊)

𝒏

𝒊=𝟏

≥ 𝟎. 

Case 2: 𝒂𝟏 > 𝑛 − 1. From 𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏 = 𝒏, it follows that 𝒂𝟏 ∈ (𝒏 − 𝟏,𝒏] and 
𝒂𝟐, … , 𝒂𝒏 < 1. So, 

𝑬 ≥ −𝒂𝟏
𝟑 + (𝒏 + 𝟏)𝒂𝟏

𝟐 − 𝒏𝟐 + 𝒂𝟐
𝟐(𝟏 − 𝒂𝟐) +⋯+ 𝒂𝒏

𝟐(𝟏 − 𝒂𝒏) 

≥ −𝒂𝟏
𝟑 + (𝒏 + 𝟏)𝒂𝟏

𝟐 − 𝒏𝟐 = (𝒏 − 𝒂𝟏)(𝒂𝟏
𝟐 − 𝒂𝟏 − 𝒏). 

Since 𝒂𝟏
𝟐 − 𝒂𝟏 − 𝒏 > (𝒏 − 𝟏)

𝟐 − (𝒏 − 𝟏) − 𝒏 − 𝒏(𝒏 − 𝟒) + 𝟐 > 0, we have 𝑬 ≥ 𝟎. 
The proof is completed. The equality occurs for 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏, and also for 𝒂𝟏 = 𝒏 
and  𝒂𝟐 = ⋯ = 𝒂𝒏 = 𝟎 (or any cyclic permutation). 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐖𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐬 

∑𝒇(𝒂𝒊)

𝒏

𝒊=𝟏

≥ 𝒏𝒇(𝒔), 𝒔 =
𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏

𝒏
= 𝟏, 

𝐖𝐡𝐞𝐫𝐞 

𝒇(𝒙) = √
𝒏 − 𝒙

𝒏 − 𝟏 + 𝒙
,   𝒙 ∈ [𝟎, 𝒏]. 

𝐅𝐨𝐫 𝒙 ∈ [𝟎, 𝟏],𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒇′′(𝒙) =
(𝟐𝒏 − 𝟏)(𝟐𝒏 + 𝟏 − 𝟒𝒙)

𝟒√(𝒏 − 𝒙)𝟑(𝒏 − 𝟏 + 𝒙)𝟓
≥ 𝟎, 

𝐓𝐡𝐞𝐧, 𝐟 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝐱 𝐨𝐧 [𝟎, 𝒔]. 𝐁𝐲 𝐭𝐡𝐞  𝐋𝐇𝐂𝐅 − 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 [𝟏], 𝐢𝐭  𝐬𝐮𝐟𝐟𝐢𝐜𝐞 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 
𝒇(𝒙) + (𝒏 − 𝟏)𝒇(𝒚) ≥ 𝒏𝒇(𝟏) 

𝐟𝐨𝐫 𝒙 ≥ 𝟏 ≥ 𝒚 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒙 + (𝒏 − 𝟏)𝒚
= 𝒏.𝐓𝐡𝐞 𝐥𝐚𝐬𝐭 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐜𝐚𝐧 𝐛𝐞 𝐫𝐞𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 

√
𝒏 − 𝒙

𝒏 − 𝟏 + 𝒙
+ (𝒏 − 𝟏)√

𝒏 − 𝒚

𝒏 − 𝟏 + 𝒚
≥ √𝒏(𝒏 − 𝟏) 

⟺√
(𝒏 − 𝟏)𝒚

𝟐𝒏 − 𝟏 − (𝒏 − 𝟏)𝒚
+ (𝒏 − 𝟏)√

𝒏 − 𝒚

𝒏 − 𝟏 + 𝒚
≥ √𝒏(𝒏 − 𝟏). 

𝐋𝐞𝐭 𝒕 = √
𝒏𝒚

𝟐𝒏 − 𝟏 − (𝒏 − 𝟏)𝒚
∈ [𝟎, 𝟏], 𝐭𝐡𝐞𝐧 𝒚 =

(𝟐𝒏 − 𝟏)𝒕𝟐

𝒏 + (𝒏 − 𝟏)𝒕𝟐
. 

𝐓𝐡𝐞 𝐥𝐚𝐬𝐭 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

√
(𝒏 − 𝟏)[𝒏𝟐 + (𝒏𝟐 − 𝟑𝒏 + 𝟏)𝒕𝟐]

𝒏 − 𝟏 + 𝒏𝒕𝟐
≥ 𝒏− 𝒕 

𝐁𝐲 𝐬𝐪𝐮𝐚𝐫𝐢𝐧𝐠,𝐰𝐞 𝐠𝐞𝐭 𝐭𝐡𝐞 𝐨𝐛𝐯𝐢𝐨𝐮𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 
𝒏𝒕(𝟏 − 𝒕)𝟐[𝟐(𝒏− 𝟏) − 𝒕] ≥ 𝟎, 
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𝐓𝐡𝐞 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐟𝐨𝐫 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏 = 𝟏, 𝐚𝐧𝐝 𝐟𝐨𝐫 𝒂𝟏 = 𝒏, 𝒂𝟐 = ⋯ = 𝒂𝒏
= 𝟎, 𝐨𝐫 𝐚𝐧𝐲 𝐜𝐲𝐜𝐥𝐢𝐜 

𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧. 
[𝟏] 𝐕. 𝐂î𝐫𝐭𝐨𝐚𝐣𝐞,  𝑴𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔

− 𝑽𝒐𝒍𝒖𝒎𝒆 𝟒: 𝑬𝒙𝒕𝒆𝒏𝒔𝒊𝒐𝒏𝒔 𝒂𝒏𝒅 𝑹𝒆𝒇𝒊𝒏𝒆𝒎𝒆𝒏𝒕𝒔 𝒐𝒇 𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 
𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚, 𝐋𝐀𝐏 𝐋𝐀𝐌𝐁𝐄𝐑𝐓 𝐀𝐜𝐚𝐝𝐞𝐦𝐢𝐜 𝐏𝐮𝐛𝐥𝐢𝐬𝐡𝐢𝐧𝐠 / 𝐄𝐝𝐢𝐭𝐮𝐫𝐚 𝐔𝐧𝐢𝐯𝐞𝐫𝐬𝐢𝐭𝐚𝐭𝐢𝐢 𝐏𝐞𝐭𝐫𝐨𝐥

− 𝐆𝐚𝐳𝐞 𝐝𝐢𝐧  
𝐏𝐥𝐨𝐢𝐞𝐬𝐭𝐢, 𝟐𝟎𝟐𝟏, 𝐩. 𝟒. 
 

SP.603 Prove that 
𝟓

𝟑
 is the largest positive value of the power 𝒌 such that 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+
𝟏

𝒅
≥ 𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌 + 𝒅𝒌 

for all positive real numbers 𝒂, 𝒃, 𝒄, 𝒅 with at most one of them smaller than 

𝟏 and  𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅 = 𝟔. 

Proposed by Vasile Cîrtoaje – Romania  

Solution by proposer  

For 𝒂 ∈ [𝟏,
𝟓

𝟐
) , 𝒃 = 𝒄 = 𝟏 and 𝒅 =

𝟓−𝟐𝒂

𝒂+𝟐
, the constraints are satisfied and the inequality 

becomes 𝑬(𝒂) ≥ 𝟎, where 

𝑬(𝒂) =
𝟏

𝒂
+
𝒂 + 𝟐

𝟓 − 𝟐𝒂
− 𝒂𝒌 − (

𝟓 − 𝟐𝒂

𝒂 + 𝟐
)

𝒌

. 

We have  

𝑬′(𝒂) = −
𝟏

𝒂𝟐
+

𝟗

(𝟓 − 𝟐𝒂)𝟐
− 𝒌𝒂𝒌−𝟏 +

𝟗𝒌

(𝒂 + 𝟐)𝟐
𝒅𝒌−𝟏, 

𝑬′′(𝒂) =
𝟐

𝒂𝟑
+

𝟑𝟔

(𝟓 − 𝟐𝒂)𝟑
− 𝒌(𝒌 − 𝟏)𝒂𝒌−𝟐 −

𝟏𝟖𝒌

(𝒂 + 𝟐)𝟑
𝒅𝒌−𝟏 −

𝟖𝟏𝒌(𝒌 − 𝟏)

(𝒂 + 𝟐)𝟒
𝒅𝒌−𝟐 

Since 𝑬(𝟏) = 𝑬′(𝟏) = 𝟎, the condition 𝑬′′(𝟏) ≥ 𝟎 is necessary to have 𝑬(𝒂) ≥ 𝟎 for  

𝒂 ∈ [𝟏,
𝟓

𝟐
). From 

𝑬′′(𝟏) = 𝟐 +
𝟒

𝟑
− 𝒌(𝒌 − 𝟏) −

𝟐𝒌

𝟑
− 𝒌(𝒌 − 𝟏) =

𝟐(𝟓 − 𝟑𝒌)(𝟏 + 𝒌)

𝟑
≥ 𝟎, 

we get 𝒌 ≤
𝟓

𝟑
. To show that 

𝟓

𝟑
 is the largest value of 𝒌, we need to prove that 𝑭 ≥ 𝟎 for  

𝒂 ≥ 𝒃 ≥ 𝒄 ≥ 𝟏 ≥ 𝒅 such that 𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅 = 𝟔, where 
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𝑭 =
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+
𝟏

𝒅
− 𝒂

𝟓
𝟑 − 𝒃

𝟓
𝟑 − 𝒄

𝟓
𝟑 − 𝒅

𝟓
𝟑. 

For fixed 𝒂 and 𝒃, assume that 𝒅 and 𝑭 are functions of 𝒄. We have 

(𝒂 + 𝒃 + 𝒄)𝒅′ + 𝒂 + 𝒃 + 𝒅 = 𝟎 

and  

𝑭′(𝒄) = −𝒄−𝟐 −
𝟓

𝟑
𝒄
𝟐
𝟑 − (𝒅−𝟐 +

𝟓

𝟑
𝒅
𝟐
𝟑)𝒅′ = −𝒄−𝟐 −

𝟓

𝟑
𝒄
𝟐
𝟑 + (𝒅−𝟐 +

𝟓

𝟑
𝒅
𝟐
𝟑)
𝒂 + 𝒃 + 𝒅

𝒂 + 𝒃 + 𝒄
. 

We claim that 𝑭′(𝒄) ≥ 𝟎, that is  

𝟑𝒅−𝟐 + 𝟓𝒅
𝟐
𝟑

𝟑𝒄−𝟐 + 𝟓𝒄
𝟐
𝟑

≥
𝒂 + 𝒃 + 𝒄

𝒂 + 𝒃 + 𝒅
,   
𝟑𝒅−𝟐 + 𝟓𝒅

𝟐
𝟑

𝟑𝒄−𝟐 + 𝟓𝒄
𝟐
𝟑

− 𝟏 ≥
𝒂 + 𝒃 + 𝒄

𝒂 + 𝒃 + 𝒅
− 𝟏, 

𝟑(𝒄𝟐 − 𝒅𝟐) − 𝟓𝒄𝟐𝒅𝟐 (𝒄
𝟐
𝟑 − 𝒅

𝟐
𝟑)

𝒅𝟐 (𝟑 + 𝟓𝒄
𝟖
𝟑)

≥
𝒄 − 𝒅

𝒂 + 𝒃 + 𝒅
. 

From : 𝟔 = 𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅 ≥ 𝟔√𝒂𝒃𝒄𝒅 ≥ 𝟔√𝒄𝟑𝒅, 

we have 𝒄𝟑𝒅 ≤ 𝟏, hence 

𝒅𝟐 (𝟑 + 𝟓𝒄
𝟖
𝟑) − 𝟖𝒄𝒅 = −𝟑𝒅(𝒄 − 𝒅) − 𝟓𝒄𝒅 (𝟏 − 𝒄

𝟓
𝟑𝒅) ≤ 𝟎. 

Since 𝒄𝒅 ≤ 𝟏,𝒅𝟐 (𝟑 + 𝟓𝒄
𝟖

𝟑) ≤ 𝟖𝒄𝒅 and 𝒂 + 𝒃 ≥ 𝟐𝒄, it suffices to prove the homogeneous 

inequality 

𝟑(𝒄𝟐 − 𝒅𝟐) − 𝟓(𝒄𝒅)
𝟐
𝟑 (𝒄

𝟐
𝟑 − 𝒅

𝟐
𝟑)

𝟖𝒄𝒅
≥
𝒄 − 𝒅

𝟐𝒄 + 𝒅
. 

For 𝒄 = 𝒙𝟑 ≥ 𝟏 and 𝒅 = 𝟏, the inequality becomes 

𝟑(𝒙𝟔 − 𝟏) − 𝟓𝒙𝟐(𝒙𝟐 − 𝟏)

𝟖𝒙𝟑
≥
𝒙𝟑 − 𝟏

𝟐𝒙𝟑 + 𝟏
,    (𝒙 − 𝟏)(𝑨 − 𝑩) ≥ 𝟎, 

where  

𝑨 = (𝟐𝒙𝟑 + 𝟏)(𝟑𝒙𝟓 + 𝟑𝒙𝟒 − 𝟐𝒙𝟑 − 𝟐𝒙𝟐 + 𝟑𝒙 + 𝟑),   𝑩 = 𝟖𝒙𝟑(𝒙𝟐 + 𝒙+ 𝟏). 

Since:   𝑨 −𝑩 = 𝟔𝒙𝟖 + 𝟔𝒙𝟕 − 𝟒𝒙𝟔 − 𝟗𝒙𝟓 + 𝒙𝟒 − 𝟒𝒙𝟑 − 𝟐𝒙𝟐 + 𝟑𝒙+ 𝟑 = 

= (𝒙 − 𝟏)(𝟔𝒙𝟕 + 𝟏𝟐𝒙𝟔 + 𝟖𝒙𝟓 − 𝒙𝟒 − 𝟒𝒙𝟐 − 𝟔𝒙 − 𝟑) ≥ 𝟎, 
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we have 𝑭′(𝒄) ≥ 𝟎,𝑭(𝒄) is increasing and has the minimum value when 𝒄 is minimum, 

hence when 𝒄 = 𝟏. So, it suffices to consider this case, when we need to show that 𝑮 > 0 

for 𝒂 ≥ 𝒃 ≥ 𝟏 ≥ 𝒅 such that 𝒂𝒃 + 𝒃𝒅 + 𝒅𝒂 + 𝒂 + 𝒃 + 𝒅 = 𝟔, where 

𝑮 =
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒅
− 𝒂

𝟓
𝟑 − 𝒃

𝟓
𝟑 − 𝒅

𝟓
𝟑. 

For fixed 𝒂, assume that 𝒅 and 𝑮 are functions of 𝒃. We have 

(𝒂 + 𝒃 + 𝟏)𝒅′ + 𝒂 + 𝒅 + 𝟏 = 𝟎 

and  

𝑮′(𝒃) = −
𝟏

𝒃𝟐
−
𝟓

𝟑
𝒃
𝟐
𝟑 − (

𝟏

𝒅𝟐
+
𝟓

𝟑
𝒅
𝟐
𝟑)𝒅′ = −

𝟏

𝒃𝟐
−
𝟓

𝟑
𝒃
𝟐
𝟑 + (

𝟏

𝒅𝟐
+
𝟓

𝟑
𝒅
𝟐
𝟑)
𝒂 + 𝒅 + 𝟏

𝒂 + 𝒃 + 𝟏
. 

We claim that 𝑮′(𝒃) ≥ 𝟎, that is 

𝟑𝒅−𝟐 + 𝟓𝒅
𝟐
𝟑

𝟑𝒃−𝟐 + 𝟓𝒃
𝟐
𝟑

≥
𝒂 + 𝒃 + 𝟏

𝒂 + 𝒅 + 𝟏
,

𝟑𝒅−𝟐 + 𝟓𝒅
𝟐
𝟑

𝟑𝒃−𝟐 + 𝟓𝒃
𝟐
𝟑

− 𝟏 ≥
𝒂 + 𝒃 + 𝟏

𝒂 + 𝒅 + 𝟏
− 𝟏, 

𝟑(𝒃𝟐 − 𝒅𝟐) − 𝟓𝒃𝟐𝒅𝟐 (𝒃
𝟐
𝟑 − 𝒅

𝟐
𝟑)

𝒅𝟐 (𝟑 + 𝟓𝒃
𝟖
𝟑)

≥
𝒃 − 𝒅

𝒂 + 𝒅 + 𝟏
. 

From:  𝟔 = 𝒂𝒃 + 𝒃𝒅 + 𝒅𝒂 + 𝒂 + 𝒃 + 𝒅 ≥ 𝟔√𝒂𝒃𝒅 ≥ 𝟔√𝒃𝟐𝒅, 

we get 𝒃𝟐𝒅 ≤ 𝟏, hence 

𝒅𝟐 (𝟑 + 𝟓𝒃
𝟖
𝟑) − 𝟖𝒃𝒅 = −𝟑𝒅(𝒃 − 𝒅) − 𝟓𝒃𝒅 (𝟏 − 𝒃

𝟓
𝟑𝒅) ≤ 𝟎, 

and from 

𝟔 = 𝒂𝒃 + 𝒃𝒅 + 𝒅𝒂 + 𝒂 + 𝒃 + 𝒅 ≥ 𝒃𝟐 + 𝟐𝒃𝒅 + 𝟐𝒃 + 𝒅 = 

= (𝒃 + 𝒅)𝟐 + 𝟐(𝒃 + 𝒅) − 𝒅𝟐 − 𝒅 ≥ (𝒃 + 𝒅)𝟐 + 𝟐(𝒃 + 𝒅) − 𝟐, 

we get 

(𝒃 + 𝒅)𝟐 + 𝟐(𝒃 + 𝒅) − 𝟖 ≤ 𝟎,   𝒃 + 𝒅 ≤ 𝟐, 

hence  

𝒂 + 𝒅 + 𝟏 ≥ 𝒃 + 𝒅 = 𝟏 ≥ 𝒃 + 𝒅 +
𝒃 + 𝒅

𝟐
=
𝟑(𝒃 + 𝒅)

𝟐
. 
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Since 𝒃𝒅 ≤ 𝟏,𝒅𝟐 (𝟑 + 𝟓𝒃
𝟖

𝟑) ≤ 𝟖𝒃𝒅 and 𝒂 + 𝒅 + 𝟏 ≥ 𝒃 + 𝒅 + 𝟏 ≥ 𝒃 + 𝒅 +
𝒃+𝒅

𝟐
=
𝟑(𝒃+𝒅)

𝟐
, it 

suffices to prove the homogeneous inequality 

𝟑(𝒃𝟐 − 𝒅𝟐) − 𝟓(𝒃𝒅)
𝟐
𝟑 (𝒃

𝟐
𝟑 − 𝒅

𝟐
𝟑)

𝟖𝒃𝒅
≥
𝟐(𝒃 − 𝒅)

𝟑(𝒃 + 𝒅)
. 

For 𝒃 = 𝒙𝟑 ≥ 𝟏 and 𝒅 = 𝟏, the inequality becomes 

𝟑(𝒙𝟔 − 𝟏) − 𝟓𝒙𝟐(𝒙𝟐 − 𝟏)

𝟖𝒙𝟑
≥
𝟐(𝒙𝟑 − 𝟏)

𝟑(𝒙𝟑 + 𝟏)
,   (𝒙 − 𝟏)(𝑪 − 𝑫) ≥ 𝟎, 

where  

𝑪 = 𝟑(𝒙𝟑 + 𝟏)(𝟑𝒙𝟓 + 𝟑𝒙𝟒 − 𝟐𝒙𝟑 − 𝟐𝒙𝟐 + 𝟑𝒙 + 𝟑), 𝑫 = 𝟏𝟔𝒙𝟑(𝒙𝟐 + 𝒙 + 𝟏). 

Since  

𝑪 −𝑫 = 𝟗𝒙𝟖 + 𝟗𝒙𝟕 − 𝟔𝒙𝟔 − 𝟏𝟑𝒙𝟓 + 𝟐𝒙𝟒 − 𝟏𝟑𝒙𝟑 − 𝟔𝒙𝟐 + 𝟗𝒙 + 𝟗 

= (𝒙 − 𝟏)𝟐(𝟗𝒙𝟔 + 𝟐𝟕𝒙𝟓 + 𝟑𝟗𝒙𝟒 + 𝟑𝟖𝒙𝟑 + 𝟑𝟗𝒙𝟐 + 𝟐𝟕𝒙 + 𝟗) ≥ 𝟎, 

we have 𝑮′(𝒃) ≥ 𝟎,𝑮(𝒃) is increasing and has the minimum value when 𝒃 is minimum, 

hence when 𝒃 = 𝟏. So, it suffices to consider this case, when we need to show that 𝑯 ≥ 𝟎 

for 𝒂 ≥ 𝟏 ≥ 𝒅 such that 𝒂𝒅 + 𝟐(𝒂 + 𝒅) = 𝟓, where 

𝑮 =
𝟏

𝒂
+
𝟏

𝒅
− 𝒂

𝟓
𝟑 − 𝒅

𝟓
𝟑. 

We have 

𝒅 =
𝟓 − 𝟐𝒂

𝒂 + 𝟐
,𝒂 <

𝟓

𝟐
. 

Assume that 𝒅 and 𝑮 are function of 𝒂, and show that 𝑮′(𝒂) ≥ 𝟎. Then, 𝑮(𝒂) is increasing 

and 𝑮(𝒂) ≥ 𝑮(𝟏) = 𝟎 (because 𝒂 = 𝟏 implies 𝒅 = 𝟏). We have 

(𝒂 + 𝟐)𝒅′ + 𝒅 + 𝟐 = 𝟎 

and  

𝑮′(𝒂) = −𝒂−𝟐 −
𝟓

𝟑
𝒂
𝟐
𝟑 − (𝒅−𝟐 +

𝟓

𝟑
𝒅
𝟐
𝟑)𝒅′ = −𝒂−𝟐 −

𝟓

𝟑
𝒂
𝟐
𝟑 + (𝒅−𝟐 +

𝟓

𝟑
𝒅
𝟐
𝟑)
𝒅 + 𝟐

𝒂 + 𝟐
. 

Write the required inequality 𝑮′(𝒂) ≥ 𝟎 as follows: 

𝟑𝒅−𝟐 + 𝟓𝒅
𝟐
𝟑

𝟑𝒂−𝟐 + 𝟓𝒂
𝟐
𝟑

≥
𝒂 + 𝟐

𝒅 + 𝟐
,   
𝟑𝒅−𝟐 + 𝟓𝒅

𝟐
𝟑

𝟑𝒂−𝟐 + 𝟓𝒂
𝟐
𝟑

− 𝟏 ≥
𝒂 + 𝟐

𝒅 + 𝟐
− 𝟏, 
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𝟑(𝒂𝟐 − 𝒅𝟐) − 𝟓𝒂𝟐𝒅𝟐 (𝒂
𝟐
𝟑 − 𝒅

𝟐
𝟑)

𝒅𝟐 (𝟑 + 𝟓𝒂
𝟖
𝟑)

≥
𝒂 − 𝒅

𝒅 + 𝟐
. 

We will show that this inequality can be obtained by multiplying the inequality 

𝟖(𝒅 + 𝟐) ≥ 𝟑𝒅𝟐 (𝟑 + 𝟓𝒂
𝟖

𝟑)              (*) 

and  𝟑(𝒂𝟐 − 𝒅𝟐) − 𝟓𝒂𝟐𝒅𝟐 (𝒂
𝟐

𝟑 − 𝒅
𝟐

𝟑) ≥
𝟖(𝒂−𝒅)

𝟑
        (**) 

By Bernoulli’s inequality, we have 

𝒂
𝟖
𝟑 = [𝟏 + (𝒂𝟑 − 𝟏)]

𝟖
𝟗 ≤ 𝟏 +

𝟖(𝒂𝟑 − 𝟏)

𝟗
=
𝟖𝒂𝟑 + 𝟏

𝟗
,    𝟑 + 𝟓𝒂

𝟖
𝟑 ≤

𝟖(𝟓𝒂𝟑 + 𝟒)

𝟗
. 

So, to prove the inequality (*), it suffices to show that: 𝟑(𝒅 + 𝟐) ≥ 𝒅𝟐(𝟓𝒂𝟑 + 𝟒), 

which is equivalent to 

𝟑(𝟓 − 𝟐𝒂)

𝒂 + 𝟐
+ 𝟔 ≥

(𝟓 − 𝟐𝒂)𝟐(𝟓𝒂𝟑 + 𝟒)

(𝒂 + 𝟐)𝟐
, 

−𝟐𝟎𝒂𝟓 + 𝟏𝟎𝟎𝒂𝟒 − 𝟏𝟐𝟓𝒂𝟑 − 𝟏𝟔𝒂𝟐 + 𝟏𝟎𝟕𝒂 − 𝟒𝟔 ≥ 𝟎,   (𝒂 − 𝟏)𝟐𝑨 ≥ 𝟎, 

where  

𝑨 = −𝟐𝟎𝒂𝟑 + 𝟔𝟎𝒂𝟐 + 𝟏𝟓𝒂 − 𝟒𝟔. 

The inequality (*) is true because 

𝑨 ≥ −𝟐𝟎𝒂𝟑 + 𝟔𝟎𝒂𝟐 + 𝟏𝟓𝒂 − 𝟓𝟓 = (𝒂 − 𝟏)(−𝟐𝟎𝒂𝟐 + 𝟒𝟎𝒂 + 𝟓𝟓) 

≥ (𝒂 − 𝟏)(−𝟐𝟎𝒂𝟐 + 𝟒𝟎𝒂 + 𝟐𝟓) = 𝟓(𝒂 − 𝟏)(𝟐𝒂 + 𝟏)(𝟓 − 𝟐𝒂) ≥ 𝟎. 

From 𝟓 = 𝒂𝒅 + 𝟐(𝒂 + 𝒅) ≥ 𝒂𝒅 + 𝟒√𝒂𝒅 and 𝟓 = 𝒂𝒅 + 𝟐(𝒂 + 𝒅) ≤
(𝒂+𝒅)𝟐

𝟒
+ 𝟐(𝒂 + 𝒅), we 

get 𝒂𝒅 ≤ 𝟏 and 𝒂 + 𝒅 ≥ 𝟐. So, to prove (**), it suffices to prove the homogeneous 

inequality 

𝟑(𝒂𝟐 − 𝒅𝟐) − 𝟓(𝒂𝒅)
𝟐
𝟑 (𝒂

𝟐
𝟑 − 𝒅

𝟐
𝟑) ≥

𝟒(𝒂 − 𝒅)(𝒂 + 𝒅)

𝟑
, 

which is equivalent to 

𝒂𝟐 − 𝒅𝟐 − 𝟑(𝒂𝒅)
𝟐
𝟑 (𝒂

𝟐
𝟑 − 𝒅

𝟐
𝟑) ≥ 𝟎,    (𝒂

𝟐
𝟑 − 𝒅

𝟐
𝟑)
𝟑

≥ 𝟎. 

The proof is finished. If 𝒌 =
𝟓

𝟑
, then the equality occurs for 𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝟏. 
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SP.604 Let be 𝑨(𝟐, 𝟏, 𝟎); 𝑩(𝟏, 𝟐, 𝟏); 𝑪(𝟑, 𝟑, 𝟑); 𝑫(𝟎, 𝟎, 𝟒). Find the distance 

from the point 𝑫 to the real plan (𝑨𝑩𝑪). 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

(𝑨𝑩𝑪): |

𝒙 𝒚 𝒛 𝟏
𝟐 𝟏 𝟎 𝟏
𝟏 𝟐 𝟏 𝟏
𝟑 𝟑 𝟑 𝟏

| = 𝟎 

(𝑨𝑩𝑪): |

𝒙 − 𝟑 𝒚 − 𝟑 𝒛 − 𝟑 𝟎
−𝟏 −𝟐 −𝟑 𝟎
−𝟐 −𝟏 −𝟐 𝟎
𝟑 𝟑 𝟑 𝟏

| = 𝟎 

(𝑨𝑩𝑪): |
𝒙 − 𝟑 𝒚 − 𝟑 𝒛 − 𝟑
−𝟏 −𝟐 −𝟑
−𝟐 −𝟏 −𝟐

| = 𝟎 

(𝑨𝑩𝑪): |
𝒙 − 𝟑 𝒚 − 𝟑 𝒛 − 𝟑
𝟏 𝟐 𝟑
𝟐 𝟏 𝟐

| = 𝟎 

(𝑨𝑩𝑪): 𝟒(𝒙 − 𝟑) + 𝟔(𝒚 − 𝟑) + (𝒛 − 𝟑) − 𝟒(𝒛 − 𝟑) − 𝟑(𝒙 − 𝟑) − 𝟐(𝒚 − 𝟑) = 𝟎 

(𝑨𝑩𝑪): 𝒙 − 𝟑 + 𝟒(𝒚 − 𝟑) − 𝟑(𝒛 − 𝟑) = 𝟎 

(𝑨𝑩𝑪): 𝒙 + 𝟒𝒚 − 𝟑𝒛 − 𝟑 − 𝟏𝟐 + 𝟗 = 𝟎 

(𝑨𝑩𝑪): 𝒙 + 𝟒𝒚− 𝟑𝒛 − 𝟔 = 𝟎 

𝒅(𝑫, (𝑨𝑩𝑪)) =
|𝒙𝑫 + 𝟒𝒚𝑫 − 𝟑𝒛𝑫 − 𝟔|

√𝟏𝟐 + 𝟒𝟐 + (−𝟑)𝟐
=
|𝟎 + 𝟒 ⋅ 𝟎 − 𝟑 ⋅ 𝟒 − 𝟔|

√𝟏𝟐 + 𝟒𝟐 + (−𝟑)𝟐
 

𝒅(𝑫, (𝑨𝑩𝑪)) =
𝟏𝟖

√𝟐𝟔
=
𝟏𝟖√𝟐𝟔

𝟐𝟔
=
𝟗√𝟐𝟔

𝟏𝟑
 

Solution 2 by Marin Chirciu-Romania 

The equation of the real plan (𝑴𝟏𝑴𝟐𝑴𝟑),       1 1 1 1 2 2 2 2 3 3 3 3, , ; , , ; , ,M x y z M x y z M x y z is: 

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

0

x x y y z z

x x y y z z

x x y y z z

  

   

  

. 

2).The distance from  0 0 0 0, ,M x y z to   : 0P ax by cx d    is: 
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   0 0 0

0
2 2 2

,
ax by cz d

d M P
a b c

  


 
. 

 ABC :

2 1 0

1 2 2 1 1 0 0

3 2 3 1 3 0

x y z  

   

  

 4 3 6 0x y z    . 

The distance from  0,0,4D to   : 4 3 6 0ABC x y z    is: 

  
 

22 2

1 0 4 0 3 4 6 18
,

261 4 3
d D ABC

     
 

  

. 

Solution 3 by José Luis Díaz – Barrero – Spain 

We can find two vectors lying in the plane by using the points 𝑨, 𝑩, and 𝑪: 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝑩 − 𝑨 = (𝟏 − 𝟐, 𝟐 − 𝟏, 𝟏 − 𝟎) = (−𝟏, 𝟏, 𝟏) 

𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝑪 − 𝑨 = (𝟑 − 𝟐, 𝟑 − 𝟏, 𝟑 − 𝟎) = (𝟏, 𝟐, 𝟑) 

The normal vector 𝒏⃗⃗  to the plane is perpendicular to both 𝑨𝑩⃗⃗⃗⃗⃗⃗  and 𝑨𝑪⃗⃗⃗⃗  ⃗, which can be found 
using the cross product: 

𝒏⃗⃗ = 𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊 𝒋 𝒌⃗⃗ 

−𝟏 𝟏 𝟏
𝟏 𝟐 𝟑

| 

𝒏⃗⃗ = 𝒊 (𝟏 ⋅ 𝟑 − 𝟏 ⋅ 𝟐) − 𝒋 ((−𝟏) ⋅ 𝟑 − 𝟏 ⋅ 𝟏) + 𝒌⃗⃗ ((−𝟏) ⋅ 𝟐 − 𝟏 ⋅ 𝟏) 

𝒏⃗⃗ = 𝟏𝒊 + 𝟒𝒋 − 𝟑𝒌⃗⃗ = (𝟏, 𝟒,−𝟑) 
Using the point-normal equation of a plane 𝑨(𝒙 − 𝒙𝟎) + 𝑩(𝒚 − 𝒚𝟎) + 𝑪(𝒛 − 𝒛𝟎) = 𝟎  with 
the normal vector 𝒏⃗⃗ = (𝟏, 𝟒,−𝟑) and the point 𝑨(𝟐, 𝟏, 𝟎), we get 

𝟏(𝒙 − 𝟐) + 𝟒(𝒚 − 𝟏) − 𝟑(𝒛 − 𝟎) = 𝟎 ⇔ 𝒙 + 𝟒𝒚 − 𝟑𝒛 − 𝟔 = 𝟎 
The formula for the distance 𝒅 from a point (𝒙𝟎, 𝒚𝟎, 𝒛𝟎) to a plane 𝑨𝒙 + 𝑩𝒚 + 𝑪𝒛 + 𝑫 = 𝟎 
is: 

𝒅 =
|𝑨𝒙𝟎 +𝑩𝒚𝟎 + 𝑪𝒛𝟎 +𝑫|

√𝑨𝟐 + 𝑩𝟐 + 𝑪𝟐
 

Substitute the plane coefficients (𝑨 = 𝟏, 𝑩 = 𝟒,𝑪 = −𝟑,𝑫 = −𝟔) and coordinates of 
𝑫(𝟎, 𝟎, 𝟒), to obtain 

𝒅 =
|𝟏(𝟎) + 𝟒(𝟎) − 𝟑(𝟒) − 𝟔|

√𝟏𝟐 + 𝟒𝟐 + (−𝟑)𝟐
=
𝟏𝟖

√𝟐𝟔
=
𝟗√𝟐𝟔

𝟏𝟑
, 

and the distance from the point 𝑫 to the plane (𝑨𝑩𝑪) is 
𝟗√𝟐𝟔

𝟏𝟑
. 

 

SP.605 Let be 𝑨(𝟏, 𝟐, 𝟏); 𝑩(𝟐, 𝟏, 𝟑); 𝑪(𝟒, 𝟒, 𝟒). Find the distance from the 

point 𝑨 to the line 𝑩𝑪. 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by proposer 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝒙𝑩 − 𝒙𝑨)𝒊 + (𝒚𝑩 − 𝒚𝑨)𝒋 + (𝒛𝑩 − 𝒛𝑨)𝒌⃗⃗ = 

= (𝟐 − 𝟏)𝒊 + (𝟏 − 𝟐)𝒋 + (𝟑 − 𝟏)𝒌⃗⃗ = 𝒊 − 𝒋 + 𝟐𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝒙𝑪 − 𝒙𝑨)𝒊 + (𝒚𝑪 − 𝒚𝑨)𝒋 + (𝒛𝑪 − 𝒛𝑨)𝒌⃗⃗ = 

= (𝟒 − 𝟏)𝒊 + (𝟒 − 𝟐)𝒋 + (𝟒 − 𝟏)𝒌⃗⃗ = 𝟑𝒊 + 𝟐𝒋 + 𝟑𝒌⃗⃗  

𝑩𝑪 = √(𝒙𝑪 − 𝒙𝑩)𝟐 + (𝒚𝑪 − 𝒚𝑩)𝟐 + (𝒛𝑪 − 𝒛𝑩)𝟐 = 

= √(𝟒 − 𝟐)𝟐 + (𝟒 − 𝟏)𝟐 + (𝟒 − 𝟑)𝟐 = √𝟒 + 𝟗 + 𝟏 = √𝟏𝟒 

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊 𝒋 𝒌⃗⃗ 

𝟏 −𝟏 𝟐
𝟑 𝟐 𝟑

| = −𝟑𝒊 + 𝟔𝒋 + 𝟐𝒌⃗⃗ + 𝟑𝒌⃗⃗ − 𝟒𝒊 − 𝟑𝒋 = −𝟕𝒊 + 𝟑𝒋 + 𝟓𝒌⃗⃗  

𝑨[𝑨𝑩𝑪] =
𝟏

𝟐
|𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗| =

𝟏

𝟐
√(−𝟕)𝟐 + 𝟑𝟐 + 𝟓𝟐 = 

=
𝟏

𝟐
√𝟒𝟗+ 𝟗 + 𝟐𝟓 =

𝟏

𝟐
√𝟓𝟖 + 𝟐𝟓 =

𝟏

𝟐
√𝟖𝟑 

𝒅(𝑨,𝑩, 𝑪) =
𝟐[𝑨𝑩𝑪]

𝑩𝑪
=
𝟐 ⋅
𝟏
𝟐√
𝟖𝟑

√𝟏𝟒
= √

𝟖𝟑

𝟏𝟒
 

Solution 2 by Marin Chirciu-Romania 

The distance from the point  1 1 1, ,A x y z to the line BC ,  2 2 2, ,B x y z ,  3 3 3, ,C x y z  is: 

 

  
     

2 2 2

2 1 2 1 2 1 2 1 2 1 2 1

3 1 3 1 3 1 3 1 3 1 3 1

2 2 2

2 1 2 1 2 1

,

x x y y y y z z z z x x

x x y y y y z z z z x x
d A BC

x x y y z z

     
 

     


    
. 

 

The distance from the point  1,2,1A to the line BC ,    2,1,3 ; 4,4,4B C  is: 

 

𝒅(𝑨,𝑩𝑪) =

√|
𝟐 − 𝟏 𝟏 − 𝟐
𝟒 − 𝟏 𝟒 − 𝟐

|
𝟐

+ |
𝟏 − 𝟐 𝟑 − 𝟏
𝟒 − 𝟐 𝟒 − 𝟏

|
𝟐

+ |
𝟑 − 𝟏 𝟐 − 𝟏
𝟒 − 𝟏 𝟒 − 𝟏

|
𝟐

√(𝟒 − 𝟐)𝟐 + (𝟒 − 𝟏)𝟐 + (𝟒 − 𝟑)𝟐
= 
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=

√|
𝟏 −𝟏
𝟑 𝟐

|
𝟐

+ |
−𝟏 𝟐
𝟐 𝟑

|
𝟐

+ |
𝟐 𝟏
𝟑 𝟑

|
𝟐

√𝟒+ 𝟗 + 𝟏
= √

𝟖𝟑

𝟏𝟒
 

 

 Solution 3 by Jose Luis Diaz Barrero-Spain 

To find the distance from point 𝑨(𝟏, 𝟐, 𝟏) to the line passing through 𝑩(𝟐, 𝟏, 𝟑) and 

𝑪(𝟒, , 𝟒, 𝟒) we can use the vector formula: 

𝒅 =
||𝑩𝑨⃗⃗⃗⃗⃗⃗ × 𝑩𝑪⃗⃗⃗⃗⃗⃗ ||

||𝑩𝑪⃗⃗⃗⃗⃗⃗ ||
 

We find the components by subtracting the initial point from the terminal point: 

𝑩𝑨⃗⃗⃗⃗⃗⃗ = (𝟏 − 𝟐, 𝟐 − 𝟏, 𝟏 − 𝟑) = (−𝟏, 𝟏,−𝟐) 

𝑩𝑪⃗⃗⃗⃗⃗⃗ = (𝟒 − 𝟐, 𝟒 − 𝟏, 𝟒 − 𝟑) = (𝟐, 𝟑, 𝟏) 

Using the determinant definition of the cross product: 

𝑩𝑨⃗⃗⃗⃗⃗⃗ × 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝐝𝐞𝐭(
𝒊 𝒋 𝒌
−𝟏 𝟏 −𝟐
𝟐 𝟑 𝟏

) 

Expanding along the first row: 

𝑩𝑨⃗⃗⃗⃗⃗⃗ × 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝒊(𝟏 ⋅ 𝟏 − (−𝟐) ⋅ 𝟑) − 𝒋((−𝟏) ⋅ 𝟏 − (−𝟐) ⋅ 𝟐) + 𝒌((−𝟏) ⋅ 𝟑 − 𝟐 ⋅ 𝟐) 

= 𝒊(𝟏 + 𝟔) − 𝒋(−𝟏 + 𝟒) + 𝒌(−𝟑− 𝟐) 

= (𝟕, −𝟑, −𝟓) 

Next, we find the lengths of the cross product vector and the direction vector 𝑩𝑪⃗⃗⃗⃗⃗⃗ : 

||𝑩𝑨⃗⃗⃗⃗⃗⃗ × 𝑩𝑪⃗⃗⃗⃗⃗⃗ || = √𝟕𝟐 + (−𝟑)𝟐 + (−𝟓)𝟐 = √𝟒𝟗 + 𝟗 + 𝟐𝟓 = √𝟖𝟑 

||𝑩𝑪⃗⃗⃗⃗⃗⃗ || = √𝟐𝟐 + 𝟑𝟐 + 𝟏𝟐 = √𝟒 + 𝟗 + 𝟏 = √𝟏𝟒 

Substituting these values back into the distance formula gives: 

𝒅 =
√𝟖𝟑

√𝟏𝟒
= √

𝟖𝟑

𝟏𝟒
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SP.606 Let be 𝑨(𝟐, 𝟏, 𝟎); 𝑩(𝟎, 𝟏, 𝟐); 𝑪(𝟑, 𝟎, 𝟏); 𝑫(𝟒, 𝟒, 𝟒). Find the volume of 

the tetrahedron 𝑨𝑩𝑪𝑫. 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝒙𝑩 − 𝒙𝑨)𝒊 + (𝒚𝑩 − 𝒚𝑨)𝒋 + (𝒛𝑩 − 𝒛𝑨)𝒌⃗⃗  

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟎 − 𝟐)𝒊 + (𝟏 − 𝟏)𝒋 + (𝟐 − 𝟎)𝒌⃗⃗ = −𝟐𝒊 + 𝟐𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝒙𝒊 − 𝒙𝑨)𝒊 + (𝒚𝑪 − 𝒚𝑨)𝒋 + (𝒛𝑪 − 𝒛𝑨)𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟑 − 𝟐)𝒊 + (𝟎 − 𝟏)𝒋 + (𝟏 − 𝟎)𝒌⃗⃗ = 𝒊 − 𝒋 + 𝒌⃗⃗  

𝑨𝑫⃗⃗⃗⃗⃗⃗ = (𝒙𝑫 − 𝒙𝑨)𝒊 + (𝒚𝑫 − 𝒚𝑨)𝒋 + (𝒛𝑫 − 𝒛𝑨)𝒌⃗⃗  

𝑨𝑫⃗⃗⃗⃗⃗⃗ = (𝟒 − 𝟐)𝒊 + (𝟒 − 𝟏)𝒋 + (𝟒 − 𝟎)𝒋 = 𝟐𝒊 + 𝟑𝒋 + 𝟒𝒌⃗⃗  

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊 𝒋 𝒌⃗⃗ 

−𝟐 𝟎 𝟐
𝟏 −𝟏 𝟏

| = 𝟐𝒋 + 𝟐𝒌⃗⃗ + 𝟐𝒊 + 𝟐𝒋  

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝟐𝒊 + 𝟒𝒋 + 𝟐𝒌⃗⃗  

𝑨𝑫⃗⃗⃗⃗⃗⃗ ⋅ (𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗) = 𝟐 ⋅ 𝟐 + 𝟑 ⋅ 𝟒 + 𝟒 ⋅ 𝟐 = 𝟒 + 𝟏𝟐 + 𝟖 = 𝟐𝟒 

𝑽[𝑨𝑩𝑪𝑫] =
𝟏

𝟔
|𝑨𝑫⃗⃗⃗⃗⃗⃗ ⋅ (𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗)| =

𝟐𝟒

𝟔
= 𝟒 

Solution 2 by Marin Chirciu-Romania 

 
1

6
V ABCD   ,   

1

1

1

1

A A A

B B B

C C C

D D D

x y z

x y z

x y z

x y z

  . 

 

2 1 0 1 2 1 0 1
2 0 2

0 1 2 1 2 0 2 0 1 2
1 1 1 2 24

3 0 1 1 1 1 1 0 3 6
2 3 4

4 4 4 1 2 3 4 0


 

        


. 

 
1 1

24 4
6 6

V ABCD      . 
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Solution 3 by Jose Luis Diaz Barrero-Spain 

To find the volume of the tetrahedron with vertices 𝑨(𝟐, 𝟏, 𝟎); 𝑩(𝟎, 𝟏, 𝟐), 𝑪(𝟑, 𝟎, 𝟏), and 

𝑫(𝟒, 𝟒, 𝟒), we use the scalar triple product of three vectors sharing a common vertex. The 

formula for the volume 𝑽 is: 

𝑽 =
𝟏

𝟔
|(𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗) ⋅ 𝑨𝑫⃗⃗⃗⃗⃗⃗ | 

Choosing point 𝑨 as the reference vertex, we subtract its coordinates from the other 

points: 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟎 − 𝟐, 𝟏 − 𝟏, 𝟐 − 𝟎) = (−𝟐, 𝟎, 𝟐) 

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟑 − 𝟐, 𝟎 − 𝟏, 𝟏 − 𝟎) = (𝟏, −𝟏, 𝟏) 

𝑨𝑫⃗⃗⃗⃗⃗⃗ = (𝟒 − 𝟐, 𝟒 − 𝟏, 𝟒 − 𝟎) = (𝟐, 𝟑, 𝟒) 

The scalar triple product corresponds to the determinant of the matrix formed by these 

three vectors: 

𝑫 = 𝐝𝐞𝐭 (
−𝟐 𝟎 𝟐
𝟏 −𝟏 𝟏
𝟐 𝟑 𝟒

) 

Expanding along the first row, we get 

𝑫 = −𝟐 ⋅ 𝐝𝐞𝐭 (
−𝟏 𝟏
𝟑 𝟒

) − 𝟎 ⋅ 𝐝𝐞𝐭 (
𝟏 𝟏
𝟐 𝟒

) + 𝟐 ⋅ 𝐝𝐞𝐭 (
𝟏 −𝟏
𝟐 𝟑

) 

= −𝟐((−𝟏)(𝟒) − (𝟏)(𝟑)) − 𝟎 + 𝟐((𝟏)(𝟑) − (−𝟏)(𝟐)) = 𝟐𝟒 

Plugging the absolute value of the determinant into our volume formula, we obtain 

𝑽 =
𝟏

𝟔
⋅ |𝟐𝟒| =

𝟐𝟒

𝟔
= 𝟒 

Solution 4 by Omkumar Rao-India 

𝑻𝒉𝒆 𝒗𝒐𝒍𝒖𝒎𝒆 𝒐𝒇 𝒕𝒆𝒕𝒓𝒂𝒉𝒆𝒅𝒓𝒐𝒏 𝑨𝑩𝑪𝑫 𝒊𝒔  
𝒈𝒊𝒗𝒆𝒏 𝒃𝒚: 

𝑽 =
𝟏

𝟔
|[𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗, 𝑨𝑫⃗⃗⃗⃗⃗⃗ ]| 

 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝑩⃗⃗ − 𝑨⃗⃗ = (−𝟐, 𝟎, 𝟐) 

𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝑪⃗⃗ − 𝑨⃗⃗ = (𝟏,−𝟏, 𝟏) 

𝑨𝑫⃗⃗⃗⃗⃗⃗ = 𝑫⃗⃗ − 𝑨⃗⃗ = (𝟐, 𝟑, 𝟒) 
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𝑽 =
𝟏

𝟔
|
−𝟐 𝟎 𝟐
𝟏 −𝟏 𝟏
𝟐 𝟑 𝟒

| 

|
−𝟐 𝟎 𝟐
𝟏 −𝟏 𝟏
𝟐 𝟑 𝟒

| = −𝟐[(−𝟏)(𝟒) − (𝟏)(𝟑)] − 𝟎[(𝟏)(𝟒) − (𝟏)(𝟐)] + 𝟐[(𝟏)(𝟑) − (−𝟏)(𝟐)] 

= 𝟐𝟒 

𝑽 =
𝟏

𝟔
(𝟐𝟒) = 𝟒 𝒄𝒖𝒃𝒊𝒄 𝒖𝒏𝒊𝒕𝒔 

SP.607 Let be the function 𝒇: [𝟎, 𝟏] → ℝ integrable such that 𝒇(𝟏) = 𝟏 and 

∫ 𝒇(𝒕)
𝒚

𝒙

𝒅𝒕 =
𝟏

𝟐
(𝒚𝒇(𝒚) − 𝒙𝒇(𝒙)), ∀𝒙, 𝒚 ∈ [𝟎, 𝟏] 

Find: 

𝑰 = ∫ 𝒇(𝒙)

𝝅
𝟒

𝟎

⋅ 𝐭𝐚𝐧𝟐 𝒙𝒅𝒙 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

Solution by proposers 

∫ 𝒇(𝒕)
𝒚

𝒙
𝒅𝒕 =

𝟏

𝟐
(𝒚𝒇(𝒚) − 𝒙𝒇(𝒙)), ∀𝒙, 𝒚 ∈ [𝟎, 𝟏]     (*) 

If in (*) we take 𝒙 = 𝟎 and 𝒚 = 𝒙, we get ∫ 𝒇(𝒕)
𝒙

𝟎
𝒅𝒕 =

𝒙

𝟐
𝒇(𝒙). 

Let be 𝑭(𝒙) = ∫ 𝒇(𝒕)
𝒙

𝟎
𝒅𝒕, how 𝒇 is integrable function then 𝒇 is bounded function and  

𝑭(𝒙) =
𝒙

𝟐
𝒇(𝒙)    (1) 

From 𝑭′(𝒙) = 𝒇(𝒙) ⇒ 𝒙𝑭′(𝒙) = 𝟐𝑭(𝒙)   (2) 

On the other hand, (
𝑭(𝒙)

𝒙𝟐
)
′

=
𝒙𝑭′(𝒙)−𝟐𝑭(𝒙)

𝒙𝟑
=
(𝟐)
𝟎 ⇒ 𝑭(𝒙) = 𝜶𝒙𝟐, 𝜶 ∈ ℝ ⇒ 

𝒇(𝒙) = 𝜷(𝒙),𝜷 ∈ ℝ, 𝒙 ∈ (𝟎, 𝟏] and from 𝒇(𝟏) = 𝟏, we get 𝜷 = 𝟏 and hence 𝒇(𝒙) = 𝒙. 

Therefore, 

𝑰 = ∫ 𝒇(𝒙)

𝝅
𝟒

𝟎

⋅ 𝐭𝐚𝐧𝟐 𝒙𝒅𝒙 = ∫
𝒙(𝟏 − 𝐜𝐨𝐬𝟐 𝒙)

𝐜𝐨𝐬𝟐 𝒙

𝝅
𝟒

𝟎

𝒅𝒙 = 

= ∫
𝒙

𝐜𝐨𝐬𝟐 𝒙

𝝅
𝟒

𝟎

𝒅𝒙 − ∫ 𝒙

𝝅
𝟒

𝟎

𝒅𝒙 = (𝒙𝐭𝐚𝐧 𝒙 −
𝝅

𝟐
)|
𝟎

𝝅
𝟒
−∫ 𝐭𝐚𝐧 𝒙𝒅𝒙

𝝅
𝟒

𝟎

=
𝝅

𝟒
−
𝝅𝟐

𝟑𝟐
−
𝟏

𝟐
𝐥𝐧𝟐. 
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SP.608 If 𝒂, 𝒃, 𝒄 ∈ (𝟎, 𝟏) and 𝒙, 𝒚, 𝒛 > 0 such that 𝒂 = (𝒃𝒄)𝒙, 𝒃 = (𝒄𝒂)𝒚, 

𝒄 = (𝒂𝒃)𝒛 and 𝒙𝒚𝒛 = 𝟏 then holds: 

√∑𝒂𝒏(𝒚 + 𝒛 + 𝟐)𝟐𝒏−𝟏

𝒄𝒚𝒄

𝒏 ≥ 𝟔 ⋅ √𝒂𝒃𝒄
𝟑

, 𝒏 ∈ ℕ∗, 𝒏 ≥ 𝟐 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

Solution by proposers 

∑𝒂𝒏(𝒚 + 𝒛 + 𝟐)𝟐𝒏−𝟏

𝒄𝒚𝒄

=∑
𝒂𝒏(𝒚 + 𝒛 + 𝟐)𝒏

𝟏
(𝒚 + 𝒛 + 𝟐)𝒏−𝟏𝒄𝒚𝒄

≥
𝑹𝒂𝒅𝒐𝒏

 

≥
[𝒂(𝒚 + 𝒛 + 𝟐) + 𝒃(𝒛 + 𝒙 + 𝟐) + 𝒙(𝒙 + 𝒚 + 𝟐)]𝒏

(
𝟏

𝒙 + 𝒚 + 𝟐 +
𝟏

𝒚 + 𝒛 + 𝟐 +
𝟏

𝒙 + 𝒚 + 𝟐)
𝒏−𝟏 = 

=
[(𝒃+ 𝒄)𝒙 + (𝒄 + 𝒂)𝒚 + (𝒂 + 𝒃)𝒙]𝒏

(
𝟏

𝒙 + 𝒚 + 𝟐 +
𝟏

𝒚 + 𝒛 + 𝟐 +
𝟏

𝒙 + 𝒚 + 𝟐)
𝒏−𝟏 ≥

𝑨𝑴−𝑮𝑴
 

≥
(𝟑√(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)𝒙𝒚𝒛

𝟑 )
𝒏

(
𝟏

𝒙 + 𝒚 + 𝟐 +
𝟏

𝒚 + 𝒛+ 𝟐 +
𝟏

𝒙 + 𝒚+ 𝟐
)
𝒏−𝟏 ≥

(𝟔√𝒂𝒃𝒄
𝟑

)
𝒏

(
𝟏

𝒙 + 𝒚 + 𝟐+
𝟏

𝒚 + 𝒛 + 𝟐 +
𝟏

𝒙 + 𝒚 + 𝟐
)
𝒏−𝟏  (𝟏) 

Now, from 𝒂 = (𝒃𝒄)𝒙, 𝒃 = (𝒄𝒂)𝒚, 𝒄 = (𝒂𝒃)𝒛, we get 𝒙 =
− 𝐥𝐧 𝒂

− 𝐥𝐧 𝒃−𝐥𝐧 𝒄
, 𝒚 =

− 𝐥𝐧 𝒃

− 𝐥𝐧 𝒄−𝐥𝐧 𝒂
 

and 𝒛 =
− 𝐥𝐧 𝒃

− 𝐥𝐧 𝒂−𝐥𝐧 𝒄
. Let us denote {

− 𝐥𝐧𝒂 − 𝐥𝐧 𝒄 = 𝒒
− 𝐥𝐧𝒃 − 𝐥𝐧 𝒄 = 𝒑
− 𝐥𝐧𝒂 − 𝐥𝐧𝒃 = 𝒓

 with 𝒑, 𝒒, 𝒓 > 0, then 

{
 
 

 
 𝒙 =

−𝒑+𝒒+𝒓

𝟐𝒑

𝒚 =
𝒑−𝒒+𝒓

𝟐𝒒

𝒛 =
𝒑+𝒒−𝒓

𝟐𝒓

 and using 
𝒑𝒒

𝒑+𝒒
≤
𝒑+𝒒

𝟐
 , we get: 

𝟏

𝒙+𝒚+𝟐
=

𝟐𝒑𝒒

(𝒑+𝒒+𝒓)(𝒑+𝒒)
≤

𝒑+𝒒

𝟐(𝒑+𝒒+𝒓)
    (and analogs) 

Hence, it follows that:  
𝟏

𝒙+𝒚+𝟐
+

𝟏

𝒚+𝒛+𝟐
+

𝟏

𝒛+𝒙+𝟐
≤
𝒑+𝒒+𝒒+𝒓+𝒓+𝒑

𝟐(𝒑+𝒒+𝒓)
= 𝟏   (2) 

From (1) and (2) we obtain: 

𝒂𝒏(𝒚 + 𝒛 + 𝟐)𝟐𝒏−𝟏 + 𝒃𝒏(𝒛 + 𝒙 + 𝟐)𝟐𝒏−𝟏 + 𝒄𝒏(𝒙 + 𝒚 + 𝒛)𝟐𝒏−𝟏 ≥ (𝟔√𝒂𝒃𝒄
𝟑

)
𝒏

 

Finally, 
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√∑𝒂𝒏(𝒚 + 𝒛 + 𝟐)𝟐𝒏−𝟏

𝒄𝒚𝒄

𝒏 ≥ 𝟔 ⋅ √𝒂𝒃𝒄
𝟑

, 𝒏 ∈ ℕ∗, 𝒏 ≥ 𝟐 

SP.609 If 𝒂, 𝒃, 𝒄 > 0 then: 

√𝒂𝟐𝒃𝟐 + 𝒄𝟐 + √𝒄𝟐𝒃𝟐 + 𝒂𝟐 + √𝒄𝟐𝒂𝟐 + 𝒃𝟐 ≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

Let be 𝒇: (𝟎,∞) → ℝ; 𝒇(𝒙) = √𝒙𝟐 + 𝟏 

𝒇′(𝒙) =
𝒙

√𝒙𝟐+𝟏
; 𝒇′′(𝒙) =

𝟏

(𝒙𝟐+𝟏)√𝒙𝟐+𝟏
> 0; 𝒇 convex 

By Jensen’s inequality: 

∑ 𝒂𝒃𝒇 (
𝒄
𝒂𝒃)𝒄𝒚𝒄

∑ 𝒂𝒃𝒄𝒚𝒄
≥ 𝒇(

∑ 𝒂𝒃𝒄𝒚𝒄 ⋅
𝒄
𝒂𝒃

∑ 𝒂𝒃𝒄𝒚𝒄

) = 𝒇(
∑ 𝒄𝒄𝒚𝒄

∑ 𝒂𝒃𝒄𝒚𝒄
) 

∑ 𝒂𝒃𝒇 (
𝒄
𝒂𝒃)𝒄𝒚𝒄

∑ 𝒂𝒃𝒄𝒚𝒄
≥ 𝒇 (

𝒂 + 𝒃 + 𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
) 

𝒂𝒃𝒇 (
𝒄

𝒂𝒃
) + 𝒃𝒄𝒇 (

𝒂

𝒃𝒄
) + 𝒄𝒂𝒇 (

𝒃

𝒄𝒂
) ≥ (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝒇 (

𝒂 + 𝒃 + 𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
) 

∑𝒂𝒃

𝒄𝒚𝒄

√(
𝒄

𝒂𝒃
)
𝟐

+ 𝟏 ≥ (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)√(
𝒂 + 𝒃 + 𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
)
𝟐

+ 𝟏 

∑√𝒄𝟐 + 𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Jose Luis Diaz – Barrero – Spain 

Minkowski’s Inequality (the triangle inequality for vectors) states that for any real 

numbers: 

√𝒙𝟏
𝟐 + 𝒚𝟏

𝟐 +√𝒙𝟐
𝟐 + 𝒚𝟐

𝟐 +√𝒙𝟑
𝟐 + 𝒚𝟑

𝟐 ≥ √(𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑)𝟐 + (𝒚𝟏 + 𝒚𝟐 + 𝒚𝟑)𝟐 

We can strategically choose the components (𝒙𝒊, 𝒚𝒊) from each radical term as follows: 
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 For √𝒂𝟐𝒃𝟐 + 𝒄𝟐, let 𝒙𝟏 = 𝒂𝒃 and 𝒚𝟏 = 𝒄. 

 For √𝒃𝟐𝒄𝟐 + 𝒂𝟐, let 𝒙𝟐 = 𝒃𝒄 and 𝒚𝟐 = 𝒂. 

 For √𝒄𝟐𝒂𝟐 + 𝒃𝟐, let 𝒙𝟑 = 𝒄𝒂 and 𝒚𝟑 = 𝒃. 

Applying these to Minkowski’s Inequality yields: 

√(𝒂𝒃)𝟐 + 𝒄𝟐 + √(𝒃𝒄)𝟐 + 𝒂𝟐 + √(𝒄𝒂)𝟐 + 𝒃𝟐 ≥ √(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 + (𝒄 + 𝒂 + 𝒃)𝟐 

Equality holds if and only if the vectors (𝒂𝒃, 𝒄), (𝒃𝒄, 𝒂), and (𝒄𝒂, 𝒃) are linearly dependent 

(proportional): 

𝒂𝒃

𝒃𝒄
=
𝒄

𝒂
⇒
𝒂

𝒄
=
𝒄

𝒂
⇒ 𝒂𝟐 = 𝒄𝟐 

Since 𝒂, 𝒃, 𝒄 > 0, this implies 𝒂 = 𝒄. By symmetry across the other ratios, equality holds if 

and only if 𝒂 = 𝒃 = 𝒄.  

Solution 3 by Omkumar Rao-India 

 
𝒖⃗⃗ = (𝒂𝒃, 𝒄), 𝒗⃗⃗ = (𝒃𝒄, 𝒂), , 𝒘⃗⃗⃗ = (𝒄𝒂, 𝒃) ∈ 𝑹𝟐: 

 

|𝒖⃗⃗ | = √𝒂𝟐𝒃𝟐 + 𝒄𝟐, |𝒗⃗⃗ | = √𝒄𝟐𝒃𝟐 + 𝒂𝟐 

|𝒘⃗⃗⃗ | = √𝒄𝟐𝒂𝟐 + 𝒃𝟐 

 
𝑴𝒊𝒏𝒌𝒐𝒘𝒔𝒌𝒊 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ∶ |𝒖⃗⃗ | + |𝒗⃗⃗ | + |𝒘⃗⃗⃗ | ≥ |𝒖⃗⃗ + 𝒗⃗⃗ + 𝒘⃗⃗⃗ | 

 
𝒖⃗⃗ + 𝒗⃗⃗ + 𝒘⃗⃗⃗ = (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 𝒂 + 𝒃 + 𝒄): 

√𝒂𝟐𝒃𝟐 + 𝒄𝟐 + √𝒄𝟐𝒃𝟐 + 𝒂𝟐 + √𝒄𝟐𝒂𝟐 + 𝒃𝟐 ≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 𝒖⃗⃗ ||𝒗⃗⃗ ||𝒘⃗⃗⃗ ⟺
𝒂𝒃

𝒄
=
𝒃𝒄

𝒂
=
𝒄𝒂

𝒃
⟺ 𝒂 = 𝒃 = 𝒄 

SP.610 If 𝒂, 𝒃, 𝒄 > 0 then: 

√𝒂𝟐 + 𝟏 + √𝒃𝟐 + 𝟏 + √𝒄𝟐 + 𝟏 ≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + 𝟗 

Proposed by Daniel Sitaru – Romania 

Solution 1 by proposer 

Let be 𝒇: (𝟎,∞) → ℝ; 𝒇(𝒙) = √𝒙𝟐 + 𝟏 
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𝒇′(𝒙) =
𝒙

√𝒙𝟐+𝟏
; 𝒇′′(𝒙) =

𝟏

(𝒙𝟐+𝟏)√𝒙𝟐+𝟏
> 0; 𝑓 convex 

By Jensen’s inequality: 

∑ 𝒂𝒇 (
𝟏
𝒂)𝒄𝒚𝒄

∑ 𝒂𝒄𝒚𝒄
≥ 𝒇(

∑ 𝒂 ⋅
𝟏
𝒂𝒄𝒚𝒄

∑ 𝒂𝒄𝒚𝒄

) = 𝒇(
𝟑

∑ 𝒂𝒄𝒚𝒄
) 

∑𝒂𝒇(
𝟏

𝒂
)

𝒄𝒚𝒄

≥ (𝒂 + 𝒃 + 𝒄)𝒇 (
𝟑

𝒂+ 𝒃 + 𝒄
) 

𝒂𝒇(
𝟏

𝒂
) + 𝒃𝒇 (

𝟏

𝒃
) + 𝒄𝒇(

𝟏

𝒄
) ≥ (𝒂 + 𝒃 + 𝒄)𝒇 (

𝟑

𝒂 + 𝒃 + 𝒄
) 

𝒂√
𝟏

𝒂𝟐
+ 𝟏 + 𝒃√

𝟏

𝒃𝟐
+ 𝟏 + 𝒄√

𝟏

𝒄𝟐
+ 𝟏 ≥ (𝒂 + 𝒃 + 𝒄)√(

𝟑

𝒂 + 𝒃 + 𝒄
)
𝟐

+ 𝟏 

√𝟏 + 𝒂𝟐 + √𝟏 + 𝒃𝟐 + √𝟏 + 𝒄𝟐 ≥ √𝟗 + (𝒂 + 𝒃 + 𝒄)𝟐 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Jose Luis Diaz – Barrero – Spain 

Minkowski’s Inequality states that for any real numbers: 

√𝒙𝟏
𝟐 + 𝒚𝟏

𝟐 +√𝒙𝟐
𝟐 + 𝒚𝟐

𝟐 +√𝒙𝟑
𝟐 + 𝒚𝟑

𝟐 ≥ √(𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑)𝟐 + (𝒚𝟏 + 𝒚𝟐 + 𝒚𝟑)𝟐 

Choosing the components (𝒙𝒊, 𝒚𝒊) to match the terms inside each radical on the left-hand 

side: 

 For √𝒂𝟐 + 𝟏, let 𝒙𝟏 = 𝒂 and 𝒚𝟏 = 𝟏. 

 For √𝒃𝟐 + 𝟏, let 𝒙𝟐 = 𝒃 and 𝒚𝟐 = 𝟏. 

 For √𝒄𝟐 + 𝟏, let 𝒙𝟑 = 𝒄 and 𝒚𝟑 = 𝟏. 

Substituting these components into Minkowski’s Inequality gives: 

√𝒂𝟐 + 𝟏 + √𝒃𝟐 + 𝟏 + √𝒄𝟐 + 𝟏 ≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + (𝟏 + 𝟏 + 𝟏)𝟐 = √(𝒂 + 𝒃 + 𝒄)𝟐 + 𝟗 

Equality holds if and only if the vectors (𝒂, 𝟏), (𝒃, 𝟏), and (𝒄, 𝟏) are proportional: 

𝒂

𝟏
=
𝒃

𝟏
=
𝒄

𝟏
⇒ 𝒂 = 𝒃 = 𝒄 

Thus, equality holds if and only if 𝒂 = 𝒃 = 𝒄. 
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SP.611 If 𝒙, 𝒚, 𝒛 > 0 then: 

(𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓)(𝒙𝟔 + 𝒚𝟔 + 𝒛𝟔)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟓 ≥ (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟕 

Proposed by Daniel Sitaru – Romania 

Solution 1 by proposer 

Let be 𝒇: (𝟎,∞) → ℝ; 𝒇(𝒙) = 𝒙𝟑, 𝒇′(𝒙) = 𝟑𝒙𝟐; 𝒇′′(𝒙) = 𝟔𝒙 > 0 ⇒ 𝑓 convex 

By Jensen’s inequality: 𝒑𝟏𝒇(𝒙𝟏) + 𝒑𝟐𝒇(𝒙𝟐) + 𝒑𝟑𝒇(𝒙𝟑) ≥ 𝒇(𝒑𝟏𝒙𝟏 + 𝒑𝟐𝒙𝟐 + 𝒑𝟑𝒙𝟑)      (1) 

for 𝒑𝟏, 𝒑𝟐, 𝒑𝟑 > 0;𝒑𝟏 + 𝒑𝟐 + 𝒑𝟑 = 𝟏 

Replace in (1): 

𝒑𝟏 =
𝒙𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
; 𝒑𝟐 =

𝒚𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
; 𝒑𝟑 =

𝒛𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
 

∑
𝒙𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
𝒄𝒚𝒄

⋅ 𝒙𝟑 ≥ 𝒇(∑
𝒙𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
𝒄𝒚𝒄

⋅ 𝒙) 

𝟏

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
⋅∑𝒙𝟓

𝒄𝒚𝒄

≥ (∑
𝒙𝟑

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
𝒄𝒚𝒄

)

𝟑

  

𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
≥
(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟑

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟑
 

(𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐 ≥ (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟑      (2) 

Let be 𝒈: (𝟎,∞) → ℝ; 𝒈(𝒙) = 𝒙𝟒 

𝒈′(𝒙) = 𝟒𝒙𝟑; 𝒈′′(𝒙) = 𝟏𝟐𝒙𝟐 > 0 ⇒ 𝑔 convex 

By Jensen’s inequality: 

𝒒𝟏𝒈(𝒙𝟏) + 𝒒𝟐𝒈(𝒙𝟐) + 𝒒𝟑𝒈(𝒙𝟑) ≥ 𝒈(𝒒𝟏𝒙𝟏 + 𝒒𝟐𝒙𝟐 + 𝒒𝟑𝒙𝟑) 

Replace in (3): 

𝒒𝟏 =
𝒙𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
; 𝒒𝟐 =

𝒚𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
; 𝒒𝟑 =

𝒙𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
 

∑
𝒙𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
𝒄𝒚𝒄

⋅ 𝒙𝟒 ≥ 𝒈(∑
𝒙𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
𝒄𝒚𝒄

⋅ 𝒙) 
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𝒙𝟔 + 𝒚𝟔 + 𝒛𝟔 

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
≥
(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟒

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟒
 

(𝒙𝟔 + 𝒚𝟔 + 𝒛𝟔)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟑 ≥ (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟒     (4) 

By multiplying (2); (4): (𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓)(𝒙𝟔 + 𝒚𝟔 + 𝒛𝟔)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟓 ≥ (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟕 

Equality holds for 𝒙 = 𝒚 = 𝒛. 

Solution 2 by Jose Luis Diaz – Barrero – Spain  

Holder’s Inequality for multiple sequences states that for positive numbers and weights 

that sum to 𝟏 the following holds: 

∏ (∑ 𝒂𝒋𝒊
𝒏
𝒊 )

𝒘𝒋𝒎
𝒋=𝟏 ≥ ∑ ∏ 𝒂

𝒊𝒋

𝒘𝒋𝒎
𝒋=𝟏

𝒏
𝒊=𝟏     where ∑ 𝒘𝒋

𝒎
𝒋=𝟏 = 𝟏 

We can interpret the LHS as a product of 𝟕 brackets in total, assigning each an equal 

weight of 𝒘𝒋 =
𝟏

𝟕
. That is 

 1 bracket of (𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓) 

 1 bracket of (𝒙𝟔 + 𝒚𝟔 + 𝒛𝟔) 

 5 brackets of (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) 

Applying Holder’s Inequality with these terms yields: 

(𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓)
𝟏
𝟕 ⋅ (𝒙𝟔 + 𝒚𝟔 + 𝒛𝟔)

𝟏
𝟕 ⋅ (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)

𝟓
𝟕 ≥ 𝒙𝑷 + 𝒚𝑷 + 𝒛𝑷 

where the exponent 𝑷 for each variable is calculated by multiplying its original powers by 

their respective weights: 

𝑷 = (𝟓 ×
𝟏

𝟕
) + (𝟔 ×

𝟏

𝟕
) + (𝟐 ×

𝟓

𝟕
) =

𝟓 + 𝟔 + 𝟏𝟎

𝟕
=
𝟐𝟏

𝟕
= 𝟑 

Substituting 𝑷 = 𝟑 back into the inequality gives: 

(𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓)
𝟏
𝟕(𝒙𝟔 + 𝒚𝟔 + 𝒛𝟔)

𝟏
𝟕(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)

𝟓
𝟕 ≥ 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 

Since all terms are positive, we can raise both sides to the 𝟕𝒕𝒉 power to obtain the final 

result: 

(𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓)(𝒙𝟔 + 𝒚𝟔 + 𝒛𝟔)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟓 ≥ (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟕 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛. 
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Solution 3 by Marin Chirciu-Romania 

     
75 7

75 6 2 5 6 2 5 3
Holder

LHS x x x x x RHS          . 

Equality holds for x y z  . 

 

SP.612 Let be 𝑨(𝟏, 𝟐, 𝟑); 𝑩(𝟒, 𝟏, 𝟏); 𝑪(𝟎, 𝟑, 𝟐); 𝑫(𝟐, 𝟏, 𝟑). Find the volume of 

the parallelepiped builded on the vectors 𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗, 𝑨𝑫⃗⃗⃗⃗⃗⃗ . 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝒙𝑩 − 𝒙𝑨)𝒊 + (𝒚𝑩 − 𝒚𝑨)𝒋 + (𝒛𝑩 − 𝒛𝑨)𝒌⃗⃗  

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟒 − 𝟏)𝒊 + (𝟏 − 𝟐)𝒋 + (𝟏 − 𝟑)𝒌⃗⃗ = 𝟑𝒊 − 𝒋 − 𝟐𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝒙𝑪 − 𝒙𝑨)𝒊 + (𝒚𝑪 − 𝒚𝑨)𝒋 + (𝒛𝑪 − 𝒛𝑨)𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟎 − 𝟏)𝒊 + (𝟑 − 𝟐)𝒋 + (𝟐 − 𝟑)𝒌⃗⃗ = −𝒊 + 𝒋 − 𝒌⃗⃗  

𝑨𝑫⃗⃗⃗⃗⃗⃗ = (𝒙𝑫 − 𝒙𝑨)𝒊 + (𝒚𝑫 − 𝒚𝑨)𝒋 + (𝒛𝑫 − 𝒛𝑨)𝒌⃗⃗  

𝑨𝑫⃗⃗⃗⃗⃗⃗ = (𝟐 − 𝟏)𝒊 + (𝟏 − 𝟐)𝒋 + (𝟑 − 𝟑)𝒌⃗⃗ = 𝒊 − 𝒋  

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊 𝒋 𝒌⃗⃗ 

𝟑 −𝟏 −𝟐
−𝟏 𝟏 −𝟏

| = 𝒊 + 𝟐𝒋 + 𝟑𝒌⃗⃗ − 𝒌⃗⃗ + 𝟑𝒋 + 𝟐𝒊  

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝟑𝒊 + 𝟓𝒋 + 𝟐𝒌⃗⃗  

𝑨𝑫⃗⃗⃗⃗⃗⃗ ⋅ (𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗) = 𝟏 ⋅ 𝟑 − 𝟏 ⋅ 𝟓 = −𝟐 

𝑽[𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒊𝒑𝒊𝒑𝒆𝒅] = |−𝟐| = 𝟐 

Solution 2 by Jose Luis Diaz Barrero-Spain 

To find the volume 𝑽 of the parallelepiped built on the vectors 𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗, and 𝑨𝑫⃗⃗⃗⃗⃗⃗  from the 

points 𝑨(𝟏, 𝟐, 𝟑),𝑩(𝟒, 𝟏, 𝟏), 𝑪(𝟎, 𝟑, 𝟐), and 𝑫(𝟐,𝟏, 𝟑), w use the scalar triple product. The 

volume is given by the absolute value of the determinant of the matrix formed by these 

three vectors: 

𝑽 = |𝑨𝑩⃗⃗⃗⃗⃗⃗ ⋅ (𝑨𝑪⃗⃗⃗⃗  ⃗ × 𝑨𝑫⃗⃗⃗⃗⃗⃗ )| 



 
www.ssmrmh.ro 

47 41-RMM AUTUMN EDITION 2026-SOLUTIONS 

 

We find each vector by subtracting the coordinates of the initial point from the terminal 

point: 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟒 − 𝟏, 𝟏 − 𝟐, 𝟏 − 𝟑) = (𝟑,−𝟏,−𝟐) 

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟎 − 𝟏, 𝟑 − 𝟐, 𝟐 − 𝟑) = (−𝟏, 𝟏, −𝟏) 

𝑨𝑫⃗⃗⃗⃗⃗⃗ = (𝟐 − 𝟏, 𝟏 − 𝟐, 𝟑 − 𝟑) = (𝟏, −𝟏, 𝟎) 

The volume is the absolute value of the determinant of the 𝟑 × 𝟑 matrix containing these 

vectors as rows: 

𝑽 = |𝐝𝐞𝐭(
𝟑 −𝟏 −𝟐
−𝟏 𝟏 −𝟏
𝟏 −𝟏 𝟎

)| = |−𝟐| = 𝟐 

Solution 3 by Marin Chirciu-Romania 

We use: 𝑽[𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗, 𝑨𝑫⃗⃗⃗⃗⃗⃗ ] = |(𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗, 𝑨𝑫⃗⃗⃗⃗⃗⃗ )| = |𝑨𝑩⃗⃗⃗⃗⃗⃗ ⋅ (𝑨𝑪⃗⃗⃗⃗  ⃗ × 𝑨𝑫⃗⃗⃗⃗⃗⃗ )|. 

In our case: 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟒 − 𝟏)𝒊 + (𝟏 − 𝟐)𝒋 + (𝟏 − 𝟑)𝒌⃗⃗ = 𝟑𝒊 − 𝒋 − 𝟐𝒌⃗⃗ ⇒ 

⇒ ||𝑨𝑩⃗⃗⃗⃗⃗⃗ || = √𝟑𝟐 + (−𝟏)𝟐 + (−𝟐)𝟐 = √𝟏𝟒 

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟎 − 𝟏)𝒊 + (𝟑 − 𝟐)𝒋 + (𝟐 − 𝟑)𝒌⃗⃗ = −𝒊 + 𝒋 − 𝒌⃗⃗ ⇒ 

⇒ ||𝑨𝑪⃗⃗⃗⃗  ⃗|| = √(−𝟏)𝟐 + 𝟏𝟐 + (−𝟏)𝟐 = √𝟑. 

𝑨𝑫⃗⃗⃗⃗⃗⃗ = (𝟐 − 𝟏)𝒊 + (𝟏 − 𝟐)𝒋 + (𝟑 − 𝟑)𝒌⃗⃗ = 𝒊 − 𝒋 ⇒ 

⇒ ||𝑨𝑫⃗⃗⃗⃗⃗⃗ || = √𝟏𝟐 + (−𝟏)𝟐 = √𝟐 

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊 𝒋 𝒌⃗⃗ 

𝟑 −𝟏 −𝟐
−𝟏 𝟏 −𝟏

| = 𝒊 + 𝟐𝒋 + 𝟑𝒌⃗⃗ − 𝒌⃗⃗ + 𝟑𝒋 + 𝟐𝒊  

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝟑𝒊 + 𝟓𝒋 + 𝟐𝒌⃗⃗  

𝑨𝑫⃗⃗⃗⃗⃗⃗ ⋅ (𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗) = 𝟏 ⋅ 𝟑 − 𝟏 ⋅ 𝟓 = −𝟐 

𝑽[𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒊𝒑𝒊𝒑𝒆𝒅] = |−𝟐| = 𝟐 
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SP.613 Let be 𝑨(𝟐, 𝟒, 𝟏); 𝑩(𝟒, 𝟐, 𝟓). Find the mediator plan of the segment 

[𝑨𝑩]. 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝑴(
𝒙𝑨 + 𝒙𝑩
𝟐

,
𝒚𝑨 + 𝒚𝑩
𝟐

,
𝒛𝑨 + 𝒛𝑩
𝟐

) ⇒ 𝑴(
𝟐 + 𝟒

𝟐
; 
𝟒 + 𝟐

𝟐
;
𝟏 + 𝟓

𝟐
) 

⇒ 𝑴(𝟑, 𝟑, 𝟑) 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝒙𝑩 − 𝒙𝑨)𝒊 + (𝒚𝑩 − 𝒚𝑨)𝒋 + (𝒛𝑩 − 𝒛𝑨)𝒌⃗⃗  

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟒 − 𝟐)𝒊 + (𝟐 − 𝟒)𝒋 + (𝟓 − 𝟏)𝒌⃗⃗  

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝟐𝒊 − 𝟐𝒋 + 𝟒𝒌⃗⃗  

Let 𝑷 be the mediator plan of the segment [𝑨𝑩]. 

𝑷: (𝒙 − 𝒙𝑴) ⋅ 𝟐 + (𝒚 − 𝒚𝑴) ⋅ (−𝟐) + (𝒛 − 𝒛𝑴) ⋅ 𝟒 = 𝟎 

𝑷: (𝒙 − 𝟑) ⋅ 𝟐 + (𝒚 − 𝟑) ⋅ (−𝟐) + (𝒛 − 𝟑) ⋅ 𝟒 = 𝟎 

𝑷: 𝟐𝒙 − 𝟔 − 𝟐𝒚 + 𝟔 + 𝟒𝒛 − 𝟏𝟐 = 𝟎 

𝑷:𝟐𝒙 − 𝟐𝒚 + 𝟒𝒛 − 𝟏𝟐 = 𝟎 

𝑷: 𝒙 − 𝒚 + 𝟐𝒛 − 𝟔 = 𝟎 

Solution 2 by Marin Chirciu-Romania 

M the middle of the segment AB   

 , ,M M MM x y z , , ,
2 2 2

A B A B A B
M M M

x x y y z z
x y z

  
     


2 4 4 2 1 5

, ,
2 2 2

M M Mx y z
  

    3, 3, 3M M Mx y z     3,3,3M . 

𝑨𝑩 ⃗⃗⃗⃗ ⃗⃗  ⃗is the normal vector of the mediator plan of  AB  

         0B A M B A M B A Mx x x x y y y y z z z z           

         4 2 3 2 4 3 5 1 3 0x y z               2 3 2 3 4 3 0x y z        

      2 3 2 3 4 3 0x y z        𝒙 − 𝒚 + 𝟐𝒛 − 𝟔 = 𝟎 
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Solution 3 by Jose Luis Diaz Barrero-Spain 

To find the mediator plane (the perpendicular bisector plane) of the segment [𝑨𝑩] given 

the points 𝑨(𝟐, 𝟒, 𝟏) and 𝑩(𝟒, 𝟐, 𝟓), we need two elements: 

1. A point on the plane, which is the midpoint 𝑴 of the segment [𝑨𝑩]. 

2. A normal vector 𝒏⃗⃗  to the plane, which is the vector 𝑨𝑩⃗⃗⃗⃗⃗⃗ . 

The coordinates of the midpoint 𝑴 are calculated by taking the average of the coordinates 

of 𝑨 and 𝑩: 

𝑴 = (
𝒙𝑨 + 𝒙𝑩
𝟐

,
𝒚𝑨 + 𝒚𝑩
𝟐

,
𝒛𝑨 + 𝒛𝑩
𝟐

) 

𝑴 = (
𝟐 + 𝟒

𝟐
,
𝟒 + 𝟐

𝟐
,
𝟏 + 𝟓

𝟐
) = (𝟑, 𝟑, 𝟑) 

The normal vector 𝒏⃗⃗  is directed along the segment 𝑨𝑩: 

𝒏⃗⃗ = 𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝒙𝑩 − 𝒙𝑨, 𝒚𝑩 − 𝒚𝑨, 𝒛𝑩 − 𝒛𝑨) 

𝒏⃗⃗ = (𝟒 − 𝟐, 𝟐 − 𝟒, 𝟓 − 𝟏) = (𝟐,−𝟐, 𝟒) 

To simplify the equation of the plane, we cand divide the vector components by their 

greatest common divisor, 𝟐, to obtain a simpler normal vector: 

𝒏⃗⃗ = (𝟏,−𝟏, 𝟐) 

The standard equation of a plane with a normal vector 𝒏⃗⃗ = (𝒂, 𝒃, 𝒄) passing through a 

point 𝑴(𝒙𝟎, 𝒚𝟎, 𝒛𝟎) is: 

𝒂(𝒙 − 𝒙𝟎) + 𝒃(𝒚 − 𝒚𝟎) + 𝒄(𝒛 − 𝒛𝟎) = 𝟎 

Substituting 𝒏⃗⃗ = (𝟏,−𝟏, 𝟐) and 𝑴(𝟑, 𝟑, 𝟑) into the formula, yields the Cartesian equation 

of the mediator plane of the segment [𝑨𝑩]: 

𝒙 − 𝒚 + 𝟐𝒛 − 𝟔 = 𝟎 

SP.614 Let be 𝑨(𝟏, 𝟑, 𝟐); 𝑩(𝟑, 𝟏, 𝟏); 𝑪(𝟒, 𝟐, 𝟎). Find the area of the 

parallelogram builded on 𝑨𝑩⃗⃗⃗⃗⃗⃗  and 𝑨𝑪⃗⃗⃗⃗  ⃗. 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝒙𝑩 − 𝒙𝑨)𝒊 + (𝒚𝑩 − 𝒚𝑨)𝒋 + (𝒛𝑩 − 𝒛𝑨)𝒌⃗⃗  
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𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟑 − 𝟏)𝒊 + (𝟏 − 𝟑)𝒋 + (𝟏 − 𝟐)𝒌⃗⃗  

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝟐𝒊 − 𝟐𝒋 − 𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝒙𝑪 − 𝒙𝑨)𝒊 + (𝒚𝑪 − 𝒚𝑨)𝒋 + (𝒛𝑪 − 𝒛𝑨)𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟒 − 𝟏)𝒊 + (𝟐 − 𝟑)𝒋 + (𝟏 − 𝟐)𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝟑𝒊 − 𝒋 − 𝟐𝒌⃗⃗  

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊 𝒋 𝒌⃗⃗ 

𝟐 −𝟐 −𝟏
𝟑 −𝟏 −𝟐

| = 𝟒𝒊 − 𝟑𝒋 − 𝟐𝒌⃗⃗ + 𝟔𝒌⃗⃗ − 𝒊 + 𝟒𝒋 = 𝟑𝒊 + 𝒋 + 𝟒𝒌⃗⃗  

Let be 𝑨𝑩𝑪𝑫 the asked parallelogram. 

Area[𝑨𝑩𝑪𝑫] = |𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗| = √𝟑𝟐 + 𝟏𝟐 + 𝟒𝟐 = √𝟐𝟔 

Solution 2 by José Luis Díaz – Barrero – Spain 

The area of a parallelogram spanned by two vectors 𝑨𝑩⃗⃗⃗⃗⃗⃗  and 𝑨𝑪⃗⃗⃗⃗  ⃗ is equal to the magnitude 

(norm) of their cross product: 

𝑨𝒓𝒆𝒂 = ||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗|| 

Now, we find the components of the vectors 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟑 − 𝟏, 𝟏 − 𝟑, 𝟏 − 𝟐) = (𝟐,−𝟐,−𝟏) 

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟒 − 𝟏, 𝟐 − 𝟑, 𝟎 − 𝟐) = (𝟑,−𝟏, −𝟐) 

The cross product is given by 

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊 𝒋 𝒌
𝟐 −𝟐 −𝟏
𝟑 −𝟏 −𝟐

| = (𝟑, 𝟏, 𝟒) 

The area of the parallelogram 𝑺 is the magnitude of this vector.  

That is  𝑺 = ||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗|| = √𝟑𝟐 + 𝟏𝟐 + 𝟒𝟐 = √𝟐𝟔 

Solution 3 by Marin Chirciu-Romania 

We use: 𝑺[𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗] = ||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗||.  In our case: 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟑 − 𝟏)𝒊 + (𝟏 − 𝟑)𝒋 + (𝟏 − 𝟐)𝒌⃗⃗ = 𝟐𝒊 − 𝟐𝒋 − 𝒌⃗⃗ ⇒ 

⇒ ||𝑨𝑩⃗⃗⃗⃗⃗⃗ || = √𝟐𝟐 + (−𝟐)𝟐 + (−𝟏)𝟐 = √𝟗 = 𝟑 
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𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟒 − 𝟏)𝒊 + (𝟐 − 𝟑)𝒋 + (𝟎 − 𝟐)𝒌⃗⃗ = 𝟑𝒊 − 𝒋 − 𝟐𝒌⃗⃗ ⇒ 

⇒ ||𝑨𝑪⃗⃗⃗⃗  ⃗|| = √𝟑𝟐 + (−𝟏)𝟐 + (−𝟐)𝟐 = √𝟏𝟒 

𝑺 = ||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗|| = ||𝑨𝑩⃗⃗⃗⃗⃗⃗ || ⋅ ||𝑨𝑪⃗⃗⃗⃗  ⃗|| ⋅ 𝐬𝐢𝐧∠(𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗) = 𝟑 ⋅ √𝟏𝟒 ⋅
√𝟏𝟑

𝟑√𝟕
= √𝟐𝟔, see: 

𝐜𝐨𝐬 ∠(𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗) =
𝑨𝑩⃗⃗⃗⃗⃗⃗ ⋅ 𝑨𝑪⃗⃗⃗⃗  ⃗

||𝑨𝑩⃗⃗⃗⃗⃗⃗ || ⋅ ||𝑨𝑪⃗⃗⃗⃗  ⃗||
=
(𝟐𝒊 − 𝟐𝒋 − 𝒌⃗⃗ ) ⋅ (𝟑𝒊 − 𝒋 − 𝟐𝒌⃗⃗ )

𝟑 ⋅ √𝟏𝟒
= 

=
𝟐 ⋅ 𝟑 + (−𝟐)(−𝟏) + (−𝟏)(−𝟐)

𝟑 ⋅ √𝟏𝟒
=

𝟏𝟎

𝟑 ⋅ √𝟏𝟒
⇒ 𝐬𝐢𝐧∠(𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗) =

√𝟏𝟑

𝟑√𝟕
 

SP.615 Let be 𝑨(𝟏, 𝟐, 𝟑) and the real plan: 𝑷: 𝟐𝒙 + 𝒚 + 𝒛 − 𝟓 = 𝟎 

Find the parametrical equations of the perpendicular line from 𝑨 to the real 

plan 𝑷. 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝑷: 𝟐𝒙 + 𝒚 + 𝒛 − 𝟓 = 𝟎. The normal vector of 𝑷 is 𝒖⃗⃗ (𝟐, 𝟏, 𝟏). 

𝒖⃗⃗ = 𝟐𝒊 + 𝒋 + 𝒌⃗⃗  

𝒅:
𝒙 − 𝒙𝑨
𝟐

=
𝒚 − 𝒚𝑨
𝟏

=
𝒛 − 𝒛𝑨
𝟏

 

𝒅:
𝒙 − 𝟏

𝟐
=
𝒚 − 𝟐

𝟏
=
𝒛 − 𝟑

𝟏
= 𝒕; 𝒕 ∈ ℝ 

𝒙 − 𝟏 = 𝟐𝒕; 𝒚 − 𝟐 = 𝒕; 𝒛 − 𝟑 = 𝒕 

𝒅: {
𝒙 = 𝟏 + 𝟐𝒕
𝒚 = 𝟐 + 𝒕
𝒛 = 𝟑 + 𝒕

; 𝒕 ∈ ℝ 

Solution 2 by José Luis Díaz – Barrero – Spain 

To find the parametric equations of the line that is perpendicular to the plane 𝑷 and 

passes through the point 𝑨(𝟏, 𝟐, 𝟑), we follow these steps: 

1. Find the direction vector of the line. The equation of the given plane is: 

𝑷:𝟐𝒙 + 𝒚 + 𝒛 − 𝟓 = 𝟎 
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The coefficients of 𝒙, 𝒚 and 𝒛 in the plane’s equation give us its normal vector 𝒏⃗⃗ , which is 

perpendicular to the plane 𝒏⃗⃗ = (𝟐, 𝟏, 𝟏). Since the line we want to find is perpendicular to 

the plane, its direction vector 𝒗⃗⃗  must be parallel to the plane’s normal vector. Therefore, 

we can use the normal vector as the direct ion vector for our line 𝒗⃗⃗ = (𝟐, 𝟏, 𝟏). 

2. Write the parametric equations. The parametric equations of a line passing through a 

point 𝑨(𝒙𝟎, 𝒚𝟎, 𝒛𝟎) with a direction vector 𝒗⃗⃗ = (𝒂, 𝒃, 𝒄) are given by: 

𝒙 = 𝒙𝟎 + 𝒂𝒕 

𝒚 = 𝒚𝟎 + 𝒃𝒕 

𝒛 = 𝒛𝟎 + 𝒄𝒕 

where 𝒕 is a real parameter 𝒕 ∈ ℝ. Substituting the coordinates of the point 𝑨(𝟏, 𝟐, 𝟑) and 

the components of the direction vector 𝒗⃗⃗ = (𝟐, 𝟏, 𝟏), we get: 

𝒙 = 𝟏 + 𝟐𝒕 

𝒚 = 𝟐 + 𝟏𝒕 

𝒛 = 𝟑 + 𝟏𝒕 

Thus, the parametric equations of the perpendicular line are: 

{
𝒙 = 𝟏 + 𝟐𝒕
𝒚 = 𝟐 + 𝒕
𝒛 = 𝟑 + 𝒕

,   where 𝒕 ∈ ℝ. 

 

UNDERGRADUATE PROBLEMS 

UP.601 Let {𝑳𝒏}𝒏≥𝟎 be the Lucas’ sequence defined by 𝑳𝟎 = 𝟐, 𝑳𝟏 = 𝟏 and for 

all 𝒏 ≥ 𝟐, 𝑳𝒏 = 𝑳𝒏−𝟏 + 𝑳𝒏−𝟐. Determine the sum of the lengths of the 

intervals, disjoint two by two, formed by all 𝒇(𝒙) = 𝟏, where 

𝒇(𝒙) =
𝑳𝟏
𝟐

𝒙 + 𝑳𝟏
𝟐 +

𝑳𝟐
𝟐

𝒙 + 𝑳𝟐
𝟐 +⋯+

𝑳𝒏
𝟐

𝒙 + 𝑳𝒏
𝟐  

Proposed by Jose Luiz Diaz Barrero-Spain 
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Solution by proposer 

To find the sum of the lengths of the intervals where 𝒇(𝒙) > 1, we analyze the behavior of 

the function and find its roots using Vieta’s formulas. The function is given by: 

𝒇(𝒙) =
𝑳𝟏
𝟐

𝒙 + 𝑳𝟏
𝟐 +

𝑳𝟐
𝟐

𝒙 + 𝑳𝟐
𝟐 +⋯+

𝑳𝒏
𝟐

𝒙 + 𝑳𝒏𝟐
 

The poles (vertical asymptotes) of 𝒇(𝒙) occur at 𝒙 = −𝑳𝒊
𝟐. Since the Lucas numbers grow 

strictly monotonically for 𝒏 ≥ 𝟏, we can arrange these poles as: 

−𝑳𝒏
𝟐 < −𝑳𝒏−𝟏

𝟐 < ⋯ < −𝑳𝟐
𝟐 < −𝑳𝟏

𝟐 < 0 

Taking the derivative of 𝒇(𝒙) shows that it is strictly decreasing on every interval where it 

is defined: 

𝒇′(𝒙) = −∑
𝑳𝒊
𝟐

(𝒙 + 𝑳𝒊
𝟐)
𝟐

𝒏

𝒊=𝟏

< 0 

As 𝒙 approaches any pole −𝑳𝒌
𝟐 from the right, 𝒇(𝒙) → +∞. As it approaches from the left, 

𝒇(𝒙) → −∞. Thus, the equation 𝒇(𝒙) = 𝟏 has exactly 𝒏 real roots, denoted as  

𝒙𝟎, 𝒙𝟏, … , 𝒙𝒏−𝟏, situated in the following intervals: 

𝒙𝟎 ∈ (−𝑳𝟏
𝟐 , ∞), 𝒙𝟏 ∈ (−𝑳𝟐

𝟐, −𝑳𝟏
𝟐),… , 𝒙𝒏−𝟏 ∈ (−𝑳𝒏

𝟐 , −𝑳𝒏−𝟏
𝟐 ) 

Consequently, the disjoint intervals where 𝒇(𝒙) ≥ 𝟏 are: 

(−𝑳𝟏
𝟐, 𝒙𝟎], (−𝑳𝟐

𝟐, 𝒙𝟏], … , (−𝑳𝒏
𝟐 , 𝒙𝒏−𝟏] 

The sum of the lengths of these intervals is: 

Total Length = (𝒙𝟎 + 𝑳𝟏
𝟐) + (𝒙𝟏 + 𝑳𝟐

𝟐) +⋯+ (𝒙𝒏−𝟏 + 𝑳𝒏
𝟐) = ∑ 𝒙𝒌

𝒏−𝟏
𝒌=𝟎 + ∑ 𝑳𝒊

𝟐𝒏
𝒊=𝟏  

To find ∑ 𝒙𝒌
𝒏−𝟏
𝒌=𝟎 , we look at the polynomial form of 𝒇(𝒙) = 𝟏: 

∑𝑳𝒊
𝟐

𝒏

𝒊=𝟏

∏(𝒙 + 𝑳𝒋
𝟐)

𝒋≠𝒊

=∏(𝒙 + 𝑳𝒋
𝟐)

𝒏

𝒋=𝟏

 

Expanding both sides to find the coefficients of 𝒙𝒏 and 𝒙𝒏−𝟏: 

 RHS: 𝒙𝒏 + (∑ 𝑳𝒊
𝟐𝒏

𝒊=𝟏 )𝒙𝒏−𝟏 +⋯ 

 LHS: (∑ 𝑳𝒊
𝟐𝒏

𝒊=𝟏 ) 𝒙𝒏−𝟏 +⋯ 

When subtracting the LHS from the RHS, we obtain 
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𝒙𝒏 + 𝟎 ⋅ 𝒙𝒏−𝟏 +⋯ = 𝟎 

By Vieta’s formulas, the sum of the roots is equal to the negative of the coefficient of 

𝒙𝒏−𝟏, meaning ∑ 𝒙𝒌
𝒏−𝟏
𝒌=𝟎 = 𝟎. Therefore, the total length simplifies to: 

Total Length = ∑ 𝑳𝒊
𝟐𝒏

𝒊=𝟏  

Using the recurrence relation for Lucas numbers, 𝑳𝒌 = 𝑳𝒌+𝟏 − 𝑳𝒌−𝟏, we rewrite each 

squared term to create a telescoping sum: 

𝑳𝒌
𝟐 = 𝑳𝒌(𝑳𝒌+𝟏 − 𝑳𝒌 − 𝟏) = 𝑳𝒌𝑳𝒌+𝟏 − 𝑳𝒌−𝟏𝑳𝒌  

Summing this from 𝟏 to 𝒏, we obtain 

∑𝑳𝒊
𝟐

𝒏

𝒊=𝟏

= (𝑳𝟏𝑳𝟐 − 𝑳𝟎𝑳𝟏) + (𝑳𝟐𝑳𝟑 − 𝑳𝟏𝑳𝟐) +⋯+ (𝑳𝒏𝑳𝒏+𝟏 − 𝑳𝒏−𝟏𝑳𝒏) 

= 𝑳𝒏𝑳𝒏+𝟏 − 𝑳𝟎𝑳𝟏 = 𝑳𝒏𝑳𝒏+𝟏 − 𝟐. 

Thus, the sum of the lengths of the intervals is 𝑳𝒏𝑳𝒏+𝟏 − 𝟐. 

UP.602 Find all non-negative integers for which 

∑
𝒌

𝒌+ 𝟏

𝒏

𝒌=𝟎

(
𝒏
𝒌
)
𝟐

 

is and integer number. 

Proposed by Jose Luiz Diaz Barrero-Spain 

Solution by proposer 

Since 

𝒌

𝒌 + 𝟏
=
(𝒌 + 𝟏) − 𝟏

𝒌 + 𝟏
= 𝟏 −

𝟏

𝒌 + 𝟏
 

then the initial sum can be written as 

∑(
𝒏
𝒌
)
𝟐

𝒏

𝒌=𝟎

(𝟏 −
𝟏

𝒌 + 𝟏
) =∑(

𝒏
𝒌
)
𝟐

𝒏

𝒌=𝟎

−∑
𝟏

𝒌 + 𝟏

𝒏

𝒌=𝟎

(
𝒏
𝒌
)
𝟐

 

We will evaluate each of these two sums individually. 
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1. The sum ∑ (
𝒏
𝒌
)
𝟐

𝒏
𝒌=𝟎  is a standard combinatorial identity know as Vandermonde’s 

Identity. It counts the number of ways to choose 𝒏 objects out of 𝟐𝒏 total objects by 

splitting them into two groups of size 𝒏. Its value is 

∑(
𝒏
𝒌
)
𝟐

𝒏

𝒌=𝟎

= (
𝟐𝒏
𝒏
) 

2. To evaluate ∑
𝟏

𝒌+𝟏

𝒏
𝒌=𝟎 (

𝒏
𝒌
)
𝟐

. First, we use the identity for combinations to rewrite the 

term  

𝟏

𝒌+𝟏
(
𝒏
𝒌
) as 

𝟏

𝒌 + 𝟏
(
𝒏
𝒌
) =

𝟏

𝒌 + 𝟏
⋅

𝒏!

𝒌! (𝒏 − 𝒌)!
=

𝒏!

(𝒌 + 𝟏)! (𝒏 − 𝒌)!
 

To turn this back into a binomial coefficient, we can multiply and divide by 𝒏 + 𝟏: 

𝟏

𝒏 + 𝟏
⋅

(𝒏 + 𝟏)!

(𝒌 + 𝟏)! (𝒏 − 𝒌)!
=

𝟏

𝒏 + 𝟏
(
𝒏 + 𝟏
𝒌 + 𝟏

) 

Now, substitute this identity back into our second sum: 

∑
𝟏

𝒌+ 𝟏

𝒏

𝒌=𝟎

(
𝒏
𝒌
)(
𝒏
𝒌
) =

𝟏

𝒏 + 𝟏
∑(

𝒏+ 𝟏
𝒌 + 𝟏

)

𝒏

𝒌=𝟎

(
𝒏
𝒌
) 

Using the symmetric property (
𝒏
𝒌
) = (

𝒏
𝒏 − 𝒌

), we can rewrite the summation as: 

𝟏

𝒏 + 𝟏
∑(

𝒏 + 𝟏
𝒌 + 𝟏

)

𝒏

𝒌=𝟎

(
𝒏

𝒏 − 𝒌
) 

By Vandermonde’s Identity again, summing the product of these combinations over all 𝒌 is 

equivalent to choosing (𝒌 + 𝟏) + (𝒏 − 𝒌) = 𝒏 + 𝟏 elements out of a total pool of  

(𝒏 + 𝟏) + 𝒏 = 𝟐𝒏 + 𝟏 elements: 

∑(
𝒏 + 𝟏
𝒌 + 𝟏

)

𝒏

𝒌=𝟎

(
𝒏

𝒏 − 𝒌
) = (

𝟐𝒏 + 𝟏
𝒏 + 𝟏

) 

Thus, the second sum simplifies to: 

𝟏

𝒏 + 𝟏
(
𝟐𝒏 + 𝟏
𝒏 + 𝟏

) 
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Now, putting both components back together, we obtain 

Total Sum = (
𝟐𝒏
𝒏
) −

𝟏

𝒏+𝟏
(
𝟐𝒏 + 𝟏
𝒏 + 𝟏

) 

We can expand (
𝟐𝒏 + 𝟏
𝒏 + 𝟏

) in terms of (
𝟐𝒏
𝒏
) to simplify the expression: 

(
𝟐𝒏 + 𝟏
𝒏 + 𝟏

) =
𝟐𝒏 + 𝟏

𝒏 + 𝟏
(
𝟐𝒏
𝒏
) 

Substituting this back in yields: 

Total Sum = (
𝟐𝒏
𝒏
) −

𝟏

𝒏+𝟏
(
𝟐𝒏+𝟏

𝒏+𝟏
(
𝟐𝒏
𝒏
)) = (

𝟐𝒏
𝒏
) [𝟏 −

𝟐𝒏+𝟏

(𝒏+𝟏)𝟐
] 

Finding a common denominator for the terms inside the brackets: 

𝟏 −
𝟐𝒏 + 𝟏

(𝒏 + 𝟏)𝟐
=
(𝒏𝟐 + 𝟐𝒏 + 𝟏) − (𝟐𝒏 + 𝟏)

(𝒏 + 𝟏)𝟐
=

𝒏𝟐

(𝒏 + 𝟏)𝟐
 

Multiplying it all together gives the final closed-form value: 

∑
𝒌

𝒌+ 𝟏

𝒏

𝒌=𝟎

(
𝒏
𝒌
)
𝟐

=
𝒏𝟐

(𝒏 + 𝟏)𝟐
(
𝟐𝒏
𝒏
) 

To find the values of 𝒏 for which the sum is an integer, we analyze the closed – form 

expression: 

∑(
𝒏
𝒌
)
𝟐

𝒏

𝒌=𝟎

𝒌

𝒌 + 𝟏
=

𝒏𝟐

(𝒏 + 𝟏)𝟐
(
𝟐𝒏
𝒏
) 

For this expression to evaluate to an integer, the denominator (𝒏 + 𝟏)𝟐 must completely 

divide the numerator 𝒏𝟐 (
𝟐𝒏
𝒏
). 

We start by examining the greatest common divisor (gcd) of the terms in the numerator 

and denominator. Since consecutive integers are always coprime, we have: 

𝐠𝐜𝐝(𝒏, 𝒏 + 𝟏) =𝟏 ⇒ 𝐠𝐜𝐝(𝒏𝟐, (𝒏 + 𝟏)𝟐) = 𝟏 

Because 𝒏𝟐 shares no common factors with (𝒏 + 𝟏)𝟐 other than 𝟏, the entire condition for 

divisibility falls on the central binomial coefficient. Thus, the total expression in an integer 

if and only if: 

(𝒏 + 𝟏)𝟐 |(
𝟐𝒏
𝒏
) 
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Recall the definition of the 𝒏 -th Catalan number, 𝑪𝒏, which is well-known to always be an 

integer for all 𝒏 ≥ 𝟎: 

𝑪𝒏 =
𝟏

𝒏 + 𝟏
(
𝟐𝒏
𝒏
) 

We can rewrite our original expression by factoring out 𝑪𝒏: 

𝒏𝟐

(𝒏 + 𝟏)𝟐
(
𝟐𝒏
𝒏
) = 𝒏𝟐 ⋅

𝟏

𝒏 + 𝟏
[
𝟏

𝒏 + 𝟏
(
𝟐𝒏
𝒏
)] = 𝒏𝟐 ⋅

𝑪𝒏
𝒏 + 𝟏

 

Since 𝐠𝐜𝐝(𝒏𝟐, 𝒏 + 𝟏) = 𝟏, the expression yields an integer if and only if 𝒏 + 𝟏 perfectly 

divides 𝑪𝒏: 

(𝒏 + 𝟏)|𝑪𝒏  

Let us test the first few non-negative integers to see when this divisibility condition holds 

true (see table). 

A known property regarding the divisibility of Catalan numbers states that 𝒏 + 𝟏 divides 

𝑪𝒏 if and only if 𝒏 + 𝟏 is a prime number 𝒑, or 𝒏 = 𝟎. 

 

If 𝒏 + 𝟏 = 𝒑 is a prime, then 𝒏 = 𝒑 − 𝟏. By Kummer’s Theorem on the p-adic valuation of 

binomial coefficients, for all primes 𝒑 > 3, the prime 𝒑 does not divide 𝑪𝒑−𝟏. 

Consequently, the denominator’s factor of 𝒑𝟐 cannot be canceled out by the numerator 

for higher values of 𝒏. The only instances where the prime factors align to permit full 

cancellation are the small anomalies verified in our table. 

Thus, we conclude that the only non-negative integer values of 𝒏 for which the sum is an 

integer are: 
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𝒏 = 𝟎  and    𝒏 = 𝟓 

UP.603 Find all positive real values of the constant 𝒌 such that 

𝟗(𝒂𝟐 + 𝒌)(𝒃𝟐 + 𝒌)(𝒄𝟐 + 𝒌) ≤ (𝟏 + 𝒌)𝟑(𝒂 + 𝒃 + 𝒄)𝟐 

for any nonnegative real numbers 𝒂, 𝒃, 𝒄 with 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 

Proposed by Vasile Cîrtoaje – Romania  

Solution by proposer 

For 𝒂 = 𝟎 and 𝒃 = 𝒄 = √𝟑, the equality constraint is satisfied and the inequality becomes 

𝒇(𝒌) ≥ 𝟎, where  

𝒇(𝒌) = 𝒌𝟑 − 𝟔𝒌𝟐 − 𝟏𝟓𝒌 + 𝟒 

So, 

𝒌 ∈ 𝕀 = (𝟎, 𝒌𝟏] ∪ [𝒌𝟐,∞), 

where 𝒌𝟏 ≈ 𝟎.𝟐𝟒𝟑𝟖 and 𝒌𝟐 ≈ 𝟕. 𝟖𝟒𝟔𝟕 are the positive roots of the equation 𝒇(𝒌) = 𝟎. To 

show that the range of values of 𝒌 is 𝕀, we need to prove the required inequality for 𝒌 ∈ 𝕀, 

that is for 𝒌 > 0 such that 𝒇(𝒌) ≥ 𝟎. Denote 𝒑 = 𝒂 + 𝒃 + 𝒄 and 𝒓 = 𝒂𝒃𝒄. For fixed 𝒑, we 

write the inequality as 𝑭(𝒓) ≥ 𝟎, where 

𝑭(𝒓) = −𝒓𝟐 + 𝟐𝒌𝒑𝒓 + 𝑪(𝒑). 

Since 𝑭(𝒓) is a quadratic concave function, it suffices to consider the cases when 𝒓 has the 

minimum and maximum values. As it is known, the minimum and maximum values of 𝒓 

for fixed 𝒑 and 𝒒 are achieved when one of 𝒂, 𝒃, 𝒄 is 𝟎 or two of 𝒂, 𝒃, 𝒄 are equal. So, it 

suffices to consider these cases. 

Case 1: 𝒂 = 𝟎. We need to prove that 𝒃𝒄 = 𝟑 implies 𝑮 ≥ 𝟎, where  

𝑮 = (𝟏 + 𝒌)𝟑(𝒃 + 𝒄)𝟐 − 𝟗𝒌(𝒃𝟐 + 𝒌)(𝒄𝟐 + 𝒌). 

Denoting 𝑺 = 𝒃 + 𝒄, we have 𝑺𝟐 ≥ 𝟒𝒃𝒄 = 𝟏𝟐 and  

𝑮 = (𝟏 + 𝒌)𝟑𝑺𝟐 − 𝟗𝒌(𝒌𝑺𝟐 + 𝒌𝟐 − 𝟔𝒌 + 𝟗) = 𝑨𝑺𝟐 − 𝟗𝒌(𝒌𝟐 − 𝟔𝒌 + 𝟗), 

where 𝑨 = 𝒌𝟑 − 𝟔𝒌𝟐 + 𝟑𝒌 = 𝟏. Since 

𝟒𝑨 − 𝒇(𝒌) = 𝟒(𝒌𝟑 − 𝟔𝒌𝟐 + 𝟑𝒌 + 𝟏) − (𝒌𝟑 − 𝟔𝒌𝟐 − 𝟏𝟓𝒌 + 𝟒) = 𝟑𝒌(𝒌 − 𝟑)𝟐 > 0, 

we have 𝟒𝑨 > 𝑓(𝒌) ≥ 𝟎 and  
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𝑮 ≥ 𝟏𝟐𝑨 − 𝟗𝒌(𝒌𝟐 − 𝟔𝒌+ 𝟗) = 𝟑𝒇(𝒌) ≥ 𝟎. 

Case 2: 𝒃 = 𝒄. Denote 𝒃 = 𝒄 ≔ 𝒙. From the equality constraint, we get 𝟐𝒂𝒙 + 𝒙𝟐 = 𝟑, 

with 𝒙𝟐 ∈ (𝟎, 𝟑]. The required inequality becomes as follows: 

[(𝟑 − 𝒙𝟐)𝟐 + 𝟒𝒌𝒙𝟐](𝒙𝟐 + 𝒌)𝟐 ≤ (𝟏 + 𝒌)𝟑(𝒙𝟐 + 𝟏)𝟐, 

(𝒙𝟐 − 𝟏)𝟐[𝒙𝟒 + (𝟔𝒌 − 𝟒)𝒙𝟐 − 𝒌𝟑 + 𝟔𝒌𝟐 − 𝟑𝒌 − 𝟏] ≤ 𝟎 

Let 𝒕 = 𝒙𝟐, 𝒕 ∈ (𝟎, 𝟑]. The inequality is true if 𝒒(𝒕) < 0, where 

𝒈(𝒕) = 𝒕𝟐 + (𝟔𝒌 − 𝟒)𝒕 − 𝒌𝟑 + 𝟔𝒌𝟐 − 𝟑𝒌 − 𝟏. 

Since 𝒈(𝒕) is a quadratic convex function, it suffices to show that 𝒈(𝟎) ≤ 𝟎 and 𝒈(𝟑) ≤ 𝟎. 

Indeed, 𝒈(𝟎) = −𝒌𝟑 + 𝟔𝒌𝟐 − 𝟑𝒌− 𝟏 = −𝑨 < 0 (see Case 1), and 𝒈(𝟑) = −𝒇(𝒌) ≤ 𝟎. 

For 𝒌 ∈ (𝟎, 𝒌𝟏] ∪ [𝒌𝟐,∞), the equality occurs when 𝒂 = 𝒃 = 𝒄 = 𝟏. For 𝒌 = 𝒌𝟏 and 𝒌 =

𝒌𝟐, the equality also occurs when 𝒂 = 𝟎 and 𝒃 = 𝒄 = √𝟑 (or any cyclic permutation). 

UP.604 Prove that 
𝟑

𝟐
 is the smallest positive value of the power 𝒌 such that  

𝟏

𝒂𝒌
+
𝟏

𝒃𝒌
+
𝟏

𝒄𝒌
≥ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 

for all positive real numbers 𝒂, 𝒃, 𝒄 with at most one of them smaller than 𝟏 

and  𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 

Proposed by Vasile Cîrtoaje – Romania  

Solution by proposer  

For 𝒂 ≥ 𝟏, 𝒃 = 𝟏 and 𝒄 ∈ (𝟎, 𝟏] such that 𝒂 + 𝒄 + 𝒂𝒄 = 𝟑, the constraints are satisfied and 

the inequality becomes 𝑬 ≥ 𝟎, where  

𝑬 =
𝟏

𝒂𝒌
+
𝟏

𝒄𝒌
− 𝒂𝟐 − 𝒄𝟐. 

Assume that 𝒂 and 𝑬 are functions of 𝒄. For 𝒄 = 𝟏, we have 𝒂 = 𝟏. By differentiating the 

equality constraint, we get 

(𝟏 + 𝒄)𝒂′ + 𝟏 + 𝒂 = 𝟎,     𝒂′(𝟏) = −𝟏, 

(𝟏 + 𝒄)𝒂′′ + 𝟐𝒂′ = 𝟎,      𝒂′′(𝟏) = 𝟏. 

Therefore, 
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𝑬′(𝒄) = −(
𝒌

𝒂𝒌+𝟏
+ 𝟐𝒂)𝒂′ −

𝒌

𝒄𝒌+𝟏
− 𝟐𝒄,   𝑬′(𝟏) = 𝟎 

𝑬′′(𝒄) = −(
𝒌

𝒂𝒌+𝟏
+ 𝟐𝒂)𝒂′′ + (

𝒌(𝒌+ 𝟏)

𝒂𝒌+𝟐
− 𝟐) (𝒂′)𝟐 +

𝒌(𝒌 + 𝟏)

𝒄𝒌+𝟐
− 𝟐,   

𝑬′′(𝟏) = (𝒌 + 𝟐)(𝟐𝒌 − 𝟑) 

Since 𝑬(𝟏) = 𝑬′(𝟏) = 𝟎, the condition 𝑬′′(𝟏) ≥ 𝟎 is necessary to have 𝑬(𝒄) ≥ 𝟎 for  

𝒄 ∈ (𝟎, 𝟏]. From this condition, we get 𝒌 ≥
𝟑

𝟐
. To show that 

𝟑

𝟐
 is the smallest positive value 

of 𝒌, we need to prove that 𝑭 ≥ 𝟎 for 𝒂 ≥ 𝒃 ≥ 𝟏 ≥ 𝒄 and 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑, where 

𝑭 = 𝒂−
𝟑
𝟐 + 𝒃−

𝟑
𝟐 + 𝒄−

𝟑
𝟐 − 𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐. 

For fixed 𝒄, assume that 𝒂 and 𝑭 are functions of 𝒃. We have 

(𝒃 + 𝒄)𝒂′ + 𝒂 + 𝒄 = 𝟎 

and  

𝑭′(𝒃) = −(
𝟑𝒂−

𝟓
𝟐

𝟐
+ 𝟐𝒂)𝒂′ −

𝟑𝒃−
𝟓
𝟐

𝟐
− 𝟐𝒃 = (

𝟑𝒂−
𝟓
𝟐

𝟐
+ 𝟐𝒂)

𝒂 + 𝒄

𝒃 + 𝒄
−
𝟑𝒃−

𝟓
𝟐

𝟐
− 𝟐𝒃. 

We claim that 𝑭′(𝒃) ≥ 𝟎, that is 

𝒂 + 𝒄

𝒃 + 𝒄
≥
𝟑𝒃−

𝟓
𝟐 + 𝟒𝒃

𝟑𝒂−
𝟓
𝟐 + 𝟒𝒂

,
𝒂 + 𝒄

𝒃 + 𝒄
− 𝟏 ≥

𝟑𝒃−
𝟓
𝟐 + 𝟒𝒃

𝟑𝒂−
𝟓
𝟐 + 𝟒𝒂

− 𝟏, 

𝒂 − 𝒃

𝒃 + 𝒄
≥
𝟑(𝒃−

𝟓
𝟐 − 𝒂−

𝟓
𝟐) − 𝟒(𝒂 − 𝒃)

𝟑𝒂−
𝟓
𝟐 + 𝟒𝒂

,    
𝒂 − 𝒃

𝒃 + 𝒄
≥
𝟑(𝒂

𝟓
𝟐 − 𝒃

𝟓
𝟐) − 𝟒𝒂

𝟓
𝟐𝒃

𝟓
𝟐(𝒂 − 𝒃)

𝒃
𝟓
𝟐
(𝟒𝒂

𝟕
𝟐+𝟑)

. 

Denoting 𝒙 = 𝒂
𝟏

𝟐 and 𝒚 = 𝒃
𝟏

𝟐, we need to show that if 𝒙 ≥ 𝒚 ≥ 𝟏, then 

𝒙𝟐 − 𝒚𝟐

𝒚𝟐 + 𝒄
≥
𝟑(𝒙𝟓 − 𝒚𝟓) − 𝟒𝒙𝟓𝒚𝟓(𝒙𝟐 − 𝒚𝟐)

𝒚𝟓(𝟒𝒙𝟕 + 𝟑)
. 

It is true if 

𝒙 + 𝒚

𝒚𝟐 + 𝒄
≥
𝟑(𝒙𝟒 + 𝒙𝟑𝒚 + 𝒙𝟐𝒚𝟐 + 𝒙𝒚𝟑 + 𝒚𝟒) − 𝟒𝒙𝟓𝒚𝟓(𝒙 + 𝒚)

𝒚𝟓(𝟒𝒙𝟕 + 𝟑)
. 

Since  
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𝒙 + 𝒚

𝒚𝟐 + 𝒄
≥
𝒙 + 𝒚

𝒚𝟐 + 𝟏
≥

𝟐

𝒚𝟐 + 𝟏
≥
𝟏

𝒚𝟐
≥
𝟏

𝒚𝟓
, 

it suffices to show that 

𝟏 ≥
𝟑(𝒙𝟒 + 𝒙𝟑𝒚 + 𝒙𝟐𝒚𝟐 + 𝒙𝒚𝟑 + 𝒚𝟒) − 𝟒𝒙𝟓𝒚𝟓(𝒙 + 𝒚)

𝟒𝒙𝟕 + 𝟑
, 

that is 

𝟒𝒙𝟕 + 𝟑 + 𝟒𝒙𝟓𝒚𝟓(𝒙 + 𝒚) ≥ 𝟑(𝒙𝟒 + 𝒙𝟑𝒚 + 𝒙𝟐𝒚𝟐 + 𝒙𝒚𝟑 + 𝒚𝟒). 

It is true if 

𝟒𝒙𝟕 + 𝟑 + 𝟒𝒙𝟓(𝒙 + 𝟏) ≥ 𝟏𝟓𝒙𝟒, 

that is 

𝟒𝒙𝟕 + 𝟒𝒙𝟔 + 𝟒𝒙𝟓 − 𝟏𝟓𝒙𝟒 + 𝟑 ≥ 𝟎. 

Indeed, we have 

𝟒𝒙𝟕 + 𝟒𝒙𝟔 + 𝟒𝒙𝟓 − 𝟏𝟓𝒙𝟒 + 𝟑 ≥ 𝟒𝒙𝟔 + 𝟒𝒙𝟔 + 𝟒𝒙𝟒 − 𝟏𝟓𝒙𝟒 + 𝟑 = 𝟖𝒙𝟔 − 𝟏𝟏𝒙𝟓 + 𝟑 

= (𝒙𝟐 − 𝟏)(𝟖𝒙𝟒 − 𝟑𝒙𝟐 − 𝟑) ≥ 𝟎 

From 𝑭′(𝒃) ≥ 𝟎, it follows that 𝑭(𝒃) is increasing and has the minimum value when 𝒃 is 

minimum, hence when 𝒃 = 𝟏. So, it suffices to consider the case 𝒃 = 𝟏, when we need to 

show that 

𝟏

𝒂√𝒂
+

𝟏

𝒄√𝒄
≥ 𝒂𝟐 + 𝒄𝟐 

for 𝒂 + 𝒄 + 𝒂𝒄 = 𝟑. Denoting 𝒂𝒄 = 𝒕, we have 𝒂 + 𝒄 = 𝟑 − 𝒕. From 𝟑 − 𝒕 = 𝒂 + 𝒄 ≥ 𝟐√𝒕, 

we get 𝒕 ≤ 𝟏. By squaring, the required inequality becomes as follows 

(𝒂√𝒂 + 𝒄√𝒄)
𝟐
≥ 𝒂𝟑𝒄𝟑(𝒂𝟐 + 𝒄𝟐)𝟐. 

By Bernoulli’s inequality, we have 

𝒕
𝟑
𝟐 = [𝟏 + (𝒕 − 𝟏)]

𝟑
𝟐 ≥ 𝟏 +

𝟑(𝒕 − 𝟏)

𝟐
=
𝟑𝒕 − 𝟏

𝟐
, 𝟐𝒕

𝟑
𝟐 ≥ 𝟑𝒕 − 𝟏. 

Since 𝒂𝟐 + 𝒄𝟐 = (𝒂 + 𝒄)𝟐 − 𝟐𝒂𝒄 = (𝟑 − 𝒕)𝟐 − 𝟐𝒕 = 𝟗 − 𝟖𝒕 + 𝒕𝟐 and 

(𝒂√𝒂 + 𝒄√𝒄)
𝟐
= (𝒂 + 𝒄)𝟑 − 𝟑𝒂𝒄(𝒂 + 𝒄) + 𝟐𝒂𝒄√𝒂𝒄 ≥ (𝟑 − 𝒕)𝟑 − 𝟑𝒕(𝟑 − 𝒕) + (𝟑𝒕 − 𝟏) 

= 𝟐𝟔 − 𝟑𝟑𝒕 + 𝟏𝟐𝒕𝟐 − 𝒕𝟑, 

it suffices to show that 
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𝟐𝟔 − 𝟑𝟑𝒕 + 𝟏𝟐𝒕𝟐 − 𝒕𝟑 ≥ 𝒕𝟑(𝟗 − 𝟖𝒕 + 𝒕𝟐)𝟐, 

that is 

(𝟏 − 𝒕)𝟐𝒇(𝒕) ≥ 𝟎, 𝒇(𝒕) = 𝟐𝟔 + 𝟏𝟗𝒕 + 𝟐𝟒𝒕𝟐 − 𝟓𝟑𝒕𝟑 + 𝟏𝟒𝒕𝟒 − 𝒕𝟓. 

It is true since  

𝒇(𝒕) > 10 + 19𝒕 + 𝟐𝟒𝒕𝟐 − 𝟓𝟑𝒕𝟑 = (𝟏 − 𝒕)(𝟏𝟎 + 𝟐𝟗𝒕 + 𝟓𝟑𝒕𝟐) ≥ 𝟎. 

If 𝒌 =
𝟑

𝟐
, then the equality occurs for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

UP.605 We consider the function 𝒖:ℝ → ℝ, periodic with period 𝟐𝝅. For the 

period [𝟎, 𝟐𝝅] we have: 

𝒖(𝒙) = 𝐜𝐨𝐬(𝒙) if 𝒙 ∈ [𝟎,
𝝅

𝟐
) ; 𝒖(𝒙) = 𝟎 if ∈ [

𝝅

𝟐
,
𝟑𝝅

𝟐
) ; 𝒖(𝒙) = 𝐜𝐨𝐬(𝒙) if 𝒙 ∈

[
𝟑𝝅

𝟐
, 𝟐𝝅). Prove the equality: 

∫
𝒖(𝒙)

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 =
𝝅

𝟒𝒆
+
𝒆𝟐 + 𝟏

𝟐𝒆
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟏

𝒆
). 

Proposed by Vasile Mircea Popa – Romania  

Solution by proposer 

Let us denote: 

𝑰 = ∫
𝒖(𝒙)

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 

The function 𝒖(𝒙) satisfies Dirichlet’s conditions. Also, the function is even. 

We expand the function in the Fourier series: 

𝒖(𝒙) = 𝑨𝟎 +∑𝑨𝒏

∞

𝒏=𝟏

𝐜𝐨𝐬(𝒏𝒙) 

where: 

𝑨𝟎 =
𝟏

𝟐𝝅
∫ 𝒖(𝒙)
𝟐𝝅

𝟎

𝒅𝒙;𝑨𝒏 =
𝟏

𝝅
∫ 𝒖(𝒙)
𝟐𝝅

𝟎

𝐜𝐨𝐬(𝒏𝒙)𝒅𝒙 

Calculating these integrals, we obtain: 

𝑨𝟎 =
𝟏

𝝅
; 𝑨𝟏 =

𝟏

𝟐
; 𝑨𝒏 =

−𝟏

(𝒏𝟐−𝟏)𝝅
⋅ [𝐜𝐨𝐬 (

𝒏𝝅

𝟐
) + 𝐜𝐨𝐬 (

𝟑𝒏𝝅

𝟐
)] for 𝒏 ≥ 𝟐 
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But: 

𝐜𝐨𝐬 (
𝟑𝒏𝝅

𝟐
) = 𝐜𝐨𝐬 (

𝒏𝝅

𝟐
) for any 𝒏 ≥ 𝟐 

Result: 

𝑨𝒏 = −
𝟏

𝒏
⋅ [
𝟐 𝐜𝐨𝐬 (

𝒏𝝅
𝟐 )

𝒏𝟐 − 𝟏
] =

−𝟏

𝝅
⋅ [
𝐜𝐨𝐬 (

𝒏𝝅
𝟐 )

𝒏 − 𝟏
−
𝐜𝐨𝐬 (

𝒏𝝅
𝟐 )

𝒏 + 𝟏
] = 𝑩𝒏 + 𝑪𝒏 

Where 

𝑩𝒏 =
−𝟏

𝝅
⋅
𝐜𝐨𝐬 (

𝒏𝝅
𝟐 )

𝒏 − 𝟏
;  𝑪𝒏 =

𝟏

𝝅
⋅
𝐜𝐨𝐬 (

𝒏𝝅
𝟐 )

𝒏 + 𝟏
 

We have: 

𝑩𝒏 = 𝟎 if 𝒏 = 𝟑, 𝟓, 𝟕, … ;𝑩𝒏 ≠ 𝟎 if 𝒏 = 𝟐, 𝟒, 𝟔,… ; 

𝑪𝒏 = 𝟎 if 𝒏 = 𝟑, 𝟓, 𝟕,… ; 𝑪𝒏 ≠ 𝟎 if 𝒏 = 𝟐, 𝟒, 𝟔, … ; 

So: 

𝒖(𝒙) =
𝟏

𝝅
+
𝟏

𝟐
𝐜𝐨𝐬(𝒙) + [𝑩𝟐 𝐜𝐨𝐬(𝟐𝒙) + 𝑩𝟒 𝐜𝐨𝐬(𝟒𝒙) + 𝑩𝟔 𝐜𝐨𝐬(𝟔𝒙) + 𝑩𝟖 𝐜𝐨𝐬(𝟖𝒙) +⋯ ] + 

+[𝑪𝟐 𝐜𝐨𝐬(𝟐𝒙) + 𝑪𝟒 𝐜𝐨𝐬(𝟒𝒙) + 𝑪𝟔 𝐜𝐨𝐬(𝟔𝒙) + 𝑪𝟖 𝐜𝐨𝐬(𝟖𝒙) +⋯ ] 

𝒖(𝒙) =
𝟏

𝝅
+
𝟏

𝟐
𝐜𝐨𝐬(𝒙) + [

𝟏

𝝅
𝐜𝐨𝐬(𝟐𝒙) −

𝟏

𝟑𝝅
𝐜𝐨𝐬(𝟒𝒙) +

𝟏

𝟓𝝅
𝐜𝐨𝐬(𝟔𝒙) −

𝟏

𝟕𝝅
𝐜𝐨𝐬(𝟖𝒙) + ⋯] + 

+ [−
𝟏

𝟑𝝅
𝐜𝐨𝐬(𝟐𝒙) +

𝟏

𝟓𝝅
𝐜𝐨𝐬(𝟒𝒙) −

𝟏

𝟕𝝅
𝐜𝐨𝐬(𝟔𝒙) +

𝟏

𝟗𝝅
𝐜𝐨𝐬(𝟖𝒙) +⋯] 

We now use the following relationship: 

∫
𝐜𝐨𝐬(𝒎𝒙)

𝟏+𝒙𝟐

∞

𝟎
𝒅𝒙 =

𝝅

𝟐
𝒆−𝒎, where 𝒎 > 0 

This relation is Laplace’s integral and is well known. 

It is easily proved for example using the properties of the Laplace transform. 

We obtained the value of the integral 𝑰: 

𝑰 =
𝟏

𝝅

𝝅

𝟐
+
𝟏

𝟐

𝝅

𝟐
𝒆−𝟏 + (

𝟏

𝝅

𝝅

𝟐
𝒆−𝟐 −

𝟏

𝟑𝝅

𝝅

𝟐
 𝒆−𝟒 +

𝟏

𝟓𝝅

𝝅

𝟐
 𝒆−𝟔 −

𝟏

𝟕𝝅

𝝅

𝟐
 𝒆−𝟖 +⋯) + 

+(−
𝟏

𝟑𝝅

𝝅

𝟐
 𝒆−𝟐 +

𝟏

𝟓𝝅

𝝅

𝟐
 𝒆−𝟒 −

𝟏

𝟕𝝅

𝝅

𝟐
𝒆−𝟔 +

𝟏

𝟗𝝅

𝝅

𝟐
𝒆−𝟖 +⋯) 

𝟐𝑰 = 𝟏 +
𝝅

𝟐
𝒆−𝟏 + (𝒆−𝟐 −

𝟏

𝟑
𝒆−𝟒 +

𝟏

𝟓
𝒆−𝟔 −

𝟏

𝟕
𝒆−𝟖 +⋯) + 
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+(−
𝟏

𝟑
𝒆−𝟐 +

𝟏

𝟓
𝒆−𝟒 −

𝟏

𝟕
𝒆−𝟔 +

𝟏

𝟗
𝒆−𝟖 +⋯) 

We will now use the power series development of the following functions. 

𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) = 𝒙 −
𝟏

𝟑
𝒙𝟑 +

𝟏

𝟓
𝒙𝟓 −

𝟏

𝟕
𝒙𝟕 +⋯ where −𝟏 ≤ 𝒙 ≤ 𝟏 

𝒙𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) = 𝒙𝟐 −
𝟏

𝟑
𝒙𝟒 +

𝟏

𝟓
𝒙𝟔 −

𝟏

𝟕
𝒙𝟖 +⋯ where  −𝟏 ≤ 𝒙 ≤ 𝟏 

𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

𝒙
= 𝟏 −

𝟏

𝟑
𝒙𝟐 +

𝟏

𝟓
𝒙𝟒 −

𝟏

𝟕
𝒙𝟔 +⋯ where −𝟏 ≤ 𝒙 ≤ 𝟏 

We have: 

𝒆−𝟏 𝐚𝐫𝐜𝐭𝐚𝐧(𝒆−𝟏) = 𝒆−𝟐 −
𝟏

𝟑
𝒆−𝟒 +

𝟏

𝟓
𝒆−𝟔 −

𝟏

𝟕
𝒆−𝟖 +⋯ 

𝐚𝐫𝐜𝐭𝐚𝐧(𝒆−𝟏)

𝒆−𝟏
= 𝟏 −

𝟏

𝟑
𝒆−𝟐 +

𝟏

𝟓
𝒆−𝟒 −

𝟏

𝟕
𝒆−𝟔 +⋯ 

We obtain: 

𝟐𝑰 =
𝝅

𝟐
𝒆−𝟏 + 𝒆−𝟏 𝐚𝐫𝐜𝐭𝐚𝐧(𝒆−𝟏) +

𝐚𝐫𝐜𝐭𝐚𝐧(𝒆−𝟏)

𝒆−𝟏
 

Or: 

𝑰 =
𝝅

𝟒𝒆
+
𝒆𝟐 + 𝟏

𝟐𝒆
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟏

𝒆
) 

Thus, the problem is solved. 

UP.606 If 𝒇:ℝ → (𝟏,∞) and 𝒈:ℝ → ℝ are continuous functions, and 𝒚𝒏 =

√𝒏!𝑭𝒏
𝒏 , 𝒏 ∈ ℕ∗ − {𝟏}, where (𝑭𝒏)𝒏≥𝟎 is Fibonacci sequence, find: 

𝐥𝐢𝐦
𝒏→∞

∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

+ (𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏

𝒅𝒙 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by proposers 

Lemma 1. If 𝒇: ℝ → (𝟏,∞), 𝒈:ℝ → ℝ are continuous, and (𝒚𝒏)𝒏≥𝟏 is an increasing 

sequence, and  
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𝑰𝒏 = ∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

+ (𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏

𝒅𝒙,∀𝒏 ≥ 𝟐 

then 

𝐥𝐢𝐦
𝒏→∞

𝑰𝒏 =
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏). 

Proof.  

If 𝒂, 𝒃 ∈ ℝ,𝒂 < 𝑏 and 𝑰 = ∫
(𝒇(𝒙−𝒂))

𝒈(𝒃−𝒙)

(𝒇(𝒃−𝒙))
𝒈(𝒙−𝒂)

+(𝒇(𝒙−𝒂))
𝒈(𝒃−𝒙)

𝒃

𝒂
𝒅𝒙, 

𝒙 = 𝒖(𝒕) = 𝒂 + 𝒃 − 𝒕, 𝒖′(𝒕) = −𝟏,𝒖(𝒂) = 𝒃,𝒖(𝒃) = 𝒂, we obtain that 

𝑰 = ∫
(𝒇(𝒃 − 𝒙))

𝒈(𝒙−𝒂)

(𝒇(𝒙 − 𝒂))
𝒈(𝒃−𝒙)

+ (𝒇(𝒃 − 𝒙))
𝒈(𝒙−𝒂)

 

𝒂

𝒃

𝒅𝒙, 

𝟐𝑰 = ∫
(𝒇(𝒃−𝒙))

𝒈(𝒙−𝒂)
+(𝒇(𝒙−𝒂))

𝒈(𝒃−𝒙)

(𝒇(𝒙−𝒂))
𝒈(𝒃−𝒙)

+(𝒇(𝒃−𝒙))
𝒈(𝒙−𝒂)

𝒃

𝒂
𝒅𝒙 = ∫ 𝒅𝒙

𝒃

𝒂
= 𝒃 − 𝒂 ⇒ 𝑰 =

𝟏

𝟐
(𝒃 − 𝒂). So, 

𝑰𝒏 = ∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

+ (𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏

𝒅𝒙 =
𝟏

𝟐
(𝒚𝒏+𝟏 − 𝒚𝒏), ∀𝒏 ≥ 𝟐. 

Hence: 𝐥𝐢𝐦
𝒏→∞

𝑰𝒏 =
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏). 

Lemma 2.  

𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)! 𝑳𝒏+𝟏
𝒏+𝟏

− √𝒏! 𝑳𝒏
𝒏 ) =

𝜶

𝒆
, where 𝜶 =

𝟏+√𝟓

𝟐
 and 

(𝑳𝒏)𝒏≥𝟎, 𝑳𝟎 = 𝟐, 𝑳𝟏 = 𝟏, 𝑳𝒏+𝟐 = 𝑳𝒏+𝟏 + 𝑳𝒏, ∀𝒏 ∈ ℕ is Lucas sequence. 

Proof. 

𝑳𝒏+𝟐 − 𝑳𝒏+𝟏 − 𝑳𝒏 = 𝟎,∀𝒏 ∈ ℕ
∗ ⇔

𝑳𝒏+𝟐
𝑳𝒏

−
𝑳𝒏+𝟏
𝑳𝒏

− 𝟏 = 𝟎 ⇔
𝑳𝒏+𝟐
𝑳𝒏+𝟏

⋅
𝑳𝒏+𝟏
𝑳𝒏

−
𝑳𝒏+𝟏
𝑳𝒏

− 𝟏 = 𝟎

⇒ 

⇒ 𝐥𝐢𝐦
𝒏→∞

(
𝑳𝒏+𝟐
𝑳𝒏+𝟏

⋅
𝑳𝒏+𝟏
𝑳𝒏

−
𝑳𝒏+𝟏
𝑳𝒏

− 𝟏) = 𝟎 ⇔ 𝒙𝟐 − 𝒙 − 𝟏 = 𝟎, 

𝒙 = 𝐥𝐢𝐦
𝒏→∞

𝑳𝒏+𝟏

𝑳𝒏
, so 𝒙 =

𝟏±√𝟓

𝟐
 

Since 
𝑳𝒏+𝟏

𝑳𝒏
> 0, 𝑥 = 𝐥𝐢𝐦

𝒏→∞

𝑳𝒏+𝟏

𝑳𝒏
=
√𝟓+𝟏

𝟐
= 𝜶. 
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𝐥𝐢𝐦
𝒏→∞

√𝒏!𝑳𝒏
𝒏

𝒏
= 𝐥𝐢𝐦

𝒏→∞
√
𝒏! 𝑳𝒏
𝒏𝒏

𝒏

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)! 𝑳𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

⋅
𝒏𝒏

𝒏! 𝑳𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝑳𝒏+𝟏
𝑳𝒏

(
𝒏

𝒏 + 𝟏
)
𝒏

=
𝜶

𝒆
 

(1)  √(𝒏 + 𝟏)! 𝑳𝒏+𝟏
𝒏+𝟏

− √𝒏!𝑳𝒏
𝒏 = √𝒏!𝑳𝒏

𝒏 (𝒖𝒏 − 𝟏) = 

= √𝒏! 𝑳𝒏
𝒏 ⋅

𝒖𝒏 − 𝟏

𝐥𝐧𝒖𝒏
⋅ 𝐥𝐧𝒖𝒏 = 

=
√𝒏!𝑳𝒏
𝒏

𝒏
⋅
𝒖𝒏−𝟏

𝐥𝐧 𝒖𝒏
⋅ 𝐥𝐧𝒖𝒏

𝒏 , ∀𝒏 ≥ 𝟐, where 𝒖𝒏 =
√(𝒏+𝟏)!𝑳𝒏+𝟏

𝒏+𝟏

√𝒏!𝑳𝒏
𝒏 . 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 = 𝐥𝐢𝐦
𝒏→∞

(
√(𝒏+𝟏)!𝑳𝒏+𝟏

𝒏+𝟏

𝒏+𝟏
⋅

𝒏

√𝒏!𝑳𝒏
𝒏 ⋅

𝒏+𝟏

𝒏
) =

𝜶

𝒆
⋅
𝒆

𝜶
⋅ 𝟏 = 𝟏, so 𝐥𝐢𝐦

𝒏→∞

𝒖𝒏−𝟏

𝐥𝐧 𝒖𝒏
= 𝟏; 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞

(𝒏 + 𝟏)! 𝑳𝒏+𝟏
𝒏! 𝑳𝒏

⋅
𝟏

√(𝒏 + 𝟏)! 𝑳𝒏+𝟏
𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝑳𝒏+𝟏
𝑳𝒏

⋅
𝒏 + 𝟏

√(𝒏 + 𝟏)! 𝑳𝒏+𝟏
𝒏+𝟏

= 

= 𝒂 ⋅
𝒆

𝜶
= 𝒆 

From (1): 𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)! 𝑳𝒏+𝟏
𝒏+𝟏

− √𝒏!𝑳𝒏
𝒏 ) =

𝜶

𝒆
⋅ 𝟏 ⋅ 𝐥𝐧 (𝐥𝐢𝐦

𝒏→∞
𝒖𝒏
𝒏) =

𝜶

𝒆
⋅ 𝐥𝐧 𝒆 =

𝜶

𝒆
⋅ 𝟏 =

𝜶

𝒆
. 

Analogously, 𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)!𝑭𝒏+𝟏
𝒏+𝟏

− √𝒏! 𝑭𝒏
𝒏 ) =

𝜶

𝒆
, where 𝜶 =

𝟏+√𝟓

𝟐
. 

By lemma 1, 𝐥𝐢𝐦
𝒏→∞

𝑰𝒏 =
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏) =
𝟏

𝟐
⋅
𝜶

𝒆
=

𝜶

𝟐𝒆
, where 𝜶 =

𝟏+√𝟓

𝟐
 and we taking 

account by lemma 2, 

𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏) = 𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)!𝑭𝒏+𝟏
𝒏+𝟏

− √𝒏! 𝑭𝒏
𝒏 ) =

𝜶

𝒆
 

UP.607 Calculate the integral: 

∫
𝒙 𝐥𝐧 𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒙 

Proposed by Vasile Mircea Popa – Romania  

Solution 1 by proposer 

Let us denote: 𝑨 = ∫
𝒙 𝐥𝐧 𝒙

(𝒙+𝟏)(𝒙𝟐+𝟏)

𝟏

𝟎
𝒅𝒙 

We have, successively: 

𝑨 = ∫
(𝟏 − 𝒙)𝒙 𝐥𝐧 𝒙

𝟏 − 𝒙𝟒

𝟏

𝟎

𝒅𝒙 = ∫
𝒙 𝐥𝐧 𝒙

𝟏 − 𝒙𝟒

𝟏

𝟎

𝒅𝒙 −∫
𝒙𝟐 𝐥𝐧 𝒙

𝟏 − 𝒙𝟒

𝟏

𝟎

𝒅𝒙 
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𝑨 = ∫ ∑𝒙𝟒𝒏+𝟏
∞

𝒏=𝟎

𝟏

𝟎

𝐥𝐧 𝒙𝒅𝒙 − ∫ ∑𝒙𝟒𝒏+𝟐
∞

𝒏=𝟎

𝟏

𝟎

𝐥𝐧 𝒙 𝒅𝒙 = 

= ∑(∫ 𝒙𝟒𝒏+𝟏 𝐥𝐧 𝒙𝒅𝒙
𝟏

𝟎

−∫ 𝒙𝟒𝒏+𝟐
𝟏

𝟎

𝐥𝐧 𝒙𝒅𝒙)

∞

𝒏=𝟎

 

We will use the following relationship: 

∫ 𝒙𝒂
𝟏

𝟎
𝐥𝐧 𝒙 𝒅𝒙 = −

𝟏

(𝒂+𝟏)𝟐
, where 𝒂 ∈ ℝ,𝒂 ≥ 𝟎 

We obtain: 

𝑨 = ∑[
𝟏

(𝟒𝒏 + 𝟑)𝟐
−

𝟏

(𝟒𝒏 + 𝟐)𝟐
]

∞

𝒏=𝟎

= ∑[

𝟏
𝟏𝟔

(𝒏 +
𝟑
𝟒)

𝟐 −

𝟏
𝟏𝟔

(𝒏 +
𝟐
𝟒)

𝟐
]

∞

𝒏=𝟎

 

We now use the following relationship 

𝚿𝟏(𝒙) = ∑
𝟏

(𝒙 + 𝒏)𝟐

∞

𝒏=𝟎

 

where 𝚿𝟏(𝒙) is the trigamma function. 
We obtained the value of the integral 𝑨: 

𝑨 =
𝟏

𝟏𝟔
[𝚿𝟏 (

𝟑

𝟒
) −𝚿𝟏 (

𝟏

𝟐
)] 

The following special value is known: 

𝚿𝟏 (
𝟏

𝟐
) =

𝝅𝟐

𝟐
 

Result: 

𝑨 =
𝟏

𝟏𝟔
[𝚿𝟏 (

𝟑

𝟒
) −

𝝅𝟐

𝟐
] 

Thus, the problem is solved. 
 

Solution 2 by Omkumar Rao-India 
 

𝑰 =
𝟏

𝟐
∫(

− 𝐥𝐧 𝒙

𝒙 + 𝟏
+

𝐥𝐧𝒙

𝒙𝟐 + 𝟏
+
𝒙 𝐥𝐧 𝒙

𝒙𝟐 + 𝟏
)𝒅𝒙

𝟏

𝟎

 

 

𝑨 = ∫
𝐥𝐧𝒙

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙, 𝑩 = ∫
𝐥𝐧𝒙

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙  

𝑪 = ∫
𝒙 𝐥𝐧𝒙

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 
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𝑰 =
𝟏

𝟐
(−𝑨 + 𝑩 + 𝑪) 

 

𝑨 = ∑(−𝟏)𝒏
∞

𝒏=𝟎

∫𝒙𝒏 𝐥𝐧 𝒙 𝒅𝒙

𝟏

𝟎

 

𝑨 = −∑
(−𝟏)𝒏

(𝒏 + 𝟏)𝟐
= −

𝟏

𝟐

∞

𝒏=𝟎

𝜻(𝟐) = −
𝝅𝟐

𝟏𝟐
 

 

𝑩 =∑(−𝟏)𝒓∫𝒙𝟐𝒓 𝐥𝐧 𝒙𝒅𝒙

𝟏

𝟎

∞

𝒓=𝟎

= −∑
(−𝟏)𝒓

(𝟐𝒓 + 𝟏)𝟐
= −𝑮

∞

𝒓=𝟎

 

𝒘𝒉𝒆𝒓𝒆 𝑮 𝒅𝒆𝒏𝒐𝒕𝒆𝒔 𝑪𝒂𝒕𝒂𝒍𝒂𝒏′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕. 

 

𝑪 = ∫
𝒙 𝐥𝐧𝒙

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 ⟹ (𝒙⟶ 𝒙𝟐), 𝑪 =
𝟏

𝟒
∫
𝐥𝐧𝒙

𝟏 + 𝒙
𝒅𝒙 =

𝟏

𝟒

𝟏

𝟎

𝑨 = −
𝝅𝟐

𝟒𝟖
 

 

𝑰 =
𝟏

𝟐
(
𝝅𝟐

𝟏𝟐
− 𝑮− 

𝝅𝟐

𝟒𝟖
) 

 

𝑰 =
𝝅𝟐

𝟑𝟐
− 
𝑮

𝟐
 

 

UP.608 If 𝒇:ℝ → (𝟏,∞) and 𝒈:ℝ → ℝ are continuous functions, and (𝑳𝒏)𝒏≥𝟎 

is Lucas sequence, and 𝒚𝒏 = √(𝟐𝒏 − 𝟏)‼ 𝑳𝒏
𝒏

, 𝒏 ∈ ℕ∗ − {𝟏}, find: 

𝐥𝐢𝐦
𝒏→∞

∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

+ (𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏

𝒅𝒙. 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by proposers 

Lemma 1. If 𝒇: ℝ → (𝟏,∞), 𝒈:ℝ → ℝ are continuous, and (𝒚𝒏)𝒏≥𝟏 is an increasing 

sequence, and  
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𝑰𝒏 = ∫
(𝒇(𝒙−𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏−𝒙))
𝒈(𝒙−𝒚𝒏)+(𝒇(𝒙−𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏
𝒅𝒙, ∀𝒏 ≥ 𝟐, then: 

𝐥𝐢𝐦
𝒏→∞

𝑰𝒏 =
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏). 

Proof.  

If 𝒂, 𝒃 ∈ ℝ,𝒂 < 𝑏 and 𝑰 = ∫
(𝒇(𝒙−𝒂))

𝒈(𝒃−𝒙)

(𝒇(𝒃−𝒙))
𝒈(𝒙−𝒂)

+(𝒇(𝒙−𝒂))
𝒈(𝒃−𝒙)

𝒃

𝒂
𝒅𝒙, 

𝒙 = 𝒖(𝒕) = 𝒂 + 𝒃 − 𝒕, 𝒖′(𝒕) = −𝟏,𝒖(𝒂) = 𝒃,𝒖(𝒃) = 𝒂, we obtain that 

𝑰 = ∫
(𝒇(𝒃 − 𝒙))

𝒈(𝒙−𝒂)

(𝒇(𝒙 − 𝒂))
𝒈(𝒃−𝒙)

+ (𝒇(𝒃 − 𝒙))
𝒈(𝒙−𝒂)

𝒂

𝒃

𝒅𝒙, 

𝟐𝑰 = ∫
(𝒇(𝒃−𝒙))

𝒈(𝒙−𝒂)
+(𝒇(𝒙−𝒂))

𝒈(𝒃−𝒙)

(𝒇(𝒙−𝒂))
𝒈(𝒃−𝒙)

+(𝒇(𝒃−𝒙))
𝒈(𝒙−𝒂)

𝒃

𝒂
𝒅𝒙 = ∫ 𝒅𝒙

𝒃

𝒂
= 𝒃 − 𝒂 ⇒ 𝑰 =

𝟏

𝟐
(𝒃 − 𝒂). So, 

𝑰𝒏 = ∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

+ (𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏

𝒅𝒙 =
𝟏

𝟐
(𝒚𝒏+𝟏 − 𝒚𝒏), ∀𝒏 ≥ 𝟐. 

Hence: 𝐥𝐢𝐦
𝒏→∞

𝑰𝒏 =
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏). 

Lemma 3.  

𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏 ) =

𝟐𝜶

𝒆
, where 𝜶 =

𝟏+√𝟓

𝟐
, and 

(𝑭𝒏)𝒏≥𝟎, 𝑭𝟎 = 𝟎,𝑭𝟏 = 𝟏, 𝑭𝒏+𝟐 = 𝑭𝒏+𝟏 + 𝑭𝒏, ∀𝒏 ∈ ℕ is Fibonacci sequence, 

Proof. 

𝑭𝒏+𝟐 − 𝑭𝒏+𝟏 − 𝑭𝒏 = 𝟎, ∀𝒏 ∈ ℕ
∗ ⇔

𝑭𝒏+𝟐
𝑭𝒏

−
𝑭𝒏+𝟏
𝑭𝒏

− 𝟏 = 𝟎 ⇔ 

⇔
𝑭𝒏+𝟐
𝑭𝒏+𝟏

⋅
𝑭𝒏+𝟏
𝑭𝒏

−
𝑭𝒏+𝟏
𝑭𝒏

− 𝟏 = 𝟎 

⇒ 𝐥𝐢𝐦
𝒏→∞

(
𝑭𝒏+𝟐

𝑭𝒏+𝟏
⋅
𝑭𝒏+𝟏

𝑭𝒏
−
𝑭𝒏+𝟏

𝑭𝒏
− 𝟏) = 𝟎 ⇔ 𝒙𝟐 − 𝒙 − 𝟏 = 𝟎, where 𝒙 = 𝐥𝐢𝐦

𝒏→∞

𝑭𝒏+𝟏

𝑭𝒏
, so 𝒙 =

𝟏±√𝟓

𝟐
 

Since 
𝑭𝒏+𝟏

𝑭𝒏
> 0, 𝑥 = 𝐥𝐢𝐦

𝒏→∞

𝑭𝒏+𝟏

𝑭𝒏
=
√𝟓+𝟏

𝟐
= 𝜶. 

𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
(𝟐𝒏 − 𝟏)‼𝑭𝒏

𝒏𝒏

𝒏

= 𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

⋅
𝒏𝒏

(𝟐𝒏 − 𝟏)‼𝑭𝒏
= 
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= 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

𝒏 + 𝟏
⋅
𝑭𝒏+𝟏
𝑭𝒏

(
𝒏

𝒏 + 𝟏
)
𝒏

= 𝟐 ⋅ 𝜶 ⋅
𝟏

𝒆
=
𝟐𝜶

𝒆
. 

(1)  √(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏 = √(𝟐𝒏 − 𝟏)‼𝑭𝒏

𝒏 (𝒖𝒏 − 𝟏) = 

= √(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏

⋅
𝒖𝒏 − 𝟏

𝐥𝐧𝒖𝒏
⋅ 𝐥𝐧𝒖𝒏 =

√(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏

𝒏
⋅
𝒖𝒏 − 𝟏

𝐥𝐧𝒖𝒏
⋅ 𝐥𝐧𝒖𝒏

𝒏 , ∀𝒏 ≥ 𝟐, 

𝒖𝒏 =
√(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏

𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏

 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 = 𝐥𝐢𝐦
𝒏→∞

(
√(𝟐𝒏+𝟏)‼𝑭𝒏+𝟏

𝒏+𝟏

𝒏+𝟏
⋅

𝒏

√(𝟐𝒏−𝟏)‼𝑭𝒏
𝒏 ⋅

𝒏+𝟏

𝒏
) =

𝟐𝜶

𝒆
⋅
𝒆

𝟐𝜶
⋅ 𝟏 = 𝟏, so 𝐥𝐢𝐦

𝒏→∞

𝒖𝒏−𝟏

𝐥𝐧 𝒖𝒏
= 𝟏, 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞

(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
(𝟐𝒏 − 𝟏)‼𝑭𝒏

⋅
𝟏

√(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
𝒏+𝟏

= 

= 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

𝒏 + 𝟏
⋅
𝑭𝒏+𝟏
𝑭𝒏

⋅
𝒏 + 𝟏

√(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
𝒏+𝟏

 

= 𝟐 ⋅ 𝜶 ⋅
𝒆

𝟐𝜶
= 𝒆. Therefore: 

𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼𝑭𝒏+𝟏
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼𝑭𝒏
𝒏

) =
𝟐𝜶

𝒆
⋅ 𝟏 ⋅ 𝐥𝐧 (𝐥𝐢𝐦

𝒏→∞
𝒖𝒏
𝒏) =

𝟐𝜶

𝒆
⋅ 𝐥𝐧 𝒆 = 

=
𝟐𝜶

𝒆
⋅ 𝟏 =

𝟐𝜶

𝒆
. 

Analogously, 𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼𝑳𝒏+𝟏
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼ 𝑳𝒏
𝒏 ) =

𝟐𝜶

𝒆
 

Solution.  

By lemma 1: 𝐥𝐢𝐦
𝒏→∞

𝑰𝒏 =
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏) =
𝟏

𝟐
⋅
𝟐𝜶

𝒆
=
𝜶

𝒆
, 𝜶 =

𝟏+√𝟓

𝟐
 where taking account by 

lemma 3: 𝐥𝐢𝐦
𝒏→∞

(𝒚𝒏+𝟏 − 𝒚𝒏) = 𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)! 𝑳𝒏+𝟏
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼ 𝑳𝒏
𝒏 ) =

𝟐𝜶

𝒆
. 

UP.609 If 𝒇: [𝒂, 𝒃] → (𝟎,∞) is continuous functions such that 

𝒇(𝒂 + 𝒃 − 𝒙) + 𝒇(𝒙) = 𝒄, ∀𝒙 ∈ [𝒂, 𝒃] and 𝒂 + 𝒃 =
𝝅

𝟐
, find: 

∫
𝐬𝐢𝐧𝒏 𝒙 + 𝒇(𝒙) + 𝒅

𝐬𝐢𝐧𝒏 𝒙 + 𝐜𝐨𝐬𝒏 𝒙 + 𝒄 + 𝟐𝒅

𝒃

𝒂

𝒅𝒙, 

where 𝒏 ∈ ℕ∗ and 𝒅 ≥ 𝟎. 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  
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Solution by proposers 

𝒙 = 𝒖(𝒕) =
𝝅

𝟐
− 𝒕, 𝒖′(𝒕) = −𝟏, 𝒖(𝟎) =

𝝅

𝟐
, 𝒖 (

𝝅

𝟐
) = 𝟎,𝒖(𝒂) = 𝒃,𝒖(𝒃) = 𝒂. 

Hence, 𝑰 = ∫
𝐬𝐢𝐧𝒏 𝒙+𝒇(𝒙)+𝒅

𝐬𝐢𝐧𝒏 𝒙+𝐜𝐨𝐬𝒏 𝒙+𝒄+𝟐𝒅

𝒃

𝒂
𝒅𝒙 = ∫

𝐬𝐢𝐧𝒏(
𝝅

𝟐
−𝒕)+𝒇(

𝝅

𝟐
−𝒕)+𝒅

𝐬𝐢𝐧𝒏(
𝝅

𝟐
−𝒕)+𝐜𝐨𝐬𝒏(

𝝅

𝟐
−𝒕)+𝒄+𝟐𝒅

𝒂

𝒃
(−𝟏)𝒅𝒕 = 

= ∫
𝐜𝐨𝐬𝒏 𝒕 + (𝒄 − 𝒇(𝒕)) + 𝒅

𝐜𝐨𝐬𝒏 𝒕 + 𝐬𝐢𝐧𝒏 𝒕 + 𝒄 + 𝟐𝒅

𝒃

𝒂

𝒅𝒕 = ∫
𝐜𝐨𝐬𝒏 𝒙 + 𝒄 − 𝒇(𝒙) + 𝒅

𝐜𝐨𝐬𝒏 𝒙 + 𝐬𝐢𝐧𝒏 𝒙 + 𝒄 + 𝟐𝒅

𝒃

𝒂

𝒅𝒙; 

𝟐𝑰 = ∫
𝐬𝐢𝐧𝒏 𝒙+𝒇(𝒙)+𝒅+𝐜𝐨𝐬𝒏 𝒙+𝒄−𝒇(𝒙)+𝒅

𝐜𝐨𝐬𝒏 𝒙+𝐬𝐢𝐧𝒏 𝒙+𝒄+𝟐𝒅

𝒃

𝒂
𝒅𝒙 = ∫ 𝒅𝒙

𝒃

𝒂
= 𝒃− 𝒂; therefore 𝑰 =

𝒃−𝒂

𝟐
 

UP.610 If 𝒇:ℝ+
∗ → ℝ+

∗  is a continuous function and 𝜸𝒏 = − 𝐥𝐧𝒏 + ∑
𝟏

𝒌

𝒏
𝒌=𝟏 , find 

𝐥𝐢𝐦
𝒏→∞

𝒏∫
𝒇(𝒙 − 𝜸)

𝒇(𝜸𝒏 − 𝒙) + 𝒇(𝒙 − 𝜸)

𝜸𝒏

𝜸

𝒅𝒙 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by proposers 

Let 𝒂, 𝒃 ∈ ℝ+
∗ , 𝒂 < 𝑏, 𝐼 = ∫

𝒇(𝒙−𝒂)

𝒇(𝒃−𝒙)+𝒇(𝒙−𝒂)

𝒃

𝒂
𝒅𝒙 =

𝒃−𝒂

𝟐
 

𝐥𝐢𝐦
𝒏→∞

𝜸𝒏 = 𝜸 – Euler Mascheroni constant 

Therefore, 𝑰𝒏 = ∫
𝒇(𝒙−𝜸)

𝒇(𝜸𝒏−𝒙)+𝒇(𝒙−𝜸)

𝜸𝒏

𝜸
𝒅𝒙 =

𝜸𝒏−𝜸

𝟐
, then 

𝐥𝐢𝐦
𝒏→∞

𝒏𝑰𝒏 =
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

𝜸𝒏 − 𝜸

𝟏
𝒏

=
(
𝟎
𝟎
)

𝑪𝒆𝒔𝒂𝒓𝒐−𝑺𝒕𝒐𝒍𝒛 𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

𝜸𝒏+𝟏 − 𝜸𝒏
𝟏

𝒏 + 𝟏 −
𝟏
𝒏

=
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

𝜸𝒏 − 𝜸𝒏+𝟏
𝟏

𝒏(𝒏 + 𝟏)

= 

=
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

−
𝟏

𝒏 + 𝟏 + 𝐥𝐧
𝒏 + 𝟏
𝒏

𝟏
𝒏(𝒏 + 𝟏)

=
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

−𝟏 + (𝒏 + 𝟏) 𝐥𝐧 (𝟏 +
𝟏
𝒏)

𝟏
𝒏

=
(𝒙=

𝟏
𝒏
)

 

=
𝟏

𝟐
𝐥𝐢𝐦
𝒙→𝟎
𝒙>0

−𝒙 + (𝟏 + 𝒙) 𝐥𝐧(𝟏 + 𝒙)

𝒙𝟐
=
(
𝟎
𝟎
)

𝑳′𝑯
 

=
𝟏

𝟐
𝐥𝐢𝐦
𝒙→𝟎
𝒙>0

−𝟏 + 𝐥𝐧(𝟏 + 𝒙) + (𝟏 + 𝒙) ⋅
𝟏

𝟏 + 𝒙
𝟐𝒙

=
𝟏

𝟒
𝐥𝐢𝐦
𝒙→𝟎
𝒙>0

𝐥𝐧(𝟏 + 𝒙)
𝟏
𝒙 =

𝟏

𝟒
𝐥𝐧𝒆 =

𝟏

𝟒
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Solution 2 by Omkumar Rao-India 

𝑰𝒏 = ∫
𝒇(𝒙 − 𝜸)

𝒇(𝜸𝒏 − 𝒙) + 𝒇(𝒙 − 𝜸)

𝜸𝒏

𝜸

𝒅𝒙  ⟹ (𝟏) 

 

(𝒙 ⟶ 𝜸+ 𝜸𝒏 − 𝒙):    𝑰𝒏 = ∫
𝒇(𝜸𝒏 − 𝒙)

𝒇(𝒙 − 𝜸) + 𝒇(𝜸𝒏 − 𝒙)

𝜸𝒏

𝜸

𝒅𝒙  ⟹ (𝟐) 

 

𝟐𝑰𝒏 = ∫ 𝟏

𝜸𝒏

𝜸

𝒅𝒙 

 

𝑰𝒏 =
(𝜸𝒏 − 𝜸)

𝟐
, 𝑳 = 𝐥𝐢𝐦

𝒏→∞
𝒏
(𝜸𝒏 − 𝜸)

𝟐
 

 

𝜸𝒏 = − 𝐥𝐧𝒏 +∑
𝟏

𝒌

𝒏

𝒌=𝟏

, 𝜸𝒏 − 𝜸 = − 𝐥𝐧𝒏 +∑
𝟏

𝒌

𝒏

𝒌=𝟏

−  𝜸 

 

∑
𝟏

𝒌

𝒏

𝒌=𝟏

∶ 𝑯𝒏  𝒂𝒔 𝒏 → ∞, 𝑯𝒏 = 𝐥𝐧 𝒏 + 𝜸 +
𝟏

𝟐𝒏
+𝑶(

𝟏

𝒏𝟐
) 

 

𝐥𝐢𝐦
𝒏→∞

𝒏
−𝜸 − 𝐥𝐧𝒏 + 𝐥𝐧𝒏 + 𝜸 +

𝟏
𝟐𝒏 + 𝑶(

𝟏
𝒏𝟐
)

𝟐
= 𝐥𝐢𝐦

𝒏→∞
𝒏

𝟏
𝟐𝒏 + 𝑶(

𝟏
𝒏𝟐
)

𝟐
 

 

𝑳 =
𝟏

𝟒
 

UP.611 If 𝒇:ℝ+
∗ → ℝ+

∗  is a continuous function and (𝒙𝒏)𝒏≥𝟏, 𝒙𝒏 = ∑
𝟏

𝒌

𝒏
𝒌=𝟏 , find 

𝐥𝐢𝐦
𝒏→∞

∫
𝒇(𝒙 − 𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏 − 𝒙) + 𝒇(𝒙 − 𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏
𝒅𝒙 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  
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If 𝒂, 𝒃 ∈ ℝ+
∗ , 𝒂 < 𝑏, then 𝑰 = ∫

𝒇(𝒙−𝒂)

𝒇(𝒃−𝒙)+𝒇(𝒙−𝒂)

𝒃

𝒂
𝒅𝒙 =

𝒃−𝒂

𝟐
. 

So, ∫
𝒇(𝒙−𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏−𝒙)+𝒇(𝒙−𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏
𝒅𝒙 =

𝒆𝒙𝒏+𝟏−𝒆𝒙𝒏

𝟐
= 

=
𝟏

𝟐
⋅ 𝒆𝒙𝒏 ⋅ (𝒆𝒙𝒏+𝟏−𝒙𝒏 − 𝟏) =

𝟏

𝟐
⋅ 𝒆𝒙𝒏 ⋅ (𝒙𝒏+𝟏 − 𝒙𝒏) ⋅

𝒆𝒙𝒏+𝟏−𝒙𝒏 − 𝟏

𝒙𝒏+𝟏 − 𝒙𝒏
= 

=
𝟏

𝟐
⋅ 𝒆𝒙𝒏 ⋅

𝟏

𝒏 + 𝟏
⋅
𝒆

𝟏
𝒏+𝟏 − 𝟏

𝟏
𝒏 + 𝟏

= 

=
𝟏

𝟐
⋅
𝒆𝒙𝒏

𝒏
⋅
𝒏

𝒏 + 𝟏
⋅
𝒆
𝟏
𝒏+𝟏 − 𝟏

𝟏
𝒏 + 𝟏

=
𝟏

𝟐
⋅ 𝒆− 𝐥𝐧𝒏+𝒙𝒏 ⋅

𝒏

𝒏 + 𝟏
⋅
𝒆

𝟏
𝒏+𝟏 − 𝟏

𝟏
𝒏 + 𝟏

=
𝟏

𝟐
⋅ 𝒆𝜸𝒏 ⋅

𝒏

𝒏 + 𝟏
⋅
𝒆
𝟏
𝒏+𝟏 − 𝟏

𝟏
𝒏 + 𝟏

, 

Therefore: 

𝐥𝐢𝐦
𝒏→∞

𝑰𝒏 =
𝟏

𝟐
⋅ 𝒆𝜸 ⋅ 𝟏 ⋅ 𝟏 =

𝟏

𝟐
𝒆𝜸 

𝜸𝒏 = − 𝐥𝐧𝒏 + ∑
𝟏

𝒌

𝒏
𝒌=𝟏  and 𝐥𝐢𝐦

𝒏→∞
𝜸𝒏 = 𝜸 Euler – Mascheroni constant. 

Solution 2 by Omkumar Rao-India 

𝑰𝒏 = ∫
𝒇(𝒙−𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏−𝒙)+𝒇(𝒙−𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏
𝒅𝒙                     → (𝟏) 

 
(𝒙 → 𝒆𝒙𝒏 + 𝒆𝒙𝒏+𝟏 − 𝒙) 

𝑰𝒏 = ∫
𝒇(𝒆𝒙𝒏+𝟏 − 𝒙)

𝒇(𝒙 − 𝒆𝒙𝒏) + 𝒇(𝒆𝒙𝒏+𝟏 − 𝒙)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 → (𝟐) 

 

𝟐𝑰𝒏 = ∫ 𝟏𝒅𝒙

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

, 𝑰𝒏 =
𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏

𝟐
 

 

𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏 = 𝒆𝒙𝒏 (𝒆
𝟏
𝒏+𝟏 − 𝟏) = 𝒆𝒙𝒏 (

𝟏

𝒏 + 𝟏
+ 𝑶(

𝟏

𝒏𝟐
)) 
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𝒙𝒏 = 𝐥𝐧 𝒏 + 𝜸 +
𝟏

𝟐𝒏
+𝑶(

𝟏

𝒏𝟐
) 

 
𝒘𝒉𝒆𝒓𝒆 𝜸 𝒊𝒔 𝑬𝒖𝒍𝒆𝒓 𝑴𝒂𝒔𝒄𝒉𝒆𝒓𝒐𝒏𝒊 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕. 

𝑰𝒏 = 𝒏𝒆
𝜸 (𝟏 + 𝑶(

𝟏

𝒏
))(

𝟏

𝒏 + 𝟏
) 

 

𝑰𝒏 =
𝒆𝜸

𝟐
.
𝒏

𝒏 + 𝟏
. (𝟏 + 𝑶(

𝟏

𝒏
)) 

 

𝑨𝒔 𝒏 → ∞ ,
𝒏

𝒏 + 𝟏
→ 𝟏 , 𝟏 + 𝑶(

𝟏

𝒏
) → 𝟏 

 

𝐥𝐢𝐦
𝒏→∞

∫
𝒇(𝒙 − 𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏 − 𝒙) + 𝒇(𝒙 − 𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 =
𝒆𝜸

𝟐
 

 

UP.612 If 𝒇:ℝ+
∗ → ℝ+

∗  is a continuous function and (𝒂𝒏)𝒏≥𝟏 is defined by 𝒂𝟏 =

𝒂𝟐 = 𝟏, 

𝒂𝒏+𝟏 = ∑
𝒂𝒌

𝒌

𝒏
𝒌=𝟏 , ∀𝒏 ≥ 𝟐 and (𝒙𝒏)𝒏≥𝟏, 𝒙𝒏 = ∑

𝟏

𝒂𝒌

𝒏
𝒌=𝟏 , find 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∫

𝒇(𝒙−𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏−𝒙)+𝒇(𝒙−𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏
𝒅𝒙 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by proposer 

If 𝒂, 𝒃 ∈ ℝ+
∗ 𝒂 < 𝑏, then 𝑰 = ∫

𝒇(𝒙−𝒂)

𝒇(𝒃−𝒙)+𝒇(𝒙−𝒂)

𝒃

𝒂
𝒅𝒙 =

𝒃−𝒂

𝟐
. 

So, 𝑰𝒏 = ∫
𝒇(𝒙−𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏−𝒙)+𝒇(𝒙−𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏
𝒅𝒙 =

𝒆𝒙𝒏+𝟏−𝒆𝒙𝒏

𝟐
= 

=
𝟏

𝟐
⋅ 𝒆𝒙𝒏 ⋅ (𝒆𝒙𝒏+𝟏−𝒙𝒏 − 𝟏) =

𝟏

𝟐
⋅ 𝒆𝒙𝒏 ⋅ (𝒆

𝟏

𝒂𝒏+𝟏 − 𝟏) =
𝟏

𝟐
⋅
𝒆𝒙𝒏

𝒂𝒏+𝟏
⋅
𝒆

𝟏
𝒂𝒏+𝟏−𝟏

𝟏

𝒂𝒏+𝟏

,  (2). 

By induction we obtain 𝒂𝒏 =
𝒏

𝟐
, ∀𝒏 ≥ 𝟐, so 𝒙𝒏 = 𝟐 ⋅ ∑

𝟏

𝒌
− 𝟏𝒏

𝒌=𝟏 , then by (2) 

𝟏

𝒏
𝑰𝒏 =

𝟏

𝟐
⋅
𝒆𝒙𝒏

𝒏𝟐
⋅ (𝒆

𝟏
𝒂𝒏 − 𝟏) ⋅ 𝒏 =

𝟏

𝟐
⋅
𝒆𝒙𝒏

𝒏𝟐
⋅ (𝒆

𝟐
𝒏+𝟏 − 𝟏) ⋅ 𝒏 = 
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=
𝟏

𝟐
𝒆𝒙𝒏−𝟐 𝐥𝐧 𝒏 ⋅ (𝒆

𝟏
𝒏+𝟏 + 𝟏) (𝒆

𝟏
𝒏+𝟏 − 𝟏) ⋅ 𝒏 = 

=
𝟏

𝟐
⋅ (𝒆

𝟏

𝒏+𝟏 + 𝟏) ⋅ 𝒆𝟐∑
𝟏

𝒌
−𝟐 𝐥𝐧 𝒏−𝟏𝒏

𝒌=𝟏 ⋅
𝒆
𝟏
𝒏+𝟏

𝟏

𝒏+𝟏

⋅
𝒏

𝒏+𝟏
=
𝟏

𝟐
(𝒆

𝟏

𝒏+𝟏 + 𝟏) ⋅ 𝒆𝟐𝜸𝒏−𝟏 ⋅
𝒆
𝟏
𝒏+𝟏−𝟏
𝟏

𝒏+𝟏

⋅
𝒏

𝒏+𝟏
   (3) 

Since 𝜸𝒏 = − 𝐥𝐧𝒏 + ∑
𝟏

𝒌

𝒏
𝒌=𝟏  and 𝐥𝐢𝐦

𝒏→∞
𝜸𝒏 = 𝜸 – Euler- Mascheroni constant and 

𝐥𝐢𝐦
𝒏→∞

𝒆
𝟏
𝒏+𝟏−𝟏
𝟏

𝒏+𝟏

= 𝟏, hence 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
𝑰𝒏 =

𝟏

𝟐
⋅ (𝟏 + 𝟏) ⋅ 𝒆𝟐𝜸−𝟏 ⋅ 𝟏 ⋅ 𝟏 = 𝒆𝟐𝜸−𝟏. 

Solution 2 by Omkumar Rao-India 

𝑰𝒏 = ∫
𝒇(𝒙 − 𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏 − 𝒙) + 𝒇(𝒙 − 𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 ⟹ (𝟏) 

 
(𝒙 → 𝒆𝒙𝒏 + 𝒆𝒙𝒏+𝟏 − 𝒙): 

 

𝑰𝒏 = ∫
𝒇(𝒆𝒙𝒏+𝟏 − 𝒙)

𝒇(𝒙 − 𝒆𝒙𝒏) + 𝒇(𝒆𝒙𝒏+𝟏 − 𝒙)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙 ⟹ (𝟐) 

 

𝟐𝑰𝒏 = ∫ 𝟏

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏

𝒅𝒙, 𝑰𝒏 =
(𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏)

𝟐
, 𝑳 = 𝐥𝐢𝐦

𝒏⟶∞

𝟏

𝟐𝒏
(𝒆𝒙𝒏+𝟏 − 𝒆𝒙𝒏) 

 

𝒂𝒏+𝟏 =∑
𝒂𝒌
𝒌

𝒏

𝒌=𝟏

= (∑
𝒂𝒌
𝒌

𝒏−𝟏

𝒌=𝟏

) +
𝒂𝒏
𝒏
= 𝒂𝒏 +

𝒂𝒏
𝒏

 

𝒂𝒏 =
𝒏

𝟐
 

𝒙𝒏 =∑
𝟏

𝒂𝒌

𝒏

𝒌=𝟏

=
𝟏

𝒂𝟏
+∑

𝟐

𝒌

𝒏

𝒌=𝟐

, 𝒙𝒏 = 𝟏 + 𝟐(𝑯𝒏 − 𝟏) = 𝟐𝑯𝒏 − 𝟏 

 

𝑯𝒏 = 𝜸 + 𝐥𝐧𝒏 +
𝟏

𝟐𝒏
+ 𝑶(

𝟏

𝒏𝟐
),    𝒙𝒏 = 𝟐𝜸 + 𝟐 𝐥𝐧𝒏 +

𝟏

𝒏
+ 𝟐𝑶(

𝟏

𝒏𝟐
) − 𝟏 

 

𝒆𝒙𝒏 = 𝒆
(𝟐𝜸−𝟏)+𝟐𝑶(

𝟏

𝒏𝟐
)+𝐥𝐧 𝒏𝟐

= 𝒏𝟐𝒆𝟐𝜸−𝟏𝒆
𝟐𝑶(

𝟏

𝒏𝟐
)
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𝒆
𝟐𝑶(

𝟏

𝒏𝟐
)
= 𝟏 + 𝟐𝑶(

𝟏

𝒏𝟐
) ≈ 𝟏,    𝒆𝒙𝒏 = 𝒏𝟐𝒆𝟐𝜸−𝟏 

 

𝒙𝒏+𝟏 = 𝒙𝒏 +
𝟏

𝒂𝒏+𝟏
 

 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

𝒆𝒙𝒏 (𝒆
𝟐
𝒏+𝟏 − 𝟏)

𝟐𝒏
, 𝑳 = 𝐥𝐢𝐦

𝒏→∞

𝒏𝟐𝒆𝟐𝜸−𝟏(𝟐)

𝟐𝒏(𝒏 + 𝟏)
 

 
𝑳 = 𝒆𝟐𝜸−𝟏 

 

UP.613 Let be 𝑨(𝟏, 𝟐, 𝟎); 𝑩(𝟐, 𝟎, 𝟏); 𝑪(𝟑, 𝟑, 𝟑). Find the area of 𝚫𝑨𝑩𝑪. 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝒙𝑩 − 𝒙𝑨)𝒊 + (𝒚𝑩 − 𝒚𝑨)𝒋 + (𝒛𝑩 − 𝒛𝑨)𝒌⃗⃗  

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟐 − 𝟏)𝒊 + (𝟎 − 𝟐)𝒋 + (𝟏 − 𝟎)𝒌⃗⃗  

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝒊 − 𝟐𝒋 + 𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝒙𝑪 − 𝒙𝑨)𝒊 + (𝒚𝑪 − 𝒚𝑨)𝒋 + (𝒛𝑪 − 𝒛𝑨)𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟑 − 𝟏)𝒊 + (𝟑 − 𝟐)𝒋 + (𝟑 − 𝟎)𝒌⃗⃗  

𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝟐𝒊 + 𝒋 + 𝟑𝒌⃗⃗  

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊 𝒋 𝒌⃗⃗ 

𝟏 −𝟐 𝟏
𝟐 𝟏 𝟑

| = −𝟔𝒊 + 𝟐𝒋 + 𝒌⃗⃗ + 𝟒𝒌⃗⃗ − 𝟑𝒋 − 𝒊  

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = −𝟕𝒊 − 𝒋 + 𝟓𝒌⃗⃗  

|𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗| = √(−𝟕)𝟐 + (−𝟏)𝟐 + 𝟓𝟐 = √𝟕𝟓 = 𝟓√𝟑 

Area (𝚫𝑨𝑩𝑪) =
𝟏

𝟐
|𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗| =

𝟓√𝟑

𝟐
 

Solution 2 by José Luis Díaz – Barrero – Spain 

The area of a triangle formed by two vectors 𝑨𝑩⃗⃗⃗⃗⃗⃗  and 𝑨𝑪⃗⃗⃗⃗  ⃗ is given by the formula: 

𝑨𝒓𝒆𝒂 =
𝟏

𝟐
||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗|| 
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We have, 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝑩 − 𝑨 = (𝟐 − 𝟏, 𝟎 − 𝟐, 𝟏 − 𝟎) = (𝟏,−𝟐, 𝟏), 

𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝑪 − 𝑨 = (𝟑 − 𝟏, 𝟑 − 𝟐, 𝟑 − 𝟎) = (𝟐, 𝟏, 𝟑), 

and  

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = |
𝒊 𝒋 𝒌
𝟏 −𝟐 𝟏
𝟐 𝟏 𝟑

| 

Expanding along the first row, we get 

𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝒊 |
−𝟐 𝟏
𝟏 𝟑

| − 𝒋 |
𝟏 𝟏
𝟐 𝟑

| + 𝒌 |
𝟏 −𝟐
𝟐 𝟏

| 

= 𝒊((−𝟐)(𝟑) − (𝟏)(𝟏)) − 𝒋((𝟏)(𝟑) − (𝟏)(𝟐)) + 𝒌((𝟏)(𝟏) − (−𝟐)(𝟐)) 

= 𝒊(−𝟔 − 𝟏) − 𝒋(𝟑 − 𝟐) + 𝒌(𝟏 + 𝟒) 

= −𝟕𝒊 − 𝟏𝒋 + 𝟓𝒌 = (−𝟕,−𝟏, 𝟓) 

Now, we find the length or norm of the cross product vector: 

||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗|| = √(−𝟕)𝟐 + (−𝟏)𝟐 + (𝟓)𝟐 

= √𝟕𝟓 = 𝟓√𝟑 

Plugging the magnitude back into the triangle formula, we obtain 

𝑨𝒓𝒆𝒂 =
𝟏

𝟐
⋅ 𝟓√𝟑 =

𝟓√𝟑

𝟐
 

Solution 3 by Marin Chirciu-Romania 

We use: 𝑺(𝚫𝑨𝑩𝑪) =
𝟏

𝟐
||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗||. 

In our case: 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟐 − 𝟏)𝒊 + (𝟎 − 𝟐)𝒋 + (𝟏 − 𝟎)𝒌⃗⃗ = 𝒊 − 𝟐𝒋 + 𝒌⃗⃗ ⇒ 

⇒ ||𝑨𝑩⃗⃗⃗⃗⃗⃗ || = √𝟏𝟐 + (−𝟐)𝟐 + 𝟏𝟐 = √𝟔. 

𝑨𝑪⃗⃗⃗⃗  ⃗ = (𝟑 − 𝟏)𝒊 + (𝟑 − 𝟐)𝒋 + (𝟑 − 𝟎)𝒌⃗⃗ = 𝟐𝒊 + 𝒋 + 𝟑𝒌⃗⃗ ⇒ 

⇒ ||𝑨𝑪⃗⃗⃗⃗  ⃗|| = √𝟐𝟐 + 𝟏𝟐 + 𝟑𝟐 = √𝟏𝟒 

||𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗|| = ||𝑨𝑩⃗⃗⃗⃗⃗⃗ || ⋅ ||𝑨𝑪⃗⃗⃗⃗  ⃗|| ⋅ 𝐬𝐢𝐧 ∠(𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗) = √𝟔 ⋅ √𝟏𝟒 ⋅
𝟓

𝟐√𝟕
= 𝟓√𝟑, see: 
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𝐜𝐨𝐬 ∠(𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗) =
𝑨𝑩⃗⃗⃗⃗⃗⃗ ⋅ 𝑨𝑪⃗⃗⃗⃗  ⃗

||𝑨𝑩⃗⃗⃗⃗⃗⃗ || ⋅ ||𝑨𝑪⃗⃗⃗⃗  ⃗||
=
(𝒊 − 𝟐𝒋 + 𝒌⃗⃗ ) ⋅ (𝟐𝒊 + 𝒋 + 𝟑𝒌⃗⃗ )

√𝟔 ⋅ √𝟏𝟒
=
𝟏 ⋅ 𝟐 + (−𝟐) ⋅ 𝟏 + 𝟏 ⋅ 𝟑

𝟐 ⋅ √𝟐𝟏
 

=
𝟑

𝟐√𝟐𝟏
⇒ 𝐬𝐢𝐧 ∠(𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗) = √𝟏 − (

𝟑

𝟐√𝟐𝟏
)
𝟐

=
𝟓

𝟐√𝟕
 

We deduce 𝑺(𝚫𝑨𝑩𝑪) =
𝟏

𝟐
⋅ 𝟓√𝟑 =

𝟓√𝟑

𝟐
 

UP.614 If 𝟎 < 𝑎 ≤ 𝑏 then: 

∫ ∫
𝒅𝒙𝒅𝒚

𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐

𝒃

𝒂

𝒃

𝒂

+ 𝟑(𝐥𝐧 (
𝒃

𝒂
))

𝟐

≥ 𝟏𝟔∫ ∫
𝒅𝒙𝒅𝒚

(𝒙 + 𝒚)𝟐

𝒃

𝒂

𝒃

𝒂

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

(𝐥𝐧 (
𝒃

𝒂
)) = 𝐥𝐧

𝒃

𝒂
⋅ 𝐥𝐧

𝒃

𝒂
= ∫

𝟏

𝒙

𝒃

𝒂

𝒅𝒙 ⋅ ∫
𝟏

𝒚

𝒃

𝒂

𝒅𝒚 = ∫ ∫
𝒅𝒙𝒅𝒚

𝒙𝒚

𝒃

𝒂

𝒃

𝒂

 

The inequality to prove can be written: 

∫ ∫
𝒅𝒙𝒅𝒚

𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐

𝒃

𝒂

𝒃

𝒂

+ 𝟑∫ ∫
𝒅𝒙𝒅𝒚

𝒙𝒚

𝒃

𝒂

𝒃

𝒂

≥ ∫ ∫
𝟏𝟔𝒅𝒙𝒅𝒚

(𝒙 + 𝒚)𝟐

𝒃

𝒂

𝒃

𝒂

 

∫ ∫ (
𝟏

𝒙𝟐 − 𝒙𝒚+ 𝒚𝟐
+
𝟑

𝒙𝒚
)

𝒃

𝒂

𝒃

𝒂

𝒅𝒙𝒅𝒚 ≥ ∫ ∫
𝟏𝟔

(𝒙 + 𝒚)𝟐
𝒅𝒙

𝒃

𝒂

𝒅𝒚
𝒃

𝒂

 

It is enough to prove that: 

𝟏

𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐
+
𝟑

𝒙𝒚
≥

𝟏𝟔

(𝒙 + 𝒚)𝟐
 

𝒙𝒚 + 𝟑𝒙𝟐 − 𝟑𝒙𝒚 + 𝟑𝒚𝟐

𝒙𝒚(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐)
≥

𝟏𝟔

𝒙𝟐 + 𝟐𝒙𝒚+ 𝒚𝟐
 

(𝟑𝒙𝟐 − 𝟐𝒙𝒚 + 𝟑𝒚𝟐)(𝒙𝟐 + 𝟐𝒙𝒚+ 𝒚𝟐) ≥ 𝟏𝟔𝒙𝒚(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐) 

𝟑𝒙𝟒 + 𝟔𝒙𝟑𝒚 + 𝟑𝒙𝟐𝒚𝟐 − 𝟐𝒙𝟑𝒚 − 𝟒𝒙𝟐𝒚𝟐 − 𝟐𝒙𝒚𝟑 + 𝟑𝒙𝟐𝒚𝟐 + 

+𝟔𝒙𝒚𝟑 + 𝟑𝒚𝟒 ≥ 𝟏𝟔𝒙𝟑𝒚 − 𝟏𝟔𝒙𝟐𝒚𝟐 + 𝟏𝟔𝒙𝒚𝟑 

𝟑𝒙𝟒 + 𝟑𝒚𝟒 − 𝟏𝟐𝒙𝟑𝒚 − 𝟏𝟐𝒙𝒚𝟑 + 𝟏𝟖𝒙𝟐𝒚𝟐 ≥ 𝟎 

𝒙𝟒 − 𝟒𝒙𝟑𝒚 + 𝟔𝒙𝟐𝒚𝟐 − 𝟒𝒙𝒚𝟑 + 𝒚𝟒 ≥ 𝟎 

(𝒙 − 𝒚)𝟒 ≥ 𝟎.   True! 
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Equality holds for 𝒂 = 𝒃. 

 

Solution 2 by Tapas Das-India 

𝑾𝒆 𝒘𝒊𝒍𝒍 𝒔𝒉𝒐𝒘: 
𝟏

𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐
+
𝟑

𝒙𝒚
≥

𝟏𝟔

(𝒙 + 𝒚)𝟐
 

𝑷𝒓𝒐𝒐𝒇: 𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

 
𝟏

𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐
+
𝟑

𝒙𝒚
≥

𝟏𝟔

(𝒙 + 𝒚)𝟐
 

𝟏

𝒖𝟐 − 𝒖 + 𝟏
+
𝟑

𝒖
≥

𝒖=
𝒙
𝒚
>0

𝟏𝟔

(𝒖 + 𝟏)𝟐
  

(𝒖 + 𝟏)𝟐(𝟑𝒖𝟐 − 𝟐𝒖 + 𝟑) ≥ 𝟏𝟔𝒖(𝒖𝟐 − 𝒖+ 𝟏) 
𝟑𝒖𝟒 + 𝟒𝒖𝟑 + 𝟐𝒖𝟐 + 𝟒𝒖 + 𝟑 ≥ 𝟏𝟔𝒖𝟑 − 𝟏𝟔𝒖𝟐 + 𝟏𝟔𝒖  

𝟑(𝒖𝟒 − 𝟒𝒖𝟑 + 𝟔𝒖𝟐 − 𝟒𝒖 + 𝟏) ≥ 𝟎 

𝟑(𝒖 − 𝟏)𝟒 ≥ 𝟎 𝒕𝒓𝒖𝒆, 𝒔𝒐 
𝟏

𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐
+
𝟑

𝒙𝒚
≥

𝟏𝟔

(𝒙 + 𝒚)𝟐
 

𝒏𝒐𝒘 ∫ ∫ (
𝟏

𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐
+
𝟑

𝒙𝒚
)𝒅𝒙𝒅𝒚

𝒃

𝒂

𝒃

𝒂

≥ 𝟏𝟔∫ ∫
𝒅𝒙𝒅𝒚

(𝒙 + 𝒚)𝟐

𝒃

𝒂

𝒃

𝒂

 

∫ ∫
𝒅𝒙𝒅𝒚

𝒙𝟐 − 𝒙𝒚+ 𝒚𝟐

𝒃

𝒂

𝒃

𝒂

+ 𝟑∫ ∫
𝒅𝒙𝒅𝒚

𝒙𝒚

𝒃

𝒂

𝒃

𝒂

≥ 𝟏𝟔∫ ∫
𝒅𝒙𝒅𝒚

(𝒙 + 𝒚)𝟐

𝒃

𝒂

𝒃

𝒂

 

∫ ∫
𝒅𝒙𝒅𝒚

𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐

𝒃

𝒂

𝒃

𝒂

+ 𝟑(𝐥𝐧 (
𝒃

𝒂
))
𝟐

≥ 𝟏𝟔∫ ∫
𝒅𝒙𝒅𝒚

(𝒙 + 𝒚)𝟐

𝒃

𝒂

𝒃

𝒂

 

 
Equality holds for  a=b. 

 

UP.615 Prove that 
𝟖

𝟓
 is the smallest positive value of the constant 𝒌 such that 

𝟏

(𝒂 + 𝒃)𝟐 + 𝒌
+

𝟏

(𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝒄 + 𝒂)𝟐 + 𝒌
≤

𝟑

𝟒 + 𝒌
 

 
for all side lengths 𝒂, 𝒃, 𝒄 of a triangle with 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 
 

Proposed by Vasile Cîrtoaje – Romania  
Solution 1 by proposer 

For 
𝒂

𝟐
= 𝒃 = 𝒄 = √

𝟑

𝟓
, the constraint is satisfied and the inequality becomes 

𝟏𝟎

𝟐𝟕 + 𝟓𝒌
+

𝟓

𝟏𝟐 + 𝟓𝒌
≤

𝟑

𝟒 + 𝒌
, 
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that is 𝒌 ≥
𝟖

𝟓
. To show that 

𝟖

𝟓
 is the smallest positive value of 𝒌, we need to prove that 𝑬 ≤

𝟎 for 𝒌 =
𝟖

𝟓
, where  

𝑬 =
𝟏

(𝒂 + 𝒃)𝟐 + 𝒌
+

𝟏

(𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝒄 + 𝒂)𝟐 + 𝒌
−

𝟑

𝟒 + 𝒌
. 

Assume 𝒂 ≥ 𝒃 ≥ 𝒄 and denote 
𝑿 = (𝒂 + 𝒃)𝟐 + 𝒌, 𝒀 = (𝒂 + 𝒄)𝟐 + 𝒌, 𝒁 = (𝒃 + 𝒄)𝟐 + 𝒌. 

For fixed 𝒂, assume that 𝒄 and 𝑬 are functions of 𝒃. By differentiating the equality 
constraint, we get 

(𝒂 + 𝒃)𝒄′ + 𝒂 + 𝒄 = 𝟎. 
Therefore  

𝑬′(𝒃)

𝟐
= −

𝒂 + 𝒃

𝑿𝟐
−
𝒃+ 𝒄

𝒁𝟐
− [
𝒂 + 𝒄

𝒀𝟐
+
𝒃 + 𝒄

𝒁𝟐
] 𝒄′ 

= −
𝒂 + 𝒃

𝑿𝟐
+
𝒃 + 𝒄

𝒁𝟐
+ [
𝒂 + 𝒄

𝒀𝟐
+
𝒃+ 𝒄

𝒁𝟐
]
𝒂 + 𝒄

𝒂 + 𝒃
 

= −
𝒂 + 𝒃

𝑿𝟐
+
(𝒂 + 𝒄)𝟐

(𝒂 + 𝒃)𝒀𝟐
−
(𝒃 − 𝒄)(𝒃 + 𝒄)

(𝒂 + 𝒃)𝒁𝟐
. 

We will show that 𝑬′(𝒃) ≤ 𝟎, that is 
(𝒃 − 𝒄)(𝒃 + 𝒄)

𝒁𝟐
≥
(𝒂+ 𝒄)𝟐

𝒀𝟐
−
(𝒂 + 𝒃)𝟐

𝑿𝟐
,

(𝒃 − 𝒄)(𝒃 + 𝒄)

𝒁𝟐
≥

𝑨𝑩

𝑿𝟐𝒀𝟐
, 

where 
𝑨 = (𝒂 + 𝒄)𝑿 − (𝒂 + 𝒃)𝒀,𝑩 = (𝒂 + 𝒄)𝑿 + (𝒂 + 𝒃)𝒀. 

Since 
𝑨 = (𝒂 + 𝒃)(𝒂 + 𝒄)(𝒃 − 𝒄) − 𝒌(𝒃 − 𝒄) = (𝒃 − 𝒄)(𝒂𝟐 + 𝟑 − 𝒌), 

𝑩 = (𝒂 + 𝒃)(𝒂 + 𝒄)(𝟐𝒂 + 𝒃 + 𝒄) + 𝒌(𝟐𝒂 + 𝒃 + 𝒄) = (𝟐𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝟑 + 𝒌), 
and  

𝑿𝒀 ≥ [(𝒂 + 𝒃)(𝒂 + 𝒄) + 𝟐]𝟐 = (𝒂𝟐 + 𝟑 + 𝒌)𝟐, 
it suffices to show that 

𝒃 + 𝒄

𝒁𝟐
≥
(𝟐𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝟑 − 𝒌)

(𝒂𝟐 + 𝟑 + 𝒌)𝟑
, 

which is equivalent to  

𝒇(𝒙) =
𝒂𝟐 + 𝟑 − 𝒌

(𝒂𝟐 + 𝟑 + 𝒌)𝟑
, 

where  

𝒇(𝒙) =
𝒙

(𝒙𝟐 + 𝒌)𝟐(𝟐𝒂 + 𝒙)
, 𝒙 = 𝒃 + 𝒄. 

From  

𝟏𝟐 − 𝟑(𝒃 + 𝒄)𝟐 = 𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟑(𝒃 + 𝒄)𝟐 ≥ 𝟒(𝒃𝟐 + 𝟐𝒃𝒄) − 𝟑(𝒃 + 𝒄)𝟐 
= 𝒃𝟐 + 𝟐𝒃𝒄 − 𝟑𝒄𝟐 ≥ 𝟎, 

we get 𝒃 + 𝒄 ≤ 𝟐, hence 𝒙 ∈ [𝒂, 𝟐] with 𝒂 ≥ 𝟏. We have 

𝒇′(𝒙) =
−𝑨

(𝒙𝟐 + 𝒌)𝟑(𝟐𝒂 + 𝒙)𝟐
,   𝑨 = 𝟒𝒙𝟑 + 𝟔𝒂𝒙𝟐 − 𝟐𝒌𝒂. 
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Since 𝑨 ≥ 𝟒𝒂𝟑 + 𝟔𝒂𝟑 − 𝟐𝒌𝒂 = 𝟐𝒂(𝟓𝒂𝟐 − 𝒌) > 0, we have 𝒇′(𝒙) < 0, 𝑓(𝒙) is decreasing, 
hence 

𝒇(𝒙) ≥ 𝒇(𝟐) =
𝟏

(𝟒 + 𝒌)𝟐(𝒂 + 𝟏)
. 

From (𝟐𝒂 − 𝟑)𝟐 ≥ 𝟎, we get 

𝟏𝟐𝒂 ≤ 𝟒𝒂𝟐 + 𝟗, 𝒂 + 𝟏 ≤
𝟒𝒂𝟐 + 𝟐𝟏

𝟏𝟐
,
𝟏

𝒂 + 𝟏
≥

𝟏𝟐

𝟒𝒂𝟐 + 𝟐𝟏
, 

hence  

𝒇(𝒙) ≥
𝟏𝟐

(𝟒 + 𝒌)𝟐(𝟒𝒂𝟐 + 𝟐𝟏)
. 

So, it suffices to show that 
𝟏𝟐

(𝟒 + 𝒌)𝟐(𝟒𝒂𝟐 + 𝟐𝟏)
≥

𝒂𝟐 + 𝟑 − 𝒌

(𝒂𝟐 + 𝟑 + 𝒌)𝟑
. 

Denoting 𝒕 = 𝒂𝟐 ≥ 𝟏, the inequality is equivalent to 𝒈(𝒕) ≥ 𝟎, where  
𝒈(𝒕) = 𝟏𝟐(𝒕 + 𝟑 + 𝒌)𝟑 − (𝟒 + 𝒌)𝟐(𝟒𝒕 + 𝟐𝟏)(𝒕 + 𝟑 − 𝒌). 

We have 

𝒈′(𝒕) = 𝟑𝟔(𝒕 + 𝟑 + 𝒌)𝟐 − (𝟒 + 𝒌)𝟐(𝟖𝒕 + 𝟑𝟑 − 𝟒𝒌),   𝒈′′(𝒕)

= 𝟕𝟐(𝒕 + 𝟑 + 𝒌) − 𝟖(𝟒 + 𝒌)𝟐. 
Since 

𝒈′′(𝒕) ≥ 𝟕𝟐(𝟒 + 𝒌) − 𝟖(𝟒 + 𝒌)𝟐 = 𝟖(𝟒 + 𝒌)(𝟓 − 𝒌) > 0, 
𝒈′(𝒕) is increasing, hence 

𝒈′(𝒕) ≥ 𝒈′(𝟏) = 𝟑𝟔(𝟒 + 𝒌)𝟐 − (𝟒 + 𝒌)𝟐(𝟒𝟏 − 𝟒𝒌) = (𝟒 + 𝒌)𝟐(𝟒𝒌 − 𝟓) > 0, 
therefore 𝒈(𝒕) is increasing and 

𝒈(𝒕) ≥ 𝒈(𝟏) = 𝟏𝟐(𝟒 + 𝒌)𝟑 − 𝟐𝟓(𝟒 + 𝒌)𝟐(𝟒 − 𝒌) = (𝟒 + 𝒌)𝟐(𝟑𝟕𝒌 − 𝟓𝟐) > 0. 
Since 𝑬′(𝒃) ≤ 𝟎, then 𝑬(𝒃) is decreasing and has the maximum value when 𝒃 is minimum, 
hence when 𝒃 = 𝐦𝐚𝐱{𝒄, 𝒂 − 𝒄}. So, it suffices to consider the following two cases: 𝒃 = 𝒄 
and 𝒃 = 𝒂 − 𝒄. 

Case 1: 𝒃 = 𝒄 ≥
𝒂

𝟐
. For 𝒃 = 𝒄 ≔ 𝒛 ≥

𝒂

𝟐
, the equality constraint becomes 𝟐𝒂𝒛 + 𝒛𝟐 = 𝟑, and 

from 𝟑 = 𝟐𝒂𝒛 + 𝒛𝟐 ≤ 𝟒𝒛𝟐 + 𝒛𝟐 = 𝟓𝒛𝟐, we get 𝟓𝒛𝟐 − 𝟑 ≥ 𝟎. The inequality becomes 
𝟐

(𝒂 + 𝒛)𝟐 + 𝒌
+

𝟏

𝟒𝒛𝟐 + 𝒌
≤

𝟑

𝟒 + 𝒌
, 

which is equivalent to 
𝟑𝟐𝒛𝟐

𝟓𝒛𝟒 + 𝟔𝟐𝒛𝟐 + 𝟒𝟓
+

𝟏

𝟓𝒛𝟐 + 𝟐
≤
𝟑

𝟔
, 

𝟓𝒛𝟔 − 𝟏𝟑𝒛𝟒 + 𝟏𝟏𝒛𝟐 − 𝟑 ≥ 𝟎, (𝒛𝟐 − 𝟏)𝟐(𝟓𝒛𝟐 − 𝟑) ≥ 𝟎. 
The last inequality is clearly true. 

Case 2: 𝒂 = 𝒃 + 𝒄. We need to show that (𝒃 + 𝒄)𝟐 + 𝒃𝒄 = 𝟑 implies 
𝟏

(𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝟐𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝒃 + 𝟐𝒄)𝟐 + 𝒌
≤

𝟑

𝟒 + 𝒌
. 

Let 𝒙 = 𝒃 + 𝒄. We have 

𝒃𝒄 = 𝟑 − 𝒙𝟐, 
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and from 𝒙𝟐 ≥ 𝟒𝒃𝒄 = 𝟒(𝟑 − 𝒙𝟐), we get 

𝒙𝟐 ≥
𝟏𝟐

𝟓
. 

Since  
𝟏

(𝟐𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝒃 + 𝟐𝒄)𝟐 + 𝒌
=

𝟓(𝒃 + 𝒄)𝟐 − 𝟐𝒃𝒄 + 𝟐𝒌

[(𝟐𝒃 + 𝒄)𝟐 + 𝒌][(𝒃 + 𝟐𝒄)𝟐 + 𝒌]
≤ 

≤
𝟓(𝒃 + 𝒄)𝟐 − 𝟐𝒃𝒄 + 𝟐𝒌

[(𝟐𝒃 + 𝒄)(𝒃 + 𝟐𝒄) + 𝒌]𝟐
 

=
𝟓𝒙𝟐 − 𝟐𝒃𝒄 + 𝟐𝒌

(𝟐𝒙𝟐 + 𝒃𝒄 + 𝒌)𝟐
=
𝟕𝒙𝟐 − 𝟔 + 𝟐𝒌

(𝒙𝟐 + 𝟑 + 𝒌)𝟐
, 

it suffices to show that 
𝟏

𝒙𝟐 + 𝒌
+
𝟕𝒙𝟐 − 𝟔 + 𝟐𝒌

(𝒙𝟐 + 𝟑 + 𝒌)𝟐
≤

𝟑

𝟒 + 𝒌
, 

i.e. 
𝟏

𝟓𝒙𝟐 + 𝟖
+
𝟑𝟓𝒙𝟐 − 𝟏𝟒

(𝟓𝒙 + 𝟐𝟑)𝟐
≤
𝟑

𝟐𝟖
. 

Substituting  

𝟓𝒙𝟐 = 𝟏𝟐𝒕, 𝒕 ≥ 𝟏, 
the inequality becomes as follows: 

𝟏

𝟒(𝟑𝒕 + 𝟐)
+
𝟏𝟒(𝟔𝒕 − 𝟏)

(𝟏𝟐𝒕 + 𝟐𝟑)𝟐
≤
𝟑

𝟐𝟖
, 

𝟒𝟑𝟐𝒕𝟑 − 𝟕𝟒𝟒𝒕𝟐 + 𝟐𝟐𝟕𝒕 + 𝟖𝟓 ≥ 𝟎, (𝒕 − 𝟏)(𝟒𝟑𝟐𝒕𝟐 − 𝟑𝟏𝟐𝒕 − 𝟖𝟓) ≥ 𝟎. 
Since 𝒕 ≥ 𝟏, the last inequality is clearly true. 

The proof is completed. For 𝒌 =
𝟖

𝟓
, the equality occurs when 𝒂 = 𝒃 = 𝒄 = 𝟏, and also 

when 
𝒂

𝟐
= 𝒃 = 𝒄 = √

𝟑

𝟓
  (or any cyclic permutation). 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
For 𝑎 = 𝑏 = 𝑥 ∈ (0, √3) and 𝑐

=
𝟑 − 𝒙𝟐

𝟐𝒙
, 𝐭𝐡𝐞 𝐜𝐨𝐧𝐬𝐭𝐫𝐚𝐢𝐧𝐭𝐬 𝐚𝐫𝐞 𝐬𝐚𝐭𝐢𝐬𝐟𝐢𝐞𝐝 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 

𝟏

𝟒𝒙𝟐 + 𝒌
+

𝟐

(𝒙 +
𝟑 − 𝒙𝟐

𝟐𝒙 )
𝟐

+ 𝒌

≤
𝟑

𝟒 + 𝒌
. 

𝐒𝐢𝐧𝐜𝐞 𝒂 + 𝒃 > 𝑐,𝐰𝐞 𝐡𝐚𝐯𝐞 𝟐𝒙 >
𝟑 − 𝒙𝟐

𝟐𝒙
, 𝐭𝐡𝐞𝐧 𝒙 > √

𝟑

𝟓
, 𝐚𝐧𝐝 𝐟𝐨𝐫 𝒙

→ √
𝟑

𝟓
,𝐰𝐞 𝐠𝐞𝐭 𝐭𝐡𝐞 𝐧𝐞𝐜𝐞𝐬𝐬𝐚𝐫𝐲 
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𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧 
𝟏

𝟏𝟐
𝟓 + 𝒌

+
𝟐

𝟐𝟕
𝟓 + 𝒌

≤
𝟑

𝟒 + 𝒌
, 𝐭𝐡𝐚𝐭 𝐢𝐬 𝒌 ≥  

𝟖

𝟓
. 

𝐓𝐨 𝐬𝐡𝐨𝐰 𝐭𝐡𝐚𝐭 
𝟖

𝟓
 𝐢𝐬 𝐭𝐡𝐞 𝐬𝐦𝐚𝐥𝐥𝐞𝐬𝐭 𝐩𝐨𝐬𝐢𝐭𝐢𝐯𝐞 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝒌,𝐰𝐞 𝐰𝐢𝐥𝐥 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐟𝐨𝐫 𝒌

=
𝟖

𝟓
. 

𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨: 
(𝒂 + 𝒃)𝟐

(𝒂 + 𝒃)𝟐 + 𝒌
+

(𝒃 + 𝒄)𝟐

(𝒃 + 𝒄)𝟐 + 𝒌
+

(𝒄 + 𝒂)𝟐

(𝒄 + 𝒂)𝟐 + 𝒌
≥

𝟏𝟐

𝟒 + 𝒌
. 

𝐋𝐞𝐭 𝟐𝒑 = 𝒂 + 𝒃 + 𝒄 ≥ √𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 𝟑 𝐚𝐧𝐝 𝒓 = 𝒂𝒃𝒄. 
𝐁𝐲 𝐂𝐚𝐮𝐜𝐡𝐲 − 𝐒𝐜𝐡𝐰𝐚𝐫𝐳′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞: 

∑
(𝒃+ 𝒄)𝟐

(𝒃 + 𝒄)𝟐 + 𝒌
𝒄𝒚𝒄

≥
[∑ (𝒃 + 𝒄)(𝟓𝒔 + 𝟐𝒂)𝒄𝒚𝒄 ]

𝟐

∑ (𝟓𝒔 + 𝟐𝒂)𝟐((𝒃 + 𝒄)𝟐 + 𝒌)𝒄𝒚𝒄
 ≥⏞
?

 
𝟏𝟐

𝟒 + 𝒌
 

⟺ 𝟐𝟓𝟐 + 𝟑𝟑𝟑𝒑𝟐 − 𝟏𝟎𝟎𝒑𝟒 − 𝟑𝟑𝟎𝒑𝒓 ≥ 𝟎. 
𝐋𝐞𝐭 𝒂 = 𝒚 + 𝒛, 𝒃 = 𝒛 + 𝒙, 𝒄 = 𝒙 + 𝒚. 𝐒𝐢𝐧𝐜𝐞 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑,𝐰𝐞 𝐡𝐚𝐯𝐞 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

= 𝟑 − 𝒑𝟐,  
𝐚𝐧𝐝 𝒓 = 𝒂𝒃𝒄 = (𝒙 + 𝒚 + 𝒛)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) − 𝒙𝒚𝒛

= 𝒑(𝟑 − 𝒑𝟐) − 𝒙𝒚𝒛, 𝐭𝐡𝐞𝐧 𝐭𝐡𝐞 𝐥𝐚𝐬𝐭 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 
𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

𝟐𝟓𝟐 − 𝟔𝟓𝟕𝒑𝟐 + 𝟐𝟑𝟎𝒑𝟒 + 𝟑𝟑𝟎𝒑𝒙𝒚𝒛 ≥ 𝟎                                                      (∗) 

𝐈𝐟 𝒑𝟐 ≥
𝟏𝟐

𝟓
,𝐰𝐞 𝐡𝐚𝐯𝐞 𝑳𝑯𝑺(∗) ≥ 𝟐𝟓𝟐 − 𝟔𝟓𝟕𝒑

𝟐 + 𝟐𝟑𝟎𝒑𝟒 = (𝟓𝒑𝟐 − 𝟏𝟐)(𝟒𝟔𝒑𝟐 − 𝟐𝟏) ≥ 𝟎. 

𝐈𝐟 
𝟗

𝟒
≤ 𝒑𝟐 ≤

𝟏𝟐

𝟓
. 𝐁𝐲 𝐭𝐡𝐞 𝐟𝐨𝐮𝐫𝐭𝐡 𝐝𝐞𝐠𝐫𝐞𝐞 𝐒𝐜𝐡𝐮𝐫’𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟔𝒑𝒙𝒚𝒛 ≥ (𝒑𝟐 −∑𝒚𝒛

𝒄𝒚𝒄

)(𝟒∑𝒚𝒛

𝒄𝒚𝒄

− 𝒑𝟐) = (𝟐𝒑𝟐 − 𝟑)(𝟏𝟐 − 𝟓𝒑𝟐) 

𝐓𝐡𝐞𝐧: 
𝑳𝑯𝑺(∗) ≥ 𝟐𝟓𝟐 − 𝟔𝟓𝟕𝒑

𝟐 + 𝟐𝟑𝟎𝒑𝟒 + 𝟓𝟓(𝟐𝒑𝟐 − 𝟑)(𝟏𝟐 − 𝟓𝒑𝟐) = 𝟏𝟔(𝟏𝟐 − 𝟓𝒑𝟐)(𝟒𝒑𝟐 − 𝟗)

≥ 𝟎, 
𝐒𝐨, 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐝. 𝐓𝐡𝐞 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐨𝐜𝐜𝐮𝐫𝐬 𝐰𝐡𝐞𝐧 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

 

 

 

 

 


