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PREFACE

This book is intended for the students of Three Year

Com. Course. It consists of three parts—Arithmetic,

bra & Statistics.

The book is expected to serve as a self-educator.

Numerous examples of varied types have been worked

out in simple & concise methods. Various examples mostly

culled from different examination papers have been graded

and appended at the end of the Chapters.

My thanks are due to Principal, K. C. GuQta.___MiJfc,r

of Raja Pear^ Mohan ^oTlc^e utta^a^ Prof. S. Banerjee

of Shyamprasad College, Prof. G. Saha and Prof. A. Gupta

of St. Xavier’s College, Prof N. G. Banerjee of Shibpore

Dinabandhu College and Prof. S. Sarkar of Charu Chandra

College for their valuable suggestions.

Notices of any error which might have inadvertently

crept in and suggestions for improvement will be thank-

fully received.

July 31. I960.

$« K. Sur



( Vi
)

Chapter Pages

"VIII. Simple & Compound -Interest

Depreciation

94

IX. Annuities 113

X. Bill-Discounting

True & Banker’s Discount 134

TCI. Average Due Date

Equation of Payments 148

XII. Foreign Exchange

Discounting of Foreign Bills 158

XIII. Elementary Notion of Probability

and Chance Calculation 173

XIV. Stocks and Shares 188

XV. Simple Mensuration 210

Statistical Concepts and Graphical Representations

Port III

Chapter Pages

i. Statistics—its meaning and use 1

ii. Methods of Collecting Statistical Data 0

m. Frequency Distribution 10

IV. Measures of Central Tendency 17

V. Measures of Dispersion 38

VI. Index Numbers 49

VII. Graphical Representation of Quantitative Data G4

Appendix : Table of Random Numbers 95



SYLLABUS FOR
COMMERCIAL MATHEMATICS

I. Principally Arithmetical Operations :

( Help of elementary Algebraic or Geometric properties may be taken

wherever found suitable ).

1. Drills in rapid arithmetical calculat ions by application of artifices and

short methods to practical illustrations. Fractions, Decimals, Decimalisation

of concrete quantities. Square root. Metric System of Units.

2. Approximation and Errors :

Degrees of working approximation in different contexts—Significant

figures—Errors (absolute and relative). Contracted Method of multiplica-

tion and division.

Illustrations from some ready rules of conversion of weights
#
and

measures, and errors therein with reference to English, Metric and existing

Indian measures.

3. Recapitulation of ideas on Ratio, Proportion, Proportional parts.

Variation, Rule of Three (Simple and compound) and chain Rule ; Percen-

tage—Workiug rules for ready applications. Percentage calculations on propor-

tional, step and slab basis and computation of Effective Rates.

Typical Business Calculations : (students are expected to calculate

arithmetical problems on the following subjects) :

—

(a) Elements of Manufacturing cost

—

Direct and Indirect cost. Prime cost, Wot ks cost. Allocation of Oncost

—

Total cost, Costing of articles where some items are fixed and some variable.

Standard cost and cost budgeting.

(b) Price fixing and quotations—Total cost. Profit, Discount. Catalogue

price.

(c) Calculations relating to Commission and Brokerage, freight, rebates,

insurance premium and claims.

(<d

)

Problems of Gains and Losses, Mixture problems.

(e) Partnership problems—Apportionment of Partnership Incomes and

Profits.

(/) Profit in relation to turnover and costs—Operating ratio in Sales,

Cost price of goods sold during a given period and average cost of stock

held—Rapidity of Turnover. Inter-relation of capital, turnover, working

expenses, gross and net profits, taxation, dividend and retained profits with

particular reference to Companies where necessary.



(
viii )

II. Algebraic ami Other Operations :

{a) Laws of Indices : Operations with exponential radicals.

( b

)

liquations : Simultaneous and Quadratic- Rule of Cross Multipli-

cation.

(r) Series : Arithmetic and Geometric Progression. Simple applica-

tions of Formula;.

(d) Permutation and Combinations : Simple application of formula:,

(e) Elementary notions of Probability and Chance calculation.

(/) Logarithms : Basic formalir and use of Tables.

(g) Compound interest and Immediate Annuities. Finding the term

of annuity, calculation of instalment amount. Application of Payments.

Problems on Population, Depreciation and Investments.

(//.) Bill Discounting—True and Banker's Discount—Average Due dale

and Equated Payments.

(?) Foreign Exchange, Quotation, Calculations—Methods of Arbitrated

Rate, Short and long rates, Discounting of Foreign Bills.

(j) Simple Mensuration: Triangle, Parallelogram, Trapezium, Rec-

tangle, Square and Circle, Rectangular Parallelepiped, Priam, Cylinder,

Pyramid, Cone and Sphere.

(k) Dealings in Stocks and Shares.

HI, Elementary Statistical Concepts and Graphical Representations

:

(a) Numerical data including elementary notions of Sampling.

(b )
Classification and Tabulations—Frequency Distribution.

(c) Measures of Central Tendency, Mean, Mode and Median.
* Measures of Dispersion (elementary id^a only).

(Median computation from Frequency Table to be excluded)

(d) Computation of Index Number with special reference to the

^principal Index Numbers of Production and Prices as computed by the

Government of India.

(*) Graphical Representation of quantitative data—Linear Bar, Histo-

gram, Pie-chart, Logarithmic Graphs (Elementary only). Graphics as applied

to budgeting and business performance and presentation of results.

(/) Students will be expected to have a knowledge of the Principal

sources of main statistical data in major fields of economic interest, e,g, 9

Population, Employment, Production, Trade, Income and Prices.



Chapter I

Rapid Arithmetical Calculations

1. Addition

T H T U
Rs 6 4 2 !>

8' 4 4 8*

7' 0 8' 5'

9 ' 6 ' 0 6

3 15 6 8

Ex. 1. Add together

Add together the unit column. Tick

|

off for every complate 10. Put below

the addition line excess over 10. Count

the number of ticks and carry it over

to the next column and proceed as

before.

Thus Column tick

Unit 2

Ten 1

Hundred 1

Thousand 3

excess carry

8 2

6 1

5 1

1 3

Ex. 2. Add itogether

£ s d Add together the pence co-

4 2 14 3
l

lumn. Tick off for every

18' 9' 10' + complete 12 d. Put below

4'5 16 8 the addition line excess over

2 9' 9' 2 12. Count the number of

1 3 6 9 11
ticks and carry it over to

the next Column. Add this column and tick off for every

complete 20s or pound. Put the excess below the line and

carry the number of ticks over to the next column.

Thus Column

Pence (d)

Shilling (s)

Pound (£)

tick excess

1 11

2 9

2 6
1 3

carry

1

2

2
1
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2. Long and Cross Tots. By such device, correctness

of the .totals of a large number of figures can be verified

by the grand total.

Ex. 3. Add up vertically (long totals) and horizontally

(cross totals).

] 2 3 9 1 4 3 12 5 7 0 483=2402
4 6 8' 7'2 9' 463 12 8 1 2'4 =1 9' 1 2

6'3'1 2 0 7 l 8'9' 3' 5' 1 7' 2 1 =2 0 9' 9'

432 1'9'2' 3'0 5 1 6' 9' 9'8'2'=2 0 8 0

6 5 4 2 0 4 2 12 6 9 12 18 2 3 10 =8493

3. Addition and Subtraction. Addition and Subtrac-

tion may be combined together as in balancing cash

account.

Ex. 4. Balance the following cash account.

Receipts Rs nP

To Balance of cash

on 1st. Jan, 1960 4000 34

” Interest on Secu-

rities 789 96

” Goods 2268 50
55 Subscriptions

received 1800,78

8859-58

Payments Rs
j

nP

By capital Expen-
j

diture 291860
” Rent 1234:50

” Salary 2680:00

” Printing 780-25

” Balance of Gash
|

on 31. 12. 1961 12«23

885958

Total of first column of R.H.S. is 5nP. which is deducted

directly from 8 nP. of total and the difference 3 nP. is put

down against balance. The total of second column is 1 tick

and residue 3. 3 is subtracted from 5 giving 2 which is at

once put down. Carry 1 and add to the unit column of

rupees and proceed as usual. The use of ticks makes cal-

culation easier and quicker.
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4. Multiplication. Multiplication can be performed as

follows :
*

Ex. 5. Multiply 438 by 576

First Method

438 .

.

. (multiplicand)

576.

.

.
(multiplier)

2628

3066

2190

252288. .
.
(product)

Second Method

438

576

219000 product of 500

30660 ” ” 70

2628 ” ” 6

252288
” ” 576.

7 fiird Method (multiplication in one line)

Process.

438 >-
U

o
u

576
u
G
U a

8x6 =4 8

8x7+6x3+4 — 7 8

8 s. 5+6 x 4+3 x 7+7 =9 2

7 x 4+3x5+9 =5 2

4x5+ 5 =2 5

The above process can be generalised.

5. Short Methods of Multiplication.

( 1

)

To multiply by nines only :

407x0=467 X (10 -1)=4670 - 467

467 x 09 -- 467 x (100-1)=46700 - 467 etc.

Put as many zeroes as there are nines after the multi-

plicand and subtract from it the multiplicand itself.

(2)

To multiply by numbers like 98, 97, 998, 997,

101, 102, 1005, ..etc.

467 x 98=467x (100—2)=46700 — 934=45766 .

467 x 998=467 x (1000-2) =467000- 934=466066

467 x 1 0 1 =467 x (
100+ 1 )=46700+467=47 1 67 etc.

(3)

To find squares

(78)*=(80-2)*= (80)»+ (2)
a -2.80.2 =6084
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or= (70+8) 2= (70)
2+ (8)

2+2.70.8.=6084

[ (u+ b) 2=a2+b2+2ab, (a-b)2=a2+b2-2ab]

(746)*- (741)2=

(

746+ 741 ) (746-74
1 )
= 1487 X 5= 7435

[a2-b2=(a+b)(a-b) ] etc.

6. Casting out nines to check a product.

Ex. 6. Verify 438x576=252288.

Multiplicand. Sum of digits=4+3+8= 15 ; 15-f 9,

remainder=6. The above can be simplified thus

4+3+8=15. 1+5=6, remainder=6 (1)

Multiplier . 5+7+6=18; 1+ 8=9. remainder=0 (2)

Product (l)x (2) =6x0=0. remainder=0 (3)

Actual product 2+5+2+2+ 8+8=27 ; 2+7=9,
remainder=0 ... (4)

For correctness of the result, the remainders (3) & (4)

must agree.

7. Division. Tests of divisibility.

A number is divisible (divided without remainder) by

(1) 2 if its last digit is 0 or even

(2) 5 ” ” ” ” ” 0 or 5

(3) 3 if the sum of the digits is divisible by 3

(4) 9
” ” ” ” by 9

(5) 4 if the last two digits are 0 or divisible by 4

(6) 8 ” ” three
” ” ” ” 8

(7) 11 if the difference between the sums of digits

in the odd and even places is 0 or divisible by 1 1

.

8.

Division by nines

Ex. 7. Divide 45627 by (i) 9 (ii) 99 etc .

(i) 45627-^9

(dividend) (divisor)

4562
4'5'6

45
4

50 6 9

|7 To divide by one 9 line off

j2 one digit to the right.

''6' Next shift the number one

5 place to the right and ignore

4' the right hand ciigit. Proceed

4 thus. Add them up. The
I

left hand number is the quo*
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tient. The right hand number with number of ticks gives

remainder.

Quotient =5069, remainder =4+2=6

(ii) 45627-1-99. 4 5 6 |27 To divide by two nines (99)

4'j56' line off two digits. Next

I

4 shift the number two places

. 4 6 0 IT to the right. Proceed as

above.

Quotient=460, remainder =77+ 1 =78 etc.

9. Division by powers of 10.

Ex. 8. Divide 4967 by 10, 100, 1000 etc.

Shift the decimal to the left by as many places as there

arc zeroes.

Thus 4967-- 10=496*7, 4967 100 =49*67, etc.

10. Division by powers of 5

Ex. 9. Divide 61258 by 5, 25, 125. ..etc.

61258~ 5=612
j®
X2

=6125-8x 2= 12251-6

61258-^-25=
612

^
X 4

=612-58x 4= 2450-32

61258-^125=-
12^ -=61*258x8= 490-064

11. Division by Factors

Ex. 10. Divide 4796 by 1155

1155=3x5x7x11

(1st D)..3
i
4796

(2nd D)..5
1 1598+2... (1st R) Quotient =4.

(3rd D) 7 |319+3..(2nd R) Remainder=2+3 x 9
(4th D) 11745+47, (3rd R) +4x (3 x5)+l X (3x5x7)

4+T..(4th R) =2+9+60+105=176.
Remainder= 1st R+2nd R x 1st D+3rd R x 1st Dx 2nd D etc.
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Fractions and Decimals *

Conversion of fractions into decimals and vice versa*

|-75,

= •8888 =-«

^=•285714285714. . .=-<285711

17
=•2941176470588235

Again,

•8- 8
8 -9

•3ft =
438—43 395 79

or

90 90 1

38-3 ,35
' 90

=4
90
=

645
2 215

999 333

7

18

7
18*

etc.

with 9.

An ingenious method of conversion if the denominator ends

9 9x3 27
^

13 13x3 39
l>

(1) Multiply both the numerator and denominator by 3.

(2) Add 1 to denominator and divide the sum by 10.

This gives 4 as quotient which is called ihe multiplying factor.

(3) The next steps consist in multiplying the numera-

tor by 4, beginningfrom the right as follows till the numerator

is repeated.
*

Plare Carry

7 (of 27) 2

4x7+2=30 0 3

4x0+3= 3 3 nil

4x3+0=12 2 I

4x2+1= 9 9 nil

4x9+0=36 6 3

4x6+3=27 7 2

The numerator 27 is now repeated. ^= $92307
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3. Multiplication & Division of decimals.

Ex. 1. Multiply 8-972x3*89.

First Method 8*972 number of decimal places 3

3*89 ” ” ” 2

80748

71776

26916

34*90108 ” ” ” (3+2) =5
Second Method 8*972

3*89 Place the unit digit of

26*916 the multiplier below

7*1776 the last digit of the

*80748 multiplicand.

34*90108“

Ex. 2. Divide 87*62926 by 1*25.

Make the divisor a whole number by shifting decimal

to 2 places to the right. Remove the decimal 2 places to

right in the dividend also and proceed as in the ordinary

way. Put the decimal point in the quotient as soon as

the first digit after the decimal point is brought down.

The division may be continued even after the last digit

is brought by bringing down zeroes only one at a time.

125 \
8762*926

/
70*1034...

/ 875 \

129
125

426
375

510
500
~

10

4. L. C. M. & H. C. F

L. C. M of fractions
L. C. M. of their numerators

H. C. F. of their denominators

H. C. F r r . H. C. F. of their numerators
o ractions — ^ ^ Gf their denominators

L. C. M xH. C. F=product of two fractions.
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Ex. 3. Find the H. C. F and L. C. M. of Jg, -
3
g,

First reduce the fractions to their simplest forms.

6 =3 ^2_4
16 Q

9

15 5

H.C.F of numerators 3, 0, 3, 4= 1

L.C.M of denominators 8, 20, 10, 5=40

H.C.F of fractions =
40

L.C.M of numerators=36, H.C.F of denominators=1

L.C.M of fractions=^-=36.

SQUARE ROOT

I. Definition. The square root of a given number is

a number which multiplied by itself produces the given

number. The symbol J indicates the square root.

2. Square root by factors.

Ex, I. Find the square root of 144

V144=V12xT2= 12.

y/6,724= V2 X 2 X 4 1 x 41 = 2 x 4 1 = 82 etc

.

3. The common method of square root.

The following method is based on the algebraical for-

mula (a+ b)2=a2+2ab -\-b2=a2+(2a-\-b)b.

1 . Mark off from the decimal point to the left or to the

right or both ways digits in pairs forming different periods.

2. Find the greatest square root in the period to the

extreme left.

3. Bring down only a pair of digits at a time.

4. Double the quotient as a trial divisor.

5. Find out a suitable digit (x) to the right hand
side of the new divisor such that enlarged divisor multiplied

by x is just less or equal to the new dividend, etc.
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Ex. 2. 'Find the square root of 0,724.

67 24/82
64

Reqd. sq. root=82

162V 324
) 324

4. In the absence of any further digit, bring down
zeroes by pairs after putting the decimal point.

Ex. 3. Find the square root of (t) 2 (it) 18634*265.

( C.U. 1949)

2
1 1-414

241100

J 96 _
2811400

;281^

2824111900
*1 1296

604

1 8 6 3 4*2 6 5/ 136-507...

1
(

23186

/69

26611734
/1596

2725113826

f13625

2730071201506b
/1911049

103951

69l toEx. 4. Find the square root of the fraction
jggy

2 dicimal places.

First Method. Reduce the fraction to a decimal

183716930/-377250... —y — -V V

;5511\ *37 72 50/-614

14190 36 \

12859 1211172

13310 /121

12859 122415150

4510 /4896

3674 254

9360
9185

1750

Second Method.

/ 693 yjm 26*323. "=•614
** 1837

-
Vf8~37 42*861.
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5. Decimalisation of Concrete Quantities.

1. £. s. d. f.

(1«) 4 farthings (f)=l penny (d) /. divide farthings

by 4 and reduce them to pence (d)

(2)

Divide the total amount of pence by 12 and

reduce them to shillings (s)

(3). Divide the total shillings by 20 and reduce them

to pounds (£). This may be done by multiplying the shillings

by 5 and shifting the decimal 2 places to the left.

Ex. I. Decimalise £ 1 11s 3d 2f.

Steps (1) 2f=|d ='5d

(2) 3+ -5d=|jfs= -29l66...s.

(3 ) 1 1 +'29166.
11-29166 1-129166

20 2

—£•564583...

Answer £ 1'5645

Ex. 2. Convert
j£12

,5645 into £. s. d

( 1
) £12 =£12

(2) £-5645= -5645 x 20s= 11 -290s.

(3) -290s =-29 X 12d= 3-48d

(4) -48d =-48 x 4f = l-92f

Answer £12 1 Is 3d l-92f

Ex. 3. Convert (») 13as 4p to naye paise (nP) and

(r) 36nP to annas.

Re l= 100nP =16as.

1 40 40 1

(i) 13as 4p=13g as =Rs
3x

-
]6
=^x 100 nP= 83

3
nP

=83nP, (app) (In rounding off to nP. any fraction less than

or equal to $ nP is ignored ).
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Ex. 4. Find out the cost of 25 yards of shirtings at

15as 6 pies per yard in terms of rupees and naye paise.

Cost of 1 yd =15 as 6 pies=15$ as

1 775 7
.*. Cost of 25yds=15ix25as =Rs^ = Rs. 23g-

=Rs. 24-22.

Note. It is incorrect to obtain the cost by converting

15 as 6 pies to naye paise first and then multiplying it

by 25. The cost in such case is Rs. 24-25.

Exercise 1

1. Find the H.C.F. $ L.C.M of 2*, 3£, 4£.

2-? f i
2. Reduce _ of to fraction in

1 *86805

lowest terms.

3. Find the square root of (/) 27019204 (it) to

nearest 3 decimal places. ( CM. 1946
,
1948)

4. Find the square root of ll+6\/2

5. Simplify -(l-2)
2 x(-05) 2

-f-(-25)
2

(*2 )

2 ^(-01)2
-r *00288

6.

Determine the smallest quantity that must be added

to the following to make the sum the square of a whole number

X (CM.)
I9i+Jfu ^ 0*7§ of 3*571428

aof(fl- I\)
•

"
3;S46i5§

7. The area of a square field is 2.45 hectares.

Calculate, to the nearest metre, the length of the sides

( 1 hectare= 10,000 sq. metres
) (C.C.S, 1951)

8. Express 7 hours 7 minutes and 7 seconds as decimal

of a day. ( CM. 1947)

9.

A triangular field has its sides 111 yds 2 ft
;

119 yds 4 inches and 134 yds. If supports are fixed at

equal distances round the field, find the greatest distance
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apart of the supports in order that one should be placed

at each corner and also find the least number of such

supports.

10. In a long division the dividend is 529565 and

the first two remainders ( before taking down the next

figure from the dividend
)

are 246 and 222, and the third

and final remainder is 542. Find the divisor and the

quotient.

11. The area of square grass plot is 915’0625 sq. yds.'

Find its perimeter.

12. Decimalise £ 2 9s 2d If

13. Convert 14 as 9p into naye paise.



Chapter II

Metric System

The Metric System of weights & measures was first

introduced in France in 1 795. In this system each set of

measurements has one unit and others are expressed as

multiples or submultiples of 10 of this unit.

The unit of length is called metre ,
that of weight is

gramme or gram (gm) and that of volume is litre .

A metre =39*370113 inches (app).

Units of higher denominations are named deka (10
times) hecta (100 times), kilo (1000 times) & myria (10,000

times)

Units of smaller values are called deci (tenth), centi

(hundredth) & milli (thousandth).

1. The unit of area is an Are which is equal to

one square dekametre.

A larger unit is a hectare
(
= 100 ares)

The unit of capacity for measuring liquids is the

Litre which is equal to one cubic decimetre. The larger

unit is a hectolitre (=100 litres).

The unit of volume for measuring solids is a Stere

which is equal to one cubic metre.

The unit of weight is gram which is the weight of

one cubic centimetre (1 c.c.) of pure water at 4°G. The

larger units of weights are quintal (
= 100 kg) and tonne

(=10 quintals)

2. Indian Standards

The metric system has been adopted in India. Since

1st April, 1957 new system of coinage has been introduced.

The rupee as the basic unit of monetary transactions is

divided into 100 naye paise . In converting old currency of
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annas into naya paise, fractions equal to or less than half

are ignored, but fractions over one-half have been reckoned

as one nP.

Thus 2 annas =Rs. * =*X 100 nP. — 1 2 J nP =12 nP.

3 annas=Rs. A=Axl00 nP=18£ nP =11) nP.

As in the metric system, the unit of length is metre

(=39*37 in). Larger unit is kilometre (=§ mile)

The following gives basic units of money, length,

area, weight and capacity both old units, and new decimal

units to which India has changed over.

3. Basic Units of Money

Old units New units

3 pies =1 paisa 1 00 naye paise=1 rupee

4 paise =1 anna (
unit being naya paisa )

16 annas=1 rupee

Soine Conversion Factors

1 paisa =1*56250 naye paise

1 naya paisa =0*64 paisa (exact)

4. Basic units of Length

Old units

12 in =1 foot

3 ft =1 yard

220 yards =1 furlong

8 furlongs=1 mile

1760 yds =1 mile

5| yds =1 rod or pole

40 poles =1 furlong

New units

10 millimetres =1 centimetre

(mm) (cm)

10 centimetres = 1 decimetre

10 decimetres =1 metre

10 metres =1 dekametre

10 dekametres =1 hectometre

10 hectometres =1 kilometre

Some Conversion Factors

1 foot =30*48 centimetres (exact)

1 yard = 0*914 metre

1 mile = 1*609 kilometres

1 metre = 1*094 yards

1 kilometre= 0*621 mile
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5. Basic Units of Area.

British Units

144 sq. in =1 sq. ft.

9 sq. ft. =1 sq. yd.

4*840 sq. yards=1 acre

640 acres = 1 sq. mile

30] sq. yards=l sq. pole

40 sq. poles=1 rood

4 roods =1 acre

Metric Units

100 sq. millimetres= 1 sq.

centimetre

(sq. mm) (sq. cm)

100 sq. cm =1 sq. dm
100 sq. dm =1 sq. metre

100 sq. metres = 1 are or 1 square

dekametre

100 ares =1 hectare or

1 square hectometre

100 hectares =1 sq. kilometre

Some Conversion Factors

1 sq. yard =0*836 sq. metre

1 sq. mile =2*59 sq. kilometres

1 sq. metre =1*196 sq. yards

1 sq. kilometre= 0*386 sq. mile

ti. Basic Uuits of Weight.

British Units

16 drams =1 ounce (oz)

16 ounces =1 pound (lb)

28 pounds =1 quarter (qr)

4 quarters = 1 hundred-

weight (cwt)

20 hundred-

weights=1 ton

Indian Units

80 tolas =1 seer

40 seers =1 maurid

Some Conversion

1 kilogram =

1 metric tonne =

1 ton =

1 maund =

Metric Units

10 milligrams =1 centigram

(mg)

10 centigrams =1 decigram

10 decigrams —l gram

10 grams =1 dekagram
10 dekagrms =1 hectogram

10 hectograms =1 kilogram

10 kilograms =1 myriogram

10 myriograms=l quintal

10 quintals =1 metric tonne

Factors

1-072 seers

26*792 maundsL

= 1-016 metric tonnes

= 0*373 quintal.
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7. Basic Units of Capacity

British units

4 gills = 1 pint

2 pints =1 quart
(
qr

)

{

4 quarts = 1 gallon (Imp)

8 pints

36 gallons =1 barrel

64 gallons =1 quarter

Metric units

10 millilitres (m/) =

10 centilitres =
10 decilitres =
10 litres =
1 0 dekalitres =
10 hectolitres =

= 1 centilitre

1 decilitre

1 litre

1 dekalitre

1 hectolitre

1 kilolitre

Some Conversion Factors

1 gallon (Imp) =4*546 litres

1 litre =0*220 gallon (Imp)

1 litre = 61 cu. inches

Ex. 3. Convert
(
i
) 28 yards 1 foot 10 inches into metres

(
ii

)

237 miles 7 furlong into kilometres

(Hi) 138 metres into yards feet and

inches, given

1 metre =39*37 inches, 1 kilometre=0*62 miles

(i) 28 yds 1 ft 10 inches =1030 inches= metres

=26*16 metres

237-?
(ii) 237 m 7 fur=237^ miles = kilometres

=^?=383 '67
U4 X O

(iii) 138 metres= 138 x 39‘37^inches=150 yd 2 ft 9.00 in

Ex. 4. Having given that a metre is 39‘3708 ins, show

the difference between 43 yards and 32 metres and express

the difference in terms of centimetres. ( CM. 1945 )

1 metre =39'3708 in

32 metres =32 X 100 cm =3200 cm.

43 x3 X 12 43 X 36 X 100
43 yards —43x3x12 in

39-3708
~ nx—

39-3708
Cm

=3931*9 cm.

.*. 43 yards—32 metres=(3931’9- 3200)m=731*9 cm.
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Ex. 5. If a metre equals to 3*29 ft, how many miles

will a man walk in 9 hrs* 46 min 40 sec at the rate of 6 kilo-

metres per hour ? ( C.U. 1947 )

140
9h 46m 40s=9h 46§m=!>

3
h=9£h.

6 kilometres=6 x 1000 metres=6000 x 3*29 ft

6000x3-29
=

3 x 1760
m = 164*5

44
m.

Hours Miles
| 2

1

164*5
0 164-5 gg ..

?= x ^ miles
44 H 9

n ? !

= 36f miles.

Ex. 6. One yard equals 0*914 metre. Find

mately the equivalent in cubic centimetres of a cubic foot.

How much larger is a square centimetre ? {C.U. 1944 )

1 yard =0*9 14 metre.

•qi 4 qi -4

/. 1 ft= x 100 cm= 6 cm
j 3

1 cu.
(

91*4\ 3

^ j
c. cm=28279*7 c. cm.

91*4 45*7
Also 1 in.=

3 xl2
cm=

18
cm.

(

45’7\ 2

18 )
S(h cm==^'446 sq. cm *

Hence 1 sq. in. is 6*446 times a sq. cm.

Exercise 2.

1. If a mile is equal to 1600 metres, find the number

of square metres in acres. ("CM. 1948)

2. A metre is defined to be the ten-millionth part of

a quarter of the circumference of the earth and is equal

to 39*37079 inches. Find the circumference of the earth in

miles.

2
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3. Given that an English gallon is 277*274 cu. in. and

that 6 U.S. gallons are equal to 5 English gallons and a

litre is 61 cu. in, express the U.S. gallon in litres ‘correct

to two decimal places. ( C.U, 1935 )

4. The velocity of light is 3xl08 metres per second.

Calculate the distance of the sun from the earth in miles,

being given that light takes 8 minutes to travel the distance.

(1 metre=39*3708 inches)

5. Express 4 km 6 hm 9 m 4 dm "into

(i) kilometres
(
ii

)

metres (Hi) centimetres.

6. The correct measurements of a rectangle are 4*3 yds

by 3*2 yds. These are recorded as 4*3 metres by 3*2 metres.

Find the error in square yards and also the percentage

error, given that 1 metre= 39*37 inches.
(
C.U. 1951 )

7. If a metre is 39*3708 inches, find the difference

between 430 yards and 320 metres in terms of centimetres.

8. Find (i) kilometre equivalent of 475 miles 6 furlongs

(«) square metre equivalent of 444 square

yards and 5 square feet

(Hi) equivalent of 483 kilograms in seers and

tolas.



Chapter III

Ratios

1. A ratio is the relationship between two quantities

of the same kind and expresses how many times one quantity

is contained in the other.

A ratio is expressed as a fraction whose numerator

is the first quantity and denominator is the second quantity.

The two quantities of a ratio are called its terms
,

the

first term being called antecedent and the second the consequent.

The ratio between a and b is written as a\b . or a : b

Thus, the ratio of 14 yds and 2 yds—

Rs 2
The ratio of Rs. 2 and 70 nP— -/V ~

70 nP

T"yds
=7(n0t ?yds)

20
= 7

(not Rs, nor nP)

Note. Both rupees and nP are to be expressed in the same

unit

Thus, a ratio is independent of any unit and is a pure

number.

2. Being a fraction, a ratio obeys all the rules appli-

cation to a fraction.

(£) A ratio remains unaltered if its terms are multi-

plied or divided by the same number"and can be reduced

to its lowest terms.

Thus,
2
==
4
==^ ==

200=
3 6 12 300

"

1 000__200 __ 20 __ 4

1250 250 25 5‘

(ii) A ratio is increased or decreased in value if the

same number is added to or subtracted from its terms.

Thus, t < # < t < S

$§ > A > A > A



20 Commercial Mathematics

Usually the ratio between two quantities a and b is written

in the form a : b ,
after dropping the line (— ) of the division

sign (-f-). The ratio ca : b ’ is read as ea is to b\

3. Inverse ratio . The inverse ratio of ajb is bja.

If two ratios are inverse to each other, their product

is unity.

Thus, a/bxb/a— 1, Jx4= l etc.

4. To increase or decrease a ratio . To increase a quantity

P in the ratio ajb9 a being greater than' b, multiply P by

ajb. To decrease it in the ratio b/a ,
multiply P by bja.

Ex. 1

.

The length and breadth of a rectangle are

increased in the ratio 6 : 5 and 9 : 8 respectively. By what

ratio is the area increased ?

Let l and b be the original length and breadth respec-

tively.

Increased length — £/, increased breadth =££.

increased area =
-f
Ix^b. I

«/X 9 b 27
the area is increased in the ratio =

20
=^ : ^

Ex. 2. An employee whose salary is Rs. 1840 per annum

is given an increase of Rs. 5 per week. By what ratio is

his salary increased ?

1 year = 52 weeks.

Annual increase in salary=Rs. 5 X 52=Rs. 260

increased annual salary=Rs. 1840+Rs. 260=Rs.2100

, . , . Rs. 2100 2100 105 lnBthe re(*uired rat,° =
Rs. 1840

=
1840

=
92
= 105 : 92

Ex. 3. Two trains A and B travel 30 and 45 miles

per hour respectively. Show that the times taken by them

to travel a certain distance are in the ratio 3:2.

A travels 30 miles in 1 hour

;,

1

A ” 1 mile in hours.

B 99 45 miles in 1 hour
B 99

1 mile in ^ hours.

1 45
the times taken are in the ratio ^=^=3 : 2
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Exercise 3

1 . The length of a rectangle is decreased in the ratio

3 : 4 and its breadth is increased in the ratio 5:4. By
what ratio will the area be increased or decreased ?

2. An employer decreases the number of his employees

in the ratio 9:10 and increases their wages in the ratio

12 : 11. In what ratio will the wage bill increased or

decreased ?

What will be the new wage bill if it was proviously

Rs. 275 ?

3. Three trains travel at 25, 30, 40 miles per hour

respectively. Show that th& times taken by them to travel

a certain distance are in the ratios 24 : 20 : 15

4. A photograph is 5£*x3£". It is enlarged and its

length is 1 foot. What will be the enlarged breadth ?

What will be the ratio of the areas of the photograph ?

5. The weights of equal volumes of three substances

are in the ratios 2:3:4. What are the ratios of the

weights of cubes of these substances, if the lengths of the

edges of the cubes are in the ratios 3:2:1?

6. A trader increased his profit per article in the

ratio 4 : 3 so that the number of articles sold decreased in

the ratio 5:6. By what ratio did his profit increase or

decrease ?

7. Three one-pint decanters contain milk and water

in the ratios 12 : 11, 13 : 10, 15 : 8. The contents of the

3 decanters are poured into a 3-pint decanter. Find the

ratio of milk and water in the resulting mixture.

8. A man’s property is to be shared betweep A, B
and G. The ratio of A’s share to B’s is 7 : 5 and the

ratio of B’s share to C’s is also 7:5. If B receives £ 664.

6s. 3d more than C, find how much more A receives than B.

Find also the value of the estate. ( L.C.C. 1950
)



Chapter IV
Proportion and Rule of Three

1. Four quantities are said to be in proportion if

the ratio of the first to the second is equal to the ratio

of the third to the fourth.

The proportion is written in the form

a : b :: c : d or a : b=c : d or
b a

and read as ca is to b ’ as e
c is to d\

The first and fourth terms in the proportion are called

the extremes and the second and third the means.

Since ad— be, the product of the extremes=product of

the means.

The fourth term is called the fourth proportional.

2. Direct and Inverse Proportion. When two quanti-

ties of different kinds in a proportion are so related that

if one increases or decreases, the other also increases or

decreases, then the proportion is said to be direct . If, how-

ever, if one increases, the other decreases and if one de-

creases the other increases, the proportion is said to be

inverse.

For example, if 4 books cost Rs. 40, 3 books will cost

Rs. 30 and 5 books will cost Rs. 50. Thus less books cost

less and more books cost more. Here the proportion is direct.

Again, if 10 men can do a piece of work in 20 days,

20 men will do it in 10 days. Thus more men requires less

days and vice versa. Here the proportion is inverse.

3. Continued Proportion. Quantities a,
b9 c9 d are

said to be in continued proportion if

a b c
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In a proportion two quantities forming a ratio must

be similar. But in a continued proportion all the quan-

tities must necessarily be similar.

4. Multiplying Ratio (M.R.). - This is best illustrated

as follows.

Ex. I. If 8 fans cost Rs. 1600, how much will 3 fans

cost ?

Less fans cost less. Here the proportion is direct.

Hence the ratio of the required cost and Rs. 1600 is

equal to the direct ratio of 3 fans and 8 fans.

the required cost=| X Rs. 1600= Rs. 600.

The ratio f is called the multiplying ratio and may be

denoted by M.R.

Thus the required cost= M.R. X given cost.

Ex. 2. If 10 men can reap a field in 15 days, how
long will it take 1 5 men to do the same work ?

More men will take less time. Here the propor-

tion is inverse .

Therefore, the ratio of the required men and 15 days

is equal to the inverse ratio of 15 men and 10 men.

,\ the required time=i^xl5 days=10 days.
lo

The ratio is called the multiplying ratio and may
it)

be denoted by M.R.

the required time= M.R. X given days.

Note. If the expected answer is less, M.R. is less than 1,

but if the expected ans\ver is more, M.R. is more than 1.

5. Compound Proportion.

In a compound proportion all the ratios are multiplied

together to form a new ratio.

If ^ are several ratios, then the compound
bi °% bt



24 Commercial Mathematics

proportion =ai v *2 v as v Xfa x <V*
*i *3 *7x*,xV--

Ex. 5. If 1000 men can build an embankment 800 yds.

long in 45 days working 8 hours per day, in how many
days would 1500 men build a similar embankment 900 yds

long working 1 hour overtime ?

Let the required number of days be X.

Arrange the data as follows :

—

men length days hours

1000 800 45 8
*

1500 900 X 9

6. Working Rule.

1 . Place the data in two rows, the top row

taining the items of the known part of the problem and

the bottom row containing the unknown item X and other

items associated with it.

2. Place similar items under the same head (i in

the same column)

3. Compare separately each pair of similar items with

the pair containing the unknown item X independently of

other pairs.

4. Find mentally whether the expected answer is

larger or smaller. If the expected answer is larger, the

corresponding multiplying ratia (M. R) is greater than 1,

but if the expected answer is smaller, the corresponding

multiplying ratio (M. R) is less than 1.

5. The required answer is equal to the product of

all these multiplying ratios and the given item of the pair

containing X
In the above example, the pair containing the unknown

X consists of days.
* "

Each pair of similar items is compared with the pair

containing X independently of the other items.
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Thus, 1000 men can finish the given work in 45 days.

1 500 men can finish the same in less days.

i.e.y more men require less days

the expected answer as found by commonsense

is less.

So that the multiplying ratio (M. R) is less than 1

/. M. R-g (less than 1) (I)

Similarly, more length of emba nkment (i.e., more work)

requires more days.

i.e ., more length requires more days.

t\ the expected ansvyer is more.

M, R=—g
(more than 1) (2)

More hours require less days

.\ M. R=? (less than 1) (3)

••• H§0s xsK x45 days=3° days -

Ex. 4. It took 72 men working 8 hours a day to

construct a wall 250 yds dong, 24 Tt. high and 6 ft. wide.

How many men should be engaged * to fulfil a contract

for constructing a wall 275 yds. long, 25 ft. high and 9 ft.

wide, if they are to wor
v
k 9 hours* a day and finish the

work in the same time as the first ? (C.U. 1955)

Volume of the 1st. wali=250x8x2 cu. yds=4000 cu. yds.

Volume of the 2nd. wall=275 ;< X 3 cu. yds=6875 cu. yds.

Arrange the data as follows :

—

men hours volume

72 8 4000

X 9 6875

More hours, less men M,R=§ (less than 1)
floiyc

More volume, more men .\ MR=
jggg

(more than 1)

^=| X|^X72 men=I10 men.
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Ex. 5. A contractor undertook to make 15 miles of road-

way in 40 weeks. In 10 weeks 3 miles were completed

by 180 men working 8 hours a day ;
then the men agreed

to work one hour a day overtime, and some boys being

engaged to assist them, the work was finished in the

stipulated time. How many boys were employed, if the work

of 3 boys was equal to that of 2 men ? (
C.U. 1941

)

Arrange the data as follows :

—

men miles weeks hours

180 3 10 8

'

X 12 30 9

(15-3) or 12 miles are to be completed in

(40—10) or 30 weeks working (8+1) or 9 hours a day.

12
More miles, more men M.R= ^~ (greater than 1)

More weeks, less men

More hours, less men

v 12 10 8 lonX~
3
X
30

X
9
X 1 °

M.R=~ (less than 1)
JO

/. M.R=? (less tlian 1)
J

640men= -- men.
o

number of extra men required=^^—180=
100

3

Again, men boys

2 3

? X •

.10 0 ]Q0
More men, more boys MR= * = g

(greater than 1)

boys =50 boys.

Note. We could first convert 180 men into boys and

then proceed as above. * **

Ex. 6. A can do a piece of work in 3£ days which

B can do in 4J days. If A’s wages are Rs. 27*28 a week
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and B’s wages are Rs. 21*19 a week, what would A Have

charged for doing a piece of work for which B was paid

Rs. 158? ( C.U.1948

)

Arrange the data as follows :

—

days wages per week total wages (Rs.)

4* 21-19 158.

3* .27-28 X
31

Less days, towages MR=
^

(less than 1)

More wages per week, more total wages

27*28
.'. M.R= - (greater than 1)

21*19

*=?jxf?T5 XRs. 158— Rs. 164-2!)
4 £ 21*19

Ex. 7. 20 electric fans and 82 lamps consume electricity,

the average bill for consumption being Rs. 63 25 per month.

It is proposed to use 6 additional fans and 19 additional

lights in the building. Find the increase in the average

cost per month assuming that on an average a fan consumes

2£ times as much current as a lamp. ( C.U. 1954
)

1 fan—2f lamps

20fans=20x2£ or 56f lamps

20 fans and 82 lamps—56f+ 82 or 1381 lamps

Similarly, 6 fans and 19 lamps=6 x 2§+ 19 or 36 lamps.

lamps cost (Rs.)

138| 63*25

36 X
36

Less lamps, less cost /. M.R=
^gg

-
g (less than 1)

xRs. 63-25=Rs. - 16-42.

Ex. 8. If 5 men, 10 women and 30 boys can do a

piece of work in 81 days working 8 hours a day, in how

many days will 10 men, 10 women and 10 boys do two-
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thirds of the work working one hour overtime assuming that

their capacity of doing work to be in the ratios 3:2:1.

1 man does as much work as 3 boys

1 woman does as much work as 2 boys

5 men, 10 women and 30 boys do as much work

as 5x3+ 10x2+ 30 or 65 boys.

t\ 10 men. 10 women and 10 boys do as much work

as 10x3+10x2+10 or 60 boys.

Arrange the data as follows :

—

boys days hours work

65 81 8 1

60 X 9 2
7

Less be^ more days M.R=S£ (greater than

Mojfljj|mrs, less days M.R=§ (less than 1)

Less w< less days 3joII
b-

i[CCjM

less than lj

•
• • X— x“x?x81A"60 X

9
X
3
X days= 52 days.

Ex. 9. Two workmen A and B arc engaged in a

piece of work for which they are to receive Rs. 28. One

workman works for 3 days of 9 hours each and the other

3 days of 8 hours each, but the second does as much

work in 2 hours as the first does in 3 hours. How should

the amount be divided between the two workmen ?

(C.U.1938)

A works for 3 days of 9 hours each i.e. 9
for 27 hours

B ” ” 3 ” 8 ” ” i.e., for 24 hours.

Now B’s 2 hours sA’s 3 hours

” 24 ” s ” |x24 or 36 hours.

#
A’s working hours : B’s working hours—27 : 36=3 : 4

A gets
3-^4

X Rs. 28 or Rs. 12

B gets
3^4

X R9 * 28 or Rs. 16
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Ex. 10. The value of diamond varies as the square

of its weight. A piece of diamond worth Rs. 7290 is dropped

and broken into 2 pieces, the weights of which are in

the ratio 4 : 5. Find the loss incurred due to breakage.

Let the weights of the two pieces be 4 and 5, then

the weight of the unbroken stone was 9.

weight worth

92 Rs. 7290

42 X
42

Less weight, less worth M.R= -
2

(less than 1)

42
worth of this piece =*92 x 7290=Rs. 1440

52
Similarly, worth of the second piece =g2 x Rs. 2250

total worth of two pieces =Rs. 1440 +Rs* 2250=Ks. 3690

loss due to brcakage=Rs. 7290— Rs. 3690=Rs. 3600.

Exercise 4

1. In a refugee camp of 1500 men, the cost of

maintaining the refugees for 14 days amounted to Rs. 24,000.

What will be the cost of maintenance of 1200 men for

17 days at the same rate of maintenance ? ( C,U. 1947 )

2. The proprietor of a hotel charged Rs. 597*19 for

boarding and lodging a party of 13 people for 7 days.

How much he would charge for a party of 10 people

who stayed for 18 days ? (C.U.1956)

3. If it costs so much to feed 2 men as it does for

5 boys, and for 4 boys the cost is Rs. 25 per week, how

much per week will it cost to Teed 38 men ? ^

4. The cost of gas for 7 burners, burning 5 hours a

day, for 20 days was 8s. 3d. For how many hours every
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day may 70 burners be lighted for 31 days for £8 . 10s. 6d ?

(P.U. 1948)

5. A tranport company has an average monthly income

of Rs 80,000 from 10 motor lorries doing an average of 229}

miles a day each for 6 days in the week. What would be

the estimated monthly income with 85 lorries doing 202}

miles a day each with a rest of 2 days in the week ? (G . C.)

6. In a besieged garrison 10,000 soldiers had provisions

for 4 weeks at the rate of 9} oz per head per day. After one

week 9500 soldiers left the garrison and the daily allowance

per head per day was reduced to 5 oz. How long did the

provisions last ?

7. A Steamer Company conveys parties of 20 and above

at a reduced rate of single fare and half for return journey,

but for parties of smaller number the rate is 1^ of single

journey. If it costs Rs 213’50 for a party of 18, what would

it cost for a party of 30 ?

8. If 75 persons can do a piece of work in 12 days of

10 hours each, how many men will perform a piece of wfork

twice as great in a tenth part of the time, if they work the

same number of hours in a day, supposing that two of the

second set can do as much work in an hour as three of the

first set ? (C. U. 1940)

9. If 8 men or 17 boys can do a piece of work in 26

days, how many days will 4 men and 24 boys take to do a

piece of work 5 times as great ? (P.U. 1950)

10. If 5 men, 20 women and 40 boys can do a piece

of work in 120 days, working 6 hours a day, in how many
days will 10 men, 10 women and 20 boys do the same work

working; 9 hours a day (supposing the amount of work done

by man, woman and boy being in the proportion of 4,

2

and 1).
-

* (C.U.1950)

11. A can do a piece of work in 11} days which B

can do in 7f days. If A*s wages are Rs 4. 9as per week
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and B’s wages are Rs 6. lias per week, what would A have

charged for doing some work for which B was paid Rs. 35. 8as ?

12. An engine while driving machinery burns coal

at the rate of 3£ tons in 8 hours. When the machinery is

not in motion the consumption of coal is of this rate.

How much coal would the engine consume in 1080 hours

during \ of which the machinery is not in motion ?

13. A contractor undertakes to execute a certain piece

of work in a given time and engages 60 men who work 8

hours daily. When three-fourths of the time has expired

it is found that only two-fifths of the work has been done.

How many additional men?v all working 10 hours daily,

must he engage now so as to finish the work in the stipulated

time ?

14. In a printing Press, 40 men were employed and

the working hours were 45 hours per week. The weekly

wages amounted to Rs 691-4-0. If 8 extra men were

employed and all the 48 men worked for 9 hours per week

overtime for which they were paid 1J times the usual rate,

calculate the increase of the total amount paid in wages per

week. (CM. 1951)

[Hints: 9 hours overtime work= 9xl£ or 10J hours

normal work].

15. Two horses plough as much as three oxen in the

same time and the daily cost of four oxen is equal to that of

three horses. A certain area is ploughed by three horses

in 8 days. Find the cost of ploughing it by oxen in 6 days.

The horse ploughing costs Rs ft* per day per horsfe. (CM. 1946)

[Hints: 3 horses for 8 days = 4 horses for 6 dayss

6

oxen for 6 days].

10, A precious stone worth Rs 7100 is accidentally

dropped and broken into 3 pieces the weights of which are

in the ratio of 5 : 7: 8. The value of the stone is proportionate

to the square of the weight. Calculate the loss thus incurred

by the breakage. (CM. 1951)



Chapter V
Proportional Parts

!• a quantity x be divided into two parts in the

ratio p : q ,
then the parts are

p+q
XX resPectivety-

Similarly, if a quantity x be divided into n parts in

the proportion pl : p2 : />3 : ... : pn , then the n parts are

respectively

Pv*
9

P?X Pn.X

A+A+* - +Pn P\-\'p2+"-’)rPn A+A+-" +Pn

Ex. 1. Divide Rs. 132 between 5 and C in the

proportion 2:3:6.

Total number of parts=2+3+6= 1

1

Out of 11 parts, A gets 2, B gets 3 and C gets 6 parts

A’s share= T
3
T X Rs. 132=Rs. 24

B's share=x
3
x X Rs. 132=Rs. 36

C’s share= T\xRs. 132=Rs. 72.

Ex. 2. Divide £ 800 between A
, B , C, and £) such

that A’s and B's shares are as 2:1; B’s and C’s shares

are as 3:2; C’s and D’s shares are as 4 : 3.

A :B= f; B : C=|=* ; C ? D= |= g= 8 * 2
=*

IT X T X TT 4

(
Make the numerator of each ratio=denominator of

the previous ratio )

A: B : C : D=2 : 1 : f : 4= 12 : 6 : 4 : 3.

Tqtal number of parts= 12+6 +4+3=25

^’s shares=I? x£ 800=£ 12 x.32=£ 384

6



Proportional Parts 33

C’s share =^x£ 800=j£ 4x32=,£ 128

D’s share =JL x£ 800=£ 3 x 32=£ 96
JO

Ex• 3. Three men rent a field for Rs. 1424. One puts

in 10 sheep for 21 weeks, another 50 sheep for 15 weeks,

and the third 80 sheep for 18 weeks. What should each

pay towards the rent ?

10 sheep for 21 weeks= 10x21 or 210 sheep for 1 week

50 ” ” 15 ” =50x15 or 750 ”

80 ” ” 18 ” = 80 x 1 8 or 1 440 "

they should pay the rent in the proportion

210 : 750 : 144t) or 7 : 25 : 48.

Total number of shares=7 +25+ 48=80

7
first man’s share=ggXRs. 1424

=Rs. 7 x 17-8=Ks. 124-60

25
Second man’s share=~^xRs. 1424

oU

=Rs. 25 x 17*8=Rs. 445

Third man’s share =gjjxRs. 1424

=Rs. 48 x 17*8=Rs. 854*40.

Ex. 4. A man having 3 sons left £ 9,656 to be divided

among them in proportion to their ages at the time of his

death. When he died their ages were 25, 22 and 2
1
years

respectively. What was the share of each and what diffe-

rence would it have made to each of his sons, if the father

had lived a year longer ? (C.U. 1940)

First Part

£ 9,656 is to be divided in the proportion 25 : 22 : 21

Total parts=25+22+21=68

95
/. Eldest son’s share =ggXyf 9,656

=25 x£ 142=^3,550

3
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22
Second son’s share =-Jx/' 9,656

6o

=22 x£ U2=£ 3, 124

21
Youngest son’s share =£q x/* 9,656

bo

= 21 x£ 142=£ 2,982

Second Part

£ 9,656 is to be divided in the proportion 26 . 23 : 22.

Total parts=26+23 +22= 71

Eldest son’s share ~^x£ 9,656

=26 x £ 136=/; 3,536

Second son’s share =~x£ 9,656

=23 :<£ 136=/; 3,128

<y.)

Youngest son’s share =
^ j

X£ 9,656

=22 x£ 136=/; 2,992

Eldest son loses £ 3550—^ 3536 or £ 14

Second son gains £ 3128—/: 3124 or £ 4

Youngest son gains £ 2992—£ 2982 or £ 10

Exercise 5

1. Divide Rs. 338*25 among 29 boys of whom 17

are boy scouts such that each boy receives twice that of

a scout.

2. A ,
B, C, D and E club together and rent an acre

of land for Rs. 450 per annum for the purpose of forming

allotments. The sizes of the allotments are 850 sq yds,

720 sq yds, 560 sq yds and 980 sq yards. What amount

should each subscribe for the rent ? *

3. A, B
,
C are working partners and agree to divide

half the annual profits equally and the other half in pro-
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portion to amounts invested. If they contribute Rs. 2500,

Rs. 5000, Rs. 7500 and the profit in a year amounts to

Rs. 1620, what should each have received ?

4. Two workmen are engaged on a piece of work for

which they receive Rs 108. A works for 9 days of 8 hours

each and B for 6 days of 9 hours each. But B does as.much

in 3 hours as A does in 4 hours. Divide the amount between

A and B .

5. A man left fths of his property to his wife, £th to

his son and the remainder was divided between his grandson

and grand daughter as 10 : 5. The grand daughter received

Rs 10,000. Find how much each of the others received.

(CM. 1949)

6. A and B enter into a partnership. A furnishes 25

men for 4 days in addition to 18 men for 5 days. B furnishes

15 men for 8 days and 18 men for 10 days. A receives

Rs 262. What should B receive ? (P.U’. 1950)

7. A man having three sons left £ 4,828 to be divided

among them in proportion to their ages at the time of his

death
;
when he died their ages were 25, 22 and 21 years

respectively. What was the share of each, and what

difference would it have made to each of the sons if the

father had lived a year longer ?

8. A prize valued at Rs 32,160 is taken by a cruiser

and it is proposed to divide the sum amongst the ship’s

company in proportion to their pay and the time each

had been on board. If the Captain has served 20 months

at Rs 90 a month, 2 Chief Mates at Rs 45 a month for 1

5

months, 3 Second Mates 12 months at Rs 40 a month and

157 Sailors 27 months at Rs 30 a month, calculate the share

of each. (CM. 1938)



Chapter VI
Variation

1. Direct Variation. One quantity A is said to vary

directly as another quantity B, if they are so related that

when one is changed, the other is also changed in the same

ratio, i.e.
9

if B is doubled, A is also doubled
;
ifB is halved,

A is also halved, etc.

The word ‘directly’ is generally omitted and by 6A varies

as B ’ we mean {A varies directly as B\

Symbolically it is written as A oc B, where the symbol

‘oc’ denotes ‘varies as’.

From definition it follows that if av a2 ,
a3 ...and bu b2 , b.3 ,

...be the correponding values of A and B
, then

O’X #2 ^3

bi b% b$

Denoting each of these ratios by k(k?* 0), we have

&2 == b2ki a3~^
This fact is expressed as A=kB

, where k is some

constant, called the constant of variation.

Conversely , if A~kB, then A « B.

For example, the circumference of a circle is 2xr,

when n is some constant and we may say that the cir-

cumference of a circle varies directly as its radius.

2. Given any pair of corresponding values of A and By

the constant of variation (£) can be determined.

Thus if A <x B and .4=8, when J3=4, we have

A=kB, and 8=kA or £=2.

3. Inverse Variation. One quantity A is said to vary

inversely as B, if A varies directly as the reciprocal of B,
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1 k
i.e.

9
if A oc or A— where k is

£> L>
some constant.

Since A.B~k, the product of A and B is constant.

Thus for a given piece of work, the greater is the

number of men employed, the less is the time required

and vice versa.

4. Joint Variation. One quantity is said to vary jointly

as a number of other quantities, when it varies directly

as their product.

Thus, if A varies jointly as B and C, then A oc BxC.
i.e .. A—k.BC

,
where k is some constant.

Similarly, if A varies jointly as B
,

C, and D then

A oo .C.D.

For example, the area of a triangle base x altitude,

i.e.. the area of a triangle veries jointly as its base and

altitude.

One quantity A is said to vary as another quantity

B and inversely as a third quantity C, .when it varies jointly

as B and reciprocal of (7.

i.e., A B x or A~k .

B
where k is some constant.

For example, the time taken for doing a piece of

work varies directly as the volume of work and inversely

as the number of men engaged.

5. Theorem on Joint Variation.

If A varies as B when C is constant and A varies as

C when B is constant, then A varies as B.C when both

B and C vary.

Let ax
be the value of A s

when b
x

that of B and cl

that of C. Further let a2 be the value of A , wheft bz that

of B and c2 that of C.

Then av bv c
x
and b2 ,

c2 are two sets of simul-

taneous values of A, B, and C.
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Evidently, the change of A from ax
to a2 is due to

(1) the change of B from b
x

to b
2 , C retaining the

value q

(2) the change of C from q to c2, B retaining the

value b2.

(1) Let A change from ax to some value a different from

a
S9

when B changes from b
x

to b2 .

(2) Let now C change from q to c2> then A changes

from a to a2

From (1) & (2)

a

a b x q= L X “ *

fl2 *2 q
i.e,.

a
i
_b x ci

CL2 bgCo

•\ A oc BC, when both B and C vary.

For example, the area of a triangle varies (1) as the

base, when the height is constant, and varies (2) as the

height, when the base is constant.

Hence, the area of a triangle varies directly as the

base and height, when both base and height vary.

Cor. If A

B is constant,

oc B, when C is ^constant, and A oc when

then A oc when both B & C vary.

Ex. 1. Apply the principle of variation to find how
many men working 10 hours a day can complete a piece

of work* in 16 days, if 10 men take 10 days of 8 hours

each to complete it.

Let m=number of men, rf=number of days, /j=number

of hours.
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Clearly m varies inversely as d9 when h is constant

and varies inversely as h
9
when d is constant.

m oc

^
• * when both d and h vary

m — j, > where k is some constant.
ah

Now ro=10, when.d=10, h= 8

k ftOO
10 = in or A;=800 so that m~ •

10x8 dh

Hence when d - 16, h— 10,

800
we have m~

1 6 X lo""
5 '

Ex. 2. Three solid globes whose radii are 3‘, 4, & 5

inches are melted and formed into a new solid globe. Find

the radius of the new globe, given that the volume of a

globe varies as the cube of its radius.

Let Vt , V3 be the volumes of the globes whose

radii are 3, 4, 5 inches and V the volume and R the

radius of the new globe.

l\— k. 3s, TV /;. 43 ,
V3=A. 53

,
where’ k is some cons-

tant.

But i l\+ V2+V3=/c(3
3+43+53

)

R*=

3

84-4® -f 5
3= 27+64+ 125=216=63

R=6 inches.

Ex. 3. The mass m of a body varies as its density

p 9 when the volume v is constant, and varies as the volume v
9 ,

when the density is constant. If the unit of mass be defined as

the mass of a body of unit volume and unit density, show

that ??i=zp.v.

We have, mocp, when v is constant

and m<xv
,
when p is constant

m oc p.v, when both p and v vary.

m—kp.v, where k is some constant...... (1)
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When v~ 1 , P—1, we have m=l
\=k. 1.1 or /c= 1

from (1) m=p.v.

Ex. 4. The intensity of illumination from a source of

light varies inversely as the square of the distance. A
picture is 9 ft. off the source. How much nearer to the

light must it be so as to receive thrice as much light ?

Let / be the intensity of illumination at a distance d

from the source. Then

d2
or /= .„ where k is some constant.

a 2

The intensity of illumination at a distance 9 ft

1= k

9
2#

is

Let d
x

be the distance when / increases to 31

• •

Hence or d
x
2=27 or </i=3\/a.

it must be nearer by 9— 3^3 ft.

6. Part-Variation. In manufacture there is a fixed

initial cost and variable supplementary cost which directly

varies as the production of commodities. Salary of commer-

cial agents is composed of two parts—a fixed sum and a

percentage commission on the value of orders secured.

Similarly, royalty paid by publishers to authors may consist

of a fixed sum and a fixed percentage on sold copies.

Ex. 5. A traveller gets a fixed salary and also a

commission of 1|% on all orders he secures. He thus receives

an annual income of £ 670 per week on an average. What
is his fixed salary per year? ( C.U. 1942

)

Amount of order per year =£407 X 52.

Commission on order per year= If% of £407 X 52

=£370-37

fixed salary per year=£ 670—£370-37=£300 nearly;
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Ex. 6. An employer pays dearness allowance to his

employees at a fixed rate on the first hundred rupees and

at a lower rate on the balance of the basic pay. An
employee with a basic pay of Rs. 1 90 receives Rs. 340, and

another with a basic pay of Rs. 130 receives Rs. 250 as

total emoluments in a month. Determine the rates of

dearness allowance. ( C.U. 1952 )

D.A. of the first empioyee=Rs. (340— 190)=Rs. 150,

(basic pay being Rs. 190)

second ” =Rs. (250-130)=Rs. 120,

(basic pay being Rs. 130)

Total D.A=D.A on first Rs. 100+ D.A. on balance

Rs. 150=D.A on fij^t Rs. 100+D.A. on Rs. 90.

Rs. 120= ” 55 ” 55 +D.A. onRs/30.

By subtraction,

Rs. 30= D.A on Rs. 60.

rate of D.A. on balance of basic pay
30

~60 X 100 or 50%

Hence, D.A. on first Rs. 100 of basic pay

=Rs. 150—D.A or Rs. 90

=Rs. 150—50% of Rs. 90

—Rs. 150—Rs. 45=Rs. 105

/. rate of D.A. on first Rs. 100 of basic pay=105%

7. Uniform Growth.

Ex.7. 18 cows can eat a crop of growing grass in

15 days, and 22 cows can eat it in 10 days. Assuming

that all the time the grass is growing uniformly, find

how many cows can eat the same in 20 days.

Let original crop =at units

growth per day 99

daily consumption per cow=J **

Since original crop + growth in 15 days can be eaten

by 18 cows in 15 days, we have

*+15_y=18x 15x*=270 t (1)
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Similarly, *+ 10
.7= 10 x 22 x *=220 * (5)

by subtraction, 5.7=50* or ^=10 *.

Hence from (2), x+lOx 10*=220* or x=120/

If n be the required number of cows, we have

*+207=20 xwx*

/. 120/+20X 10*=20x n x*, whence n= 16 cows.

Exercise 6

1. Apply the principle of variation to find (a) how
much 13 men will earn in 20 days, if 20 men earn Rs. 000

in 1 3 days ? (b) how long 25 men will take to plough 30

acres, if 5 men take 9 days to plough 10 acres of land ?

2. If m men take n days working h hours a day

to make an embankment / miles long, how many men
working hi hours a day will make an embankment lL miles

long in nt days ?

3. The area of a circle varies as the square of its

diameter. If the area of a circle of diameter 14 in be

154 sq. in, find the area of the circle whose diameter

is 8 in.

4. The volume of a sphere varies as the cube of

its radius. If the volume of a sphere of radius 3£ in be

179f cu in, find the radius of the sphere whose volume

is 113^ cu in. *

5. Two globes of gold have their radii equal to r

and r\ They are melted and formed into a single' globe.

Find its radius assuming that the volume of a globe varies

as the cube of its radius. ( C.U. 1931 )

6. If the volume of a cone- whose height is 10 in

and base 15 square inch be 50 cubic inch, find the volume of

another cone whose height is 18 in and base 2 square

foot, assuming that the volume of a cone varies as the

height and area of the base.
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7. The volume of a cylinder varies as the square

of the radius of the base and its height. If a drum whose

base is of diameter 6 inches and height 72 inches contains

a liquid weighing 16 lbs, what will be height of another

cylinder whose base is 9 inches in diameter and contains

20 lbs of the same liquid ?

8. (i) If xocjy, show that x2 -\-y%ot&—y*

(it) If *3+J3cx*3—y3
} show that xccy and x+yocx—y.

(C.IV.A.)

9. If y varies as the sum of two quantities, one of

which varies as x, the other inversely as x and if >*==13,

when x—4
;
and _y=8, when x=2 , find the relationship

between x and y.

10. The pressure in a liquid varies as the depth

when the density is constant and varies as the density

when the depth is constant. The pressure is 1 when

the depth is 32 and density is I. Find the depth at which

the pressure is 2, when the density is 16.

11. The weight of a sphere varies jointly as the

cube of its radius and density of the material of which

it is composed. The weights of two spheres are as 9 : 2

and their radii as 3:2. Find the ratio of their densities.

12. The expenses of a boarding house are partly cons-

tant and partly vary as the number of boarders. In two

months the expenses amount to Rs. 2100 and Rs. 2400,

when the boarders are 30 and 35 respectively. Find the

expenses for 42 boarders.

13. An author received a sum of money for a book,

and in addition, a fixed sum for every copy sold. When 500

copies had been sold, he had received £ 85, 16s, 8d, and when

1350 copies had been sold, he had received altogether

£ 142, 10s. How much will he have received when 10,000

copies had been sold ? ( C.U.. 1931 )

14. The salary of a traveller is made up of a fixed

sum and a commission on orders secured. In two consecu-
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tive years he obtained orders lo the value of Rs. 31,500 and

Rs. 45,000 respectively, and he received Rs. 2,545 and

Rs. 2,950 respectively. If his salary for the next year was

Rs. 3,200, what was the value of the orders obtained ?

If he had obtained orders to the value of Rs. 60,000,

what would have been his salary? (C.U. 1932)

1 5. A manufacturer has priced certain pieces of fur-

nitures. The largest sells at Rs. 400 and the smallest at

Rs. 90. He wishes to alter the price so that the largest

will sell at Rs. 260 and the smallest at Rs. 60. Assuming

that the new price P and the old price Q are connected

by the relation P=a+bQ^ i
find the new prices of the fur-

niture valued at Rs. 125, Rs. 150 and Rs. 175.

16. A photographer offered to supp 3 copies of a

photograph for Rs. 12 and 12 copies for Rs. 30 and he

estimated that his profit would be Rs. 4 and Rs. 9 res-

pectively. For what sum should he supply 39 copies in

order to gain Rs. 18 as profit? (C.U. 1951)

[ C=P+Q.ni
C=total cost, P— constant cost,

Q=variable cost, n=number of copies ]

17. A mercantile firm pays dearness allowance to its

staff at a fixed rate on the first hundred rupees and at

a different fixed rate on the balance of the basic salary.

An employee whose basic salary is Rs. 270 is entitled to

get altogether Rs. 435 per month before deduction of in-

come-tax and another married employee with a basic salary

of Rs. 160 gets altogether Rs* 270. Find the rate of dear-

ness allowance paid by the firm. ( C.U.B. Com.

1

, 1962 )

A8. The electric current passing through a wire is, for

a constant voltage, proportional to the square of the dia-

meter and inversely proportional to the length of the wire.

If 440 amperes of current will pass through wire of 0*15

inch diameter and 3 miles in length, calculate the current

that will pass through a wire 2£ miles in i length and 0*4

inch in diameter. {C.U. 1960)



Chapter VII

Chain Rule

1. It is a powerful arithmetical device to calculate

an unknown quantity from a series of known quantities

mutually linked up by two. Problems of proportion,

simple or compound, and foreign exchange can be easily

tackled by this method.

2. Working Rule

1. Arrange each link or -pair so that the unknown
quantity denoted by x is put on the left side of the first

link.

2. Arrange other links so that the left side of any

other link has the same unit as the right side of the

previous link.

3. The required quantity x is of the same unit as

the right side of the last link.

4. Multiply the right hand figures and the left

hand figures separately and equate the products. This

gives x.

Ex. 2. Express shillings per pound ( lb
)

into

rupees per kg, given the cost of 1 lb = 25s, Re l = ls6d,

1 kg=2*205 lbs.

Let Rs. x =cost of 1 kg, then

Rs. x =1 kg,

1 kg=2*205 lb

1 lb=25s

IJs =Re 1.

xxlxlxlj =1x2-205x25x1

=Rs. * 2® =Rs. “O'25 = Rs. 36-75.
If O
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Ex. 2. If 5 lambs are worth 2 sheep, 8 sheep are

worth 3 cows, 4 cows are worth 3 horses, how many lambs

are worth 18 horses ?

Let *=number of lambs, then

x lambs—-18 horses

3 horses= 4 cows

3 cows= 8 sheep

2 sheep= 5 lambs

*x3x3x2 =18x4x8x5

*= 18X4X8X5 = |60 ,ambs
3x3x2

3. The Chain Rule may also be illustrated as follows.

Ex. 3. Find a suitable multiplier to convert 100

francs per metre into rupees per yard, given that

Re l=ls6d, £I= 125fr, 1 metre=39*37 inch

Here the price of 1 yard is to be expressed in

rupees.

Arrange the data so that the yard forms the first

and rupees the last items of the different links.

The links are arranged not all in the same row but

one below another under proper heading.

Equate the continued product of the right hand members

and the continued product of the left hand members of the

different links that make the whole chain.

yard

1—
inch metre fr

>36

39.37 >1

1 MOO
125

£

1

1 v20
3

r. TS

cost of 1 yard = Rs.
30x 100x20

39 :37 x 125 xj

Rs.

- > 1 .

Rs. 9-75
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Exercise 7

1. Gold is being sold in London at £7 Os 6d per

ounce. Find the value of 21 grammes of gold in dollars

when 1 oz = 28*35 gm, and £ 1 = $ 4*86
( P.U. 1946)

2. If 20 lambs are worth 15 sheep, 25 sheep are

worth 6 cows and 15 cows are worth 8 horses, find the

cost of a lamb if a horse is worth Rs 750.

3. Express the speed of 40 m. p. h. in kilometres

per second, given 1 metre— 39*37 inches.

4. Given 1 metre=39-3 inch, £ 1=25 francs, quote

the cost in shillings per yard of .silk worth 8f fr per metre.

5.

f I 19 dollars= 80 marks, 16*1 marks=100 fr, 25 fr

=£ 1, Is 4d=Re 1, how many rupees are equivalent

to 3,059 dollars? {P.U. 1946)

6. Find a suitable multiplier to convert

(i) rupees per yard into francs per metre.

(ii) shillings per lb. into rupees per kilogram,

having given Re 1 =Is 6d, £ 1 =125 fr, 2*2 lb - = 1 kg,

1 metre=39‘37 inch.

7. Given that an English gallon is 277*274 cu. in.,

that 6 U. S. gallons are equal to 5 English gallons, and

that a litre is 61 cu* in, express 10 U.S. gallons in litres correct

to 2 decimal places.

8. Safety razor blades are quoted at German port

at R. M. 175 per kgm. Find the imported cost of blades

per gross, being given £ 1 = 19-50 R. M., Re 1 = ls 6d,

1 kgm=2*2 lb, weight of a blade=2-20 grains, average

cost of transport, insurance, etc., =8 annas 7-4 pies per

gross (
given 1 lb = 7,000 grains

) ( P.U. 1945 )

9. Goal is sold in England f. o. b. for 17s a ton

and in France the price is 20 francs per metric ton
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( 1000 kg ). What is the total amount in francs per

metric ton of freight and profit ? £ 1 =25*23 fr.

( C.U. 1943)

10. A man gave 25 twenty-franc pieces in exchange

for 20 soverigns. Calculate his gain in English money
and in French money. What was his percentage gain ?

{ Assume £ 1=25-225 fr.)

11. An English merchant ordered silk in France at

40 francs per metre. When the silk entered England,

the merchant had to pay duty 25 per cent of the total

value of the silk. Find to the nearest penny, the final

cost per yard of the silk to the merchant, taking 80

francs=£ 1 and 1 metre =39-37 inches.



Chapter VIII

Percentage

1. Percent or percentum means cfor every hundred.*

Therefore, 3 per cent means 3 for every hundred and is

written as 3 per cent, or 3 p. c, or 3%.

The rate per cent is a fraction whose denominator is

100 and the numerator is the rate per cent.

Th“ *% - m •
4% = m '*='

Every rate per cent can always be expressed as a

fraction and reduced to its lowest terms.

Thus 124% -Jg =8 ; 334% ={ etc -

100 3

Conversely, every fraction can be expressed as a rate

per cent by multiplying it by 100.

Thus — 40®/lhus 5"” 5X20 ~ 100
/o

Again
^
X 100 =40 etc.

2* Illustration.

66f% =105=3

100% = }g-l

l0o/-L°= L/o— 100 10

gio/ _ — _L°* /0 100 16

2 /# “ 100=200

06f% of 300=4x300=200

100% of 300= 1 X 300=300

10% of 200 =xoX 200=20

6jfc% of 40 =Ax40=2*50

1% of 1000= 1000=5
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3. Decimal Method. Division of any number by 100

is effected by shifting the decimal two places to the left.

10% of 200 = 10x1 % of 200=10x2 =20 etc.

4. Distinction between 2as per cent and 2 per cent etc.

(i) 2as per cent means 2 annas for every hundred

rupees.

• • pcr cent“ Rs 100“ 1600“ 800“ 100 “ 8 /o

But 2 per cent=
1
j'

0
= ^

(ii) 25s per cent and 25 per cent.

25s per cent means 25 shillings for every hundred £

• • “5s peI cent “£100“ 100x20“ 80 “ 100“ 4 /o

5. To increase a quantity Q by r per cent

If the original quantity is 100, the increased quantity

is 100+r

If the original quantity is Q,* the increased quantity is

*x(ToT)

Thus, to increase Q, by r%, multiply by

If the quantity Q, be increased » times by r%, the

n ( 100+r \*
increased quantity= CL X l

j'oq )

6. To decrease a quantity Q by r per cent, multiply by

100-t.

100

If the quantity Q be decreased n times by r %,
/ 100—

r

\* '

the decreased quantity = Q, X \~iqq~ )
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9 Ex. I. The price of coal is increased by 12*5% and

the present price per maund is Rs 2*50. What was it

previously ?

Original price Increased price

100 112*5

? Rs 2-50

_ 2-50x100
' Rs -

112-5
” Rs ' 2 = Rs. 2-22.

+ Ex. 2 . The annual increase in the population of

a town is 25 per thousand. If the present population is

4,09 600, what will it be in 4 years time ? What was it

2 years ago ?

25 per thousand = 2 #5%

Population 4 years after = 4,09,600 x
(

= 4,09,600 x(~)
4

=4,52,122

/ 100 \
2

Population 2 years ago=4,09,600 x
\jqo

=4,09,600 x
(|f)

8

=3,89,863

m Ex. 3. A man spends 25% of his annual income for

food, 15% for rent, 12% for education, 33% for other expenses

and his annual saving is Rs. 540. Find his annual income.

Let his annual income=100

Then his annual expenditure=25+ 154-12+33=86.

his saving®* 100—85=15.

Income
100

?

Saving
15

Rs. 640
? = Rs. 540x100

15
= Rs. 3,600.

Ex. 4. A workman is able to save 12$% of * his

wages; but if his wages were raised 2s a week and his

expenditure were increased by 10%, his annual saviiig*
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would be diminished by 17s 4d. What were the man’s

weekly wages, a year being taken as 52 weeks exactly ?

( C.U.1943 )

If his weekly wages be 100, his expenses=100— 12*

=87*

/. increase in expenses=10% of87| = 8J

decrease in savings=8£.

17s 4d
But decrease in weekly savings = ~$2

~ *4d.

the actual decrease is savings=4d + 2s=2|s.

Weekly wages

100

Decrease in savings

8J

2^s

100 a 2^ pi a QJ3
s = £1 6s 8d.

v Ex. S. A man embarks his whole capital in 4 succe-

ssive ventures. In the first he obtains 100% and in each of
the others he loses 20%. Show what percentage he has

gained on his original capital.

Let original capital = 100

Add profit 100% j= 100

Gap. after 1st. venture = 200

Less loss 20% = 40

Cap. after 2nd. ventuie = 160

Less loss. 20% = 32*

Cap. after 3rd. venture = 128

Less loss 20% = 25*6

Cap. after 4th. venture = 102*4

Less capital = 100

Gain
1 = 9*4

(CU. 1944)

gam per cent

« 2*4.

• Ex. 6. Pure milk contains 89% Of water. A sample
of milk on being analysed is found to contain 90% of water.

What is the adulteration in 22 seers of milk ?
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Let quantity of pure milk = 100 seers

Then quantity of water = 89 seers, other substances

present = 1 1 seers

The given sample contains 90% of water.

Other substances present == 10 seers in every 100 seers.

When water is added, other substances remain un-

changed.

Other substances Pure milk

11 100

10 ?

0 10x100 Qn 10? = — =9on secrs ’

Hence 100 seers of mixed milk contain 90^? seers

of pure milk.

quantity of extra water

Mixed milk

100

22

Adulteration

a 1
T

100—90 or 9 —seers.

? _22x 9t\TT
100

=2 seers.

seers

Alternative Method.

Let * seers of water added to 100 seers of pure milk

produce the impure sample.

Quantity of impure milk = 100+* seers

„ „ water = 89+* „

. 100+* 100
•• 89+* ""

90 ^
or 900+9*= 890+10* or * = 10.

110 seers of mixed milk contain 100 seers of pure

milk etc.

* Ex. 7. If the price of coal is raised by 10 p. c., find

by how much per cent a man must reduce his consump-
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tion of that article so as not to increase his expenditure ?

( P.U. 1952

)

Let original consumption=100 units

„ price of each unit=Rs. 100

Then total original cost=Rs. 100 X 100=Rs. 10,000

Increased price of each unit=Rs. 110

If the total cost remains the same, number of units

that can be purchased at the increased price=-^~^= 90~.

necessary reduction in consumption = 100—90

Alternative Method

Original price Increased price

100 110

? 100

= 9rf%

100xl00_ on 10

no
~ y

lr

Hence reduction in consumption =9y-j- %

•Ex. 8. In an examination 55% of the candidates

failed in English, 40% in Mathematics and 25% in both.

Find the percentage of those who passed in both the

subjects.

Let total number of candidates = 100

Then number of candidates foiled in English=55

„ „ ,» „ Math.=40

u >> » »> both=25

„ „ „ ,, English only=55—25=30

„ „ „ „ Math. only=40—25=15

„ „ „ „ in one or more subjects

= 30+15+25=70

.* . total number of passes= 100—70=3(F

,*. required percentage of pass=30.
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7. Step and Slab basis

Under the Step System, the entire amount is subjected

to a single uniform rate which increases as the amount in-

creases.

For instance, under the Indian Income tax Act be-

fore 1939, the rates of income tax were fixed on a step

system in a graded ascending scale. A person having a large

income had to pay tax at a uniformly higher rate on his

whole income than another with a lower income.

Under the Slab System, different slabs or portions

are subjected to different rates, the bottom slabs having

lower and the upper slabs higher rates.

Since 1939 the basis pf income taxation has been re-

placed by slab system.

Ex. 9. Take the hypothetical case (
Step System )

Tax on income upto Rs. 5000 nil

,, „ „ above Rs 5000 and upto Rs 15,000 5%
„ „ „ „ Rs 1 5 000 and upto Rs 30 000 15%

„ „ „ „ Rs 30,000 and upto Rs 50,000 30%

(i) An assessee with income of Rs. 10,000 is to pay

tax at 5% on his whole income of Rs. 10,000

/. his tax—5% of Rs. 1 0.000 =-Rs. 500

(ii) An assessee with income of Rs. 20,000 is to pay

tax at 15% on his whole income of Rs. 20,000

/. his tax=15% of Rs. 20,000=Rs. 3,000

Ex. 2. Schedule of rates of income-tax for the fiscal

year 1951-52. on total annual income of individuals

First Rs. 1,500 nil

On next 3,500 9 pies per rupee

On next >5 5000
9

21 „ „ ii

On next SJ 5,000 36 „ ,, 9»

On balance of income 48 „ „ ))

Calculate income-tax on the annual income

Rs. 15,800.
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The total annual income is divided into the'following

slabs— 1,500 + 3,500 + 5,000 + 5,000 + 800.

Tax rate nil 9 pies 21 pies

per Re. per Re.

.\ total tax on Rs. 1,500

+Rs. 3,500x9 p.

+Rs. 5,000x21 p.

+Rs. 5,000 X 36 p.

+ Rs. 800 x 48 p.

36 pies 48 pies

per Re. per Re.

=> 0

= Rs. 164 la

= Rs. 546 14as

= Rs. 937 8as

= Rs. 200

Rs. 1,848 7as

8. Effective Rate. In the above example the annual

income is Rs. 15,800 while the tax paid is Rs. 1,848 7 as.

/r> . • . r* 1,848 7as
The effective rate = Rs. ^

= 22-46 pies per rupee

The effective rate may also be expressed as a percentage.

The effective rate in the previous example

Rs. 1,848 7as _ 1848-44
“ Rs. 15,800

' X 1W -
i 58

11*7%

Exercise 8
y

*{. After paying 62*% of a bill, Rs. 526 is still due.

What is the 12*% of the bill ?

A factory consumes 3650 tons of coal in a year.

Assuming 7*% of the consignment is due to wastage, find

the actual requirement.

« 3. 15% of the inhabitants of a town having died of

plague a panic set in during which 26% of the remaining

inhabitants left the town. If the population was reduced

to 33,660, what was it originally ? ( P.U. 1948

)

. 4. 65 per cent of the workers in a factory are men
getting an average wage of Rs. 20 a week e2ch, and the

r^st are women getting an average wage of Rs. 12 a week
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each. Find what per cent of the total wages earned is paid

to (i) men (it) women.

* 5. The population of a city increases at the rate

of 25 per thousand per year. If the present population

is 1 ,50,460, what was it a year ago ? What will it be 2

years hence ?

'6. At a census it . was found that the minors formed

40%, 42% and 45% of the populations of 3 towns respec-

tively. The total populations of the towns are as 7:5:2.
What percentage of the combined population is minor ?

( P.U. 1949 )

% 7. By what per cent would the cost of a square

carpet be above or below fhat of a second carpet if the

side of the former be 8% greater than that of latter,

but the cost per sq. yard is 2% less than that of latter ?

i 8. A landlord after paying 5 per cent for collection

and 2as in the rupee as incometax gets Rs. 13,100 as

net rental. Find his gross rental.

A landlord pays 1% for collection of rent and

7 pies in the rupee as incometax. Had he paid 2% for

collection and 5 pies in the rupee as incometax, his net

receipt would increase by Rs. 10 2as. Find his gross income.

( G.U. 1957

)

^•731 v

» 10. At an election^ 4,231- persons voted out of a

total of 5,370 elctors. 29,64^7 voted for X and the remaining

voted for y. What percentage of the electors did not vote

and. what percentage of the total votes did X receive ?

*11. A dealer mixes 90 gallons of wine containing

10% of water with 60 gallons containing 20% of water.

What is the percentage of water in the mixture ?.

(P.U. 1943)

> «12. (t) Pure, milk contains 88’75% of water and a

sample of milk is found, to contain 90% of waiter. .What

is the extent of adulteration in 18 seers of this sample ?
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£
(ii) Genuine milk contains 88*75% by bulk

#
of water,

2*75% of fat and the remainder non-fatty solids. A purchaser

buys 7 gallons of milk at 3d a quart ; the milk on being

analysed is found to contain 90*84% of water, 2*24% of

fat, the residue being non-fatty solids. Find whether any-

thing besides water has been added to it, and find the sum
of which the purchaser has been defrauded. ( C.U. 1941

)

( Hints. Show that the percentages of constituents other

than water are unaltered.
)

*13. A workman saves 15% of his wages, but if his

wages were raised Rs. 3 a week and his expenses were

increased by 12£%, his annual savings would be diminished

by Rs. 05. What are the man’s weekly wages ?

• 14. The fare of a bus journey has been increased

by 25 p.c and there is consequently a fall of 40 per cent

in the passenger traffic. Find the percentage decrease in

revenue. ( G.C. 1947
)

• 15. The price of petrol is increased by 15%. Find

by how much per cent a man must reduce his consumption

so as not to increase his expenditure ?

• 16. Keeping the expenditure fixed, if the price per

unit of any article is decreased by r per cent, show that

the quantity that can be had would be increased by %.

17. In 1953 a manufacturer purchased 392 tons of

coal at a contract price of Rs. 22 0as a ton. In 1954

the coal merchant increased his price by 15%. If the

manufacturer’s outlay for the coal was same as before,

how many tons could he buy? If he would purchase

339 tons at the increased price, by what per cent would

his outlay on coal be increased or decreased ? ( C.U. 1954 )

18. An increase of 50% in the import duty resulted

in an increase of 20% in the price of a motor car. What

percentage of the old price represented duty ? ( G.C.
)
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• 19. In an examination 20% of the candidates fail in

English, 25% in Mathematics, and 10% in both. Find the

percentage of those who pass in both subjects. ( P.U. 1950 )

20. The following is the schedule of rates of Super tax

and Surcharge for a certain category of assessee

Income of ;Super tax-rate Surcharge
assessee

On first Rs. 25,000

per Re
nil nil

On next ,, 15,000 3as of the rate in

99

9999 99 15,000

previous column

4as

)) 99 15,000 6as 99

99 99 15,000 7as 99

99 99 15,000 7£as c 99

99 99 50,000 8as 99

On balance 8ias 9 9

Find the Super-tax and Surcharge payable when the

total income is (i) Rs. 42,000 (ii) Rs. 1,20,000.

Calculate effective rate in each case.



Chapter IX
Elements of Manufacturing Cost

1* The manufacture of any product involves various

elements of expenditure which go to make up its total cost.

The total cost of any product may be divided into

two principal classes of expenses, direct and indirect.

Direct Cost consists of those expenses which are actually

incurred in and wholly identified with a particular product

or job.

Indirect Cost includes all other expenses incurred for

the benefit of production as a whole and can not be iden-

tified with any particular unit of cost.

2. The main divisions into which total cost is divided

are (1) Material (2) Labour or Wages (3) Expenses.

Raw Material. It is one of the most important elements

of cost. There are two kinds of material entering into

factory cost.

That portion of the material wholly used directly for

production is known as Direct Material. Direct material is

the first element of cost. Another portion of material is

used for the undertaking as a whole and can not be identified

with and allocated to specific work. It is called Indirect

Material. For instance, oil and cottonwaste used in runn-

ing machinery form indirect material. Materials of small

value such as nails and glue in the manufacture of toys

are sometimes treated as a direct charge to production.

Labour. There are also two classes of labour—direct and

indirect. Labour which is wholly identified with production

of a unit is Direct or Productive. It is th$ second element

of cost. The wages of a labourer directly engaged in pro-

duction are direct. That portion of labour associated with
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general services and cannot be charged directly to any

particular job is called Indirect or Un-productive. The labour

of foremen, time-keepers, supervisors is indirect and forms

part of the overhead expenses of a factory.

Expenses. Besides material and labour, other expenses

are also incurred in production and those may be charged

to administration, selling and distribution. All items of ex-

penses which may be charged direct to the running of the

factory such as the cost of administration are termed Direct

Expenses. Other expenses such as selling and distribution

expenses, with which the factory organisation is not con-

cerned are called Indirect Expenses.

3. Costing Terminalogy. c

Oncost—Overhead Expenses—Burden—Indirect Expenses.

Direct Expenses—Chargeable Expenses

Works Oncost.—Factory Oncost—Works Expenses. It

comprises all indirect expenses incurred in running the factory,

Office Oncost—Office Overhead. It consists of all other

indirect expenses such as administrative, selling and distri-

bution expenses incurred upto sale.

Prime Cost—Basic Cost—Flat Cost. It comprises direct

material, direct lobour and expenses directly chargeable to

production.

Factory Cost—Manufacturing Cost—Cost of Production

—

Works Cost. It comprises prime cost and works oncost.

Gross Cost—Total Cost—Selling Cost. It comprises works

cost and office oncost.

Selling Price—It comprises total cost and profit.

4. Diagram Shoeing Division of Cost Elements.

Direct Material)

Direct Labour
|

Prime Cost \
’

'

Direct Expenses! \ Works Cost l

Works Oncost)
Office Oncost

TotaL
Cost

Profit

Selling

Price
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5. Items commonly included in

(1) Works Oncost—Factory Rent and Rates, Factory

Lighting and Heating, Fuel and Power, Repair and Renewals

to Plant and Factory, Depreciation of Plant and Machinery,

Salary of Works Manager, Works Technical staff, Wages of

time keepers & Foremen, Works Telephones, Stationery etc.

(2) Office Oncost— Office Rent, Office Lighting and

Heating, Repairs of Office Buildings, Stationery, Deprecia-

tion of Office Buildings, Furnitures & Fittings, Salaries of

Office staff, Insurance of Premises, Printing, Directors’ and

Audit fees, Warehouse upkeep, Discount, Interest and bad

debts, Salaries and Commission of Salesmen and Travellers,

Advertisement, Price Lists, Showroom rent and Insurance,

Salaries and wages of Showroom staff, Legal Charges, Carriage.

6. Allocation of Oncost

Some expenses can always be charged directly to sales

or works. But there are expenses whose classification and

apportionment present difficulties. The simple method of

allocation of oncost is to charge each unit as a percentage

of one or other of the elements of direct expenditure. In

many cases such simple subdivision is sufficient but in some

others it is most inaccurate.
\

Generally,

Works Oncost is allocated as a percentage of direct

wages. It is particularly suitable where the labour is uniform

and rates are fairly constant. *

Orertime is charged to jobs concerned

Office Oncost is allocated as a percentage on works

cost of each individual job.

Selling Oncost is allocated as a percentage on the selling

price of each article.

Depreciation in plant and machinery is generally provided

on ; the diminishing balance system on their values.
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Lighting and Heating expenses are allocated on th£

basis of floor space.

Power is charged on each department on the basis

of consumption or Machine Hour or Direct Labour Hour.

7. There are several methods of charging oncost to

production

(1) As a percentage on material

(2) As a percentage on direct wages

(3) As a percentage on prime cost

(4) On machine hour rate

(5) On direct Labour hour rate.

8. Costing involving fixed and Variable items

Many overheads or indirect expenses such as rent,

rates, works manager’s salary are fixed in character as they

do not vary substantially with the volume of output. Some
expenses, however, change with the volume of production.

Repairs of Plants and buildings, commissions to salesmen

etc are variable overheads. Some expenses are semi-variable.

They move with the level of activity but not proportionately.

A telephone bill contains a fixed charge for rental and

a variable charge for calls and is semi-variable.

Where the items of expenses are partly fixed and

partly variable the cost per article decreases as production

increases. But there is a certain limit, beyond which the

cost does not fall without adverse effects.

9. Office Oncost is purely trading and not manufac-

turing. It is usually subdivided into

(1) Administrative Expenses—expenses incurred in

management and administration

(2) Selling and Distribution Expenses—expenses incu-

red in disposing of manufactured goods.
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10. Cost Summary

Rs.

Direct Cost Direct Materials 10,000
Direct Wages 3,000
Chargeable Expenses 1,500

Prime Cost = 14,500

Works Expenses

Indirect Materials 500
Indirect Wages 1500
Factory Rent & Rates 500
Repairs 200
Factory Lighting and Heating 600
Depreciation of Plant 800
Insurance 600
Power 1000

Works Cost 20,200

Office & Administrative Expenses

Office Rent & Rates 800
Office Salaries & Wages 1,400

Stationery 400
Repairs 200
Depreciation 500

Cost of Production 23,500

Selling and Distribution Expenses

Rent of Showroom * 1000

Lighting 400
Advertising 500
Salaries and commission 800
Travellers* Expenses 1200

Discount 200

Bad debts 400

Selling or Total Cost 28,006
Net profit 4,800

Sales 32.800
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11. Costing. The fundamental object of costing is to

analyse expenses and allocate them to individual units of

cost. Costing helps to trace wastage and check it. It

helps to make forecasts and adjust prices to meet market

conditions.

12. Standard Cost and Cost Budgeting

To obtain maximum benefits, production is planned

in advance. Standard cost means cthe determination of costs

of standard products, produced in standard qualities under

standard conditions which may be normal or otherwise.’

Standard costing does not only reveal the cost of each

unit but at the same time explains why such cost differs

from the forecast estimates.

Budgetary control means the systematic control of

all factors affecting production by standards prepared well

in advance by minute details, thus providing with a standard

by which efficiency may be measured. The differences

between actual expenditure and predicted standards are

thus exposed at every stage. Effective steps can be taken

to control expenditure and remedy the position.

The difference between actual expenditure and predicted

standard is known as variance or variation and may arise

out of

(1) variation in quantity consumed, called usage

(2) variation in price of raw material

(3) variation in the time taken for production

(4) variation in efficiency

(5) variation in wages rate

(6) variation in volume of production

(7) variation in working hours.

Efficiency Percentage. The ratio of standard cost of

a unit to its actual current cost is called Efficiency Percentage.

Ex. 1. A factory executes two work orders. Materials

cost Rs. 80,000, and Rs. 60,000 ; Direct wages Rs. 15,000 and

5
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Rs. 12,000 ;
Direct Expenses Rs. 1,500 and Rs. 900 respectively.

Factory overhead is 80% of Direct wages, office overhead

20% of Works cost. Find the cost of production of each

work order.

Work Order No 1 Work Order No 2

Rs. Rs.

Direct Material 80,000 60,000

Direct Wages 15,000 12,000

Direct Expenses 1,500 900

Prime Cost 96,500 72,900

Factory overhead

(80% of Direct Wages) 12,000 9,600

Works Cost 108,500 82,500

Office Overhead

(20% of Works Cost) 21,700 16,600

Cost of Production 130,200 99,000

Ex. 2. The cost of production of an article is made

up as follows : Materials Rs. 800, Direct Wages Rs. 400,

Direct Charges Rs. 75, Works Oncost 75% of Direct Wages,

Office Oncost 30% on Works Cost, Selling Oncost Rs.

212. If the net profit is Rs. 205-50, find its normal

selling price. Also express profit as percentage of (i) sales,

(2) cost of production and (3) prime cost.

Materials 600

Direct Wages 400

Direct Charges 75

Prime Cost 1>275

Works Oncost

(75% of Direct Wages) 300

Works Cost 1,575

Office Oncost

(30% offWorks Cost) 472*50

Cost of Production 2,047*50

Selling Oncost __ 21

2

Cost of Sales 2,259*50

Net Profit 205*50

Selling Price 2,465

( 1 ) Profit on Sales.

, =X46T X 100 = 8 ‘34%

(2) Profit on Cost ofProduction

=2SX

2,047*50 (3) Profit on Prime Cost
2 12 205*50

2,259-50
=

T$75 X 100= 16-12%
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Ex. 3. The Cost Accounts reveal the following infor-

mation in relation to the production of a standard article.

Materials consumed Rs. 140,000

Direct Labour 9 ) 80,000

Direct Charges 9 9 10,000

Factory Overhead 99 ^0,000
Office Overhead 99 50,000

Prepare (a) Percentage of Factory Overhead to Direct Labour
(b) Percentage of Office Overhead to Works Cost
(c) Quotation price for the manufacture of an

article consuming materials costing Rs. 2000 and labour

Rs. 800 so that a profit of 30% is made on production cost.

Dircet Materials Rs. 140,000

Direct Labour „ 80,000

Direct Charges „ Ml0,000

Prime Cost 230,000
Factory Overhead 20,000

Works Cost 250,000
Office Overhead 50,000

Cost of Production 300,000
(a) Factory Overhead % to Direct Labour

~ 20,000 x too ~2 r
)—

80,000
X 4

(b) Office Overhead % to Works Cost

M?. x ioo=20
250,000

X 4

(c) Material Rs. 2000
Labour Rs. 800

Prime Cost Rs. 2800
Factory Overhead

( 25% of Labour )
Rs. 200

Works Cost Rs. 3,000

Office Overhead

( 20%of Works Cost ) Rs. 800

Cost of Production Rs. 3,600

Profit Rs. 1,080

(30% of Production Cost)

Selling Price Rs. 4,680
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Exercise 9

1. Tabulate the Elements of Cost, showing the usual
items of expenditure relating to each.

2. A cost analysis of an Engineering Co. shows the
following particulars.

0 Rs.

Materials used 20,50,000
Direct Wages 8,00,000
Works Oncost 1 ,50,000
Office Oncost 40,000

Show the Works Cost, Total Cost, percentage of Works
Oncost to Direct Wages and Office Oncost as percentage
of Works Cost.

3. In a factory direct material consumed in 1960
amounted to Rs. 8,000 ; direct wages Rs. 10,000 and total

factory overhead Rs. 6,000.

If the factory produced an article whose material cost

was Rs. 400 and direct wages Rs. 600, find the factory cost

of the article, the factory overhead being calculated on the

(1) prime cost basis (2) direct labour cost basis (3) direct

material cost basis.

Soln. Direct Material=Rs. 8,000
Direct wages =Rs. 10,000

Prime Cost —Rs. 18,000

Factory overhead

=
1 8^000

X 100=33i% of Prime Cost

= 10^000
X 1 00=60% of Direct Labour

=|^ xl00=75%*°f Direct Material

(i) (2) (3)
Rs. Rs. Rs.

Direct Material 700 700 700
Direct Wages 500 500 500

Prime Cost 1,200 1,200 1,200

Factory Overhead
33*% of Prime 60% Direct „ 75% Direct
Cost 400 Wages 300 Material 525

Factory Cost T356 ]J25
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4. An analysis showed that the cost of production of

an article is made up as follows : Materials 40%, Wages

30 %, Overhead Charges 30%. If wages rise by 10%‘ and

cost of materials fall by 5%, find the reduction nece-

ssary in the overhead charges in order that the cost of

production may remain unaltered. ( P.U.1944

)

5. The prime cost of an article is 3 times the value

of the raw materials used. The cost of raw materials in-

crease in the ratio of 5 : 12 and productive wages in

the ratio of 3:5. Find the prime cost of an article which

was used to be made for Rs. 4, 3as, 6p. ( G.C., P.U. 1945)

6. The standard cost analysis gives the following

percentages on the total cost ;
Prime Cost- -40 ; Factory

Oncost—38 ;
Office Oncost—2§. The actual analysis showed

Prime Cost to have gone down by 5% ;
Factory Oncost

and Office Oncost gone up by 5% and 2\% respectively.

If the selling price was marked 10% above standard cost,

how would the rate of profit be affected ? P.U- 1944 (S)

7. A Cost Analysis gives the following percentages

Selling price ... ... 100
Prime cost

Factory Oncost
Office Oncost
Profit

32
28
29
11

A sudden jump in the price of raw materials increases

prime cost by 25%, which is sought to be set off by

reductions in the extimated profit and Office Oncost in

the ratio 1:3; other things remaining unaltered. Find the

adjusted percentages.

8. A factory executes 3 work orders. Materials Cost

8s. 30,000 ;
Rs. 40,000 and Rs. 75,000, Direct Labour Rs. 12,000

;

Rs. 18,000 Rs. 50,000 and Direct Charges Rs. 1000,

Rs. 1500, Rs. 3,000 respectively. -

Factory Overhead is 70% of Direct Labour, Office

Oncost is 30% of Works Cost. Find the total cost of each

work order.
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9. A manufacturing concern made up its Accounts

and produced the following data for the year ended 30th

June, 1946.

Material used £ 300,000

Productive Wages £ 250,000

Factory and General Expenses £ 50,000

Administrative and other Expenses £ 30,000

The Factory and General Expenses are applicable to

Factory only.

You are required to prepare the following Cost Statement

:

(a) Factory Cost Statement

( b )
Percentage of Factory and General Expenses to

Productive Wages

(c) Percentage of Adminstrative and other Expenses

to Factory Cost

(d)
The price the Company should quote for the pro-

duction of a Machine requiring material valued £ 1,000 and

Wages £ 500 so that the price will yield a profit of 25%
on total cost. ( l.C.A.I. 1947 )



Chapter X
Price-Fixing and Quotations

1. We have already seen in Chapter IX how cost

price of manufactured goods is related to direct and indirect

charges incurred in the process of manufature.

In trading concerns, certain expenses are incurred in

presenting goods for sale, some of which have the effect

of raising cost price, while others reduce the margin of

profit. The usual practice is to add a certain percentage

to the cost. °

Generally the profit so calculated is a percentage of

the total cost. It may also be calculated as a percentage

on sale or turnover.

Thus if the cost is Rs. 800 and profit is 20% on

cost, the selling price is fixed at Rs. 800+1&- 160 or Rs. 960.

If, however, the profit is 20% on sale, the selling price is

Rs. 1000.

C.P

80

Rs. 800

S.P

100

X
A'-Rs.

800 x 100

80
=Rs. 1,000.

2. Catalogue price. For certain business a different

procedure of price-fixing is adopted. Manufactures or whole-

salers usually issue catalogues or price lists of goods sold

by them. The price quoted in the catalogues is called

Marked Price, List Price, Catalogue Price or Scheduled Price.

These are abbreviated as M.P.

3. Trade Discount. When goods are sold to trade, i.e

by a wholesale dealer to a retailer engaged in the same

trade, an allowance is made off the list price. This allow-

ance is called Trade Discount . It enables the latter to sell

the goods at the Marked Price and yet leaves him a margin

of profit after meeting all necessary expenses.
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' Trade discount is always calculated as a percentage

on Marked price and deducted from marked price giving

selling price

Thus, M.P— Trade discount— Selling price.

4. Cash Discount. It is an allowance made by the

seller to the purchaser for prompt payment. When both trade

and cash discounts are allowed, trade discount is allowed

first and cash discount is allowed next on the reduced amount .

5. Successive Discounts. When two or more discounts

are allowed, each is calculated on the preceding reduced

amount.

Equivalent Discount. It is a single discount which

has the same effect as several successive discounts.

Thus two successive discounts of 20% and 40% are

equivalent to a single discount of 52% and not 60%.

Equivalent discount

= 100—48=52%

Less 2nd. discount 40% — 32
|

Second reduced balance = 48

If dv d2 be two successive discounts, their equivalent discount

( 100-4) (100-</2)==10°- ' 100

Ex. I. A trader is allowed a cash discount of 5%
in addition to a trade discount of 10% and 10%. Find

the net amount of the bill for Rs. 240. ( P.U.1948 )

Bill value =Rs. 240

Less discount 10% = 99 24

Reduced amount = ” 216

Less discount 10% = 21*60

Reduced amount = ” L94*40 *.

Less discount 5% = 9*72

Net amount =Rs. 184*68

M.P =100 I

Less 1st. discount 20% = 20

First reduced balance = 80
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6. Method of Proportional Numbers. The above can

also be worked out by proportional numbers and simple

proportion.

Bill value = 100

Less discount 10% = 10

= 90

Less discount 10% = 9

= 81

Less discount 5% = 4-05

Net amount = 7695

Bill value Net amount |- 0 240x76-95

100 76-95
j

' 100

Rs. 240 =Rs. 184-68

Ex* 2

•

An article is marked at Rs. 120 and sold at

discount of 12$%.? Find the cost of the article so that

profit of 20% may be made on cost.

M.P = 120 C.P =100
Less discount = 15 Add profit = 20

S.P = 105 S.P =120

C.P S.P

100 120 1 ?=Rs.
•0® *

:

100
87 .50

r> Rs. 105 !

120

Ex* 3

•

What price should an marked on an article

which costs £2 — 6s—8d so that a profit of 10% may be

made after allowing a discount of 12$% for cash ?

( C.U.1942

)

— 18s—8d.
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Note. M.P can also be found from the formula

M p = .

100 f profit%
100— discount%

x C.P.

Ex. 4. A trader is offered a discount of 13£% by

one wholesaler and 10% and 5% by another. Find which

is cheaper. If he purchases at cheaper rate and sells at

5% below list, what profit does he make ? ( C.U. 1944 )

Let the list price of each

First wholesaler

M.P =100
Less discount 13£% = 13£

S.P -861

wholesaler =100

Second wholesaler

M.P -100

Less discount 10% =10
Invoice Price — 00

Less discount 5% — 41

S.P =sr>i

The second offer costs less and is cheaper.

Profit =95—85£ =9fTrader’s C.P.

” S.P

-85£
=95 Profit on cost =i^rX 100— Il-J%

Ex. 5. A manufacturing firm is accustomed to allow

to trade customers a discount of 15% on the prices in its

published list. This has given it a profit of 10% on the

cost of manufacture. The cost goes up 12% and the

firm issues a new price list with all the prices put up

10%. If the firm continues to allow its customers the

same rate of discount, what percentage profit will it now
make on the cost of manufacture ? ( C.U’. 1935 )

Let original M.P—100
Then 99

99

S P=

C.P=

85

85x J00
119

S.P. C.P.

119 100
i

85 ?

New M.P=100+10=110
„ S.P=85+8-5 = 93-5

C.P= 85x100
112

119
X
100

' =80

New Profit=93'5—80=135

Profit%=^5
x 100=16*.
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Ex. 6. During a sale a shopkeeper reduced his goods

50% below marked price which had originally been fixed

to allow 25% profit on selling price after deducting 10%
discount for cash. What per cent does he gain or lose ? *

(
P.U.1952

)

Let origiual M. P =100 ! Reduced M. P = 50

Less discount 10%= 10
j

Less discount 10%= 5

s: P 90
1

S'. P = 45

C. P -- 67-5 loss=67*5—45=22*5

S. P. C. P 90x75 percentage loss

100 75

‘ ""
100 ,

22-5 IAAon cost=_,_ c X 100
o/*D

j
= 07-5 ! =331

90 ,1 ..4
4

Note. If no discount is allowed after reduction in

M. P, then S. P is the reduced M. P.

loss —67*5 —50=27*5

profit % on cost=^j?xl00 =40f£

Ex. 7. A trader altered his trade discount from 15%
to 10%. By what percentage was his selling price altered,

the percentage of cash discount remaining the same as

before ?

Let M. P.= 100 Cash discount being unaltered

Less discount =15 did not effect S. P.

^ p - 85
S. P in second case

= 100-10=90

increase in S. P =90—85=5.

5 15
Percentage increase in S. P—g^ X 100=5 —
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Exercise 10

1 . What single discount is equivalent to 3 successive

discounts of 20%, 10% and 5% ?

2. A trader is offered a discount of 15% by one

wholesaler while he is offered a discount of 12% and a

further cash discount of 3% by another. Find which is

cheaper, if at all.

If he purchases at the cheaper rate and sells out at

5% below list, what rate per cent profit does he earn (i) on

his cost price and (ii) on his selling price ? ( C.U. 1958
)

3. A shopkeeper marks his goods with a price for

which he can deduct 15% for ready money and still have

101% profit. What is the marked price on an article which

cost him £3. 19s. 2d ? ( P.U. 1948 )

4. The list price of an article is 25% above the

selling price and the cost price is 40% below the list price.

Find the rate of discount and profit. ( P.U. 1947
)

5. If the cost of manufacture of a certain article is

increased by 16% and the catalogue price by 15%, what

profit per cent ( to nearest tenth
)
on the cost of manufac-

ture does a firm gain after allowing a trade discount of

12i% ? The profit per cent on the former cost of manufac-

ture was 20%. ( C.U. 1941
)

6. During a sale a shopkeeper reduced his goods 40%
below marked price, which was ^originally fixed to allow

20% profit on cost after deducting 10% discount for cash.

What per cent does he gain or lose ?

7. The retailer buying from the manufacturer is allowed

25% trade discount on the catalogue price of an article.

He pays cash and gets a further rebate of 6d in the £:
What does he actually pay for an article listed at £ 30, and
what is the catalogue price of an article for which he pays

£ 8 15s 6d ? (
C. U. 1948)
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8. The catalogue price of an article has been raised

by 12 per cent but the customer is still given discount of

5 per cent on the increased price. Find the original cata-

logue price of an article which costs the customer now Rs. 345.

( CM. 1947

)

9. A bicycle agent allows 25% discount on his adver-

tised prices and then makes a profit of 20% on his outlay.

What is the advertised price of a bicycle on which he

gains £ 3 ? (
P. U. 1952

)

10. One firm A , offers to pay carriage on all goods

bought at cash price, while another E, in the same place,

gives a discount of £d in the shilling but pays no carriage.

If I reside 20 miles away find desire to purchase 3 cwt.

of a certain article at 4|d per lb, which firm ought I to

go to, the carrier s charges being at the rate of Is 8d per

cwt for a distance of 20 miles ? ( C.U. 1942)

[
Hints s cost of goods from ^4= 336 x4£s= 126s=£ 6 6s.

” ” 55 j?=336x 4£s—discount-}- carriage

= 126s-126£d+3x Is 8d=£ 6 5s 9d ]

11. A consignment of 200 similar rugs entered the

show-room of a general stores at the inclusive cost of

Rs. 2,400. It was then charged to a share of overhead charges

at 15% on the value, and then marked to clear 12^% after

allowing discount of 5%. Find the listed price of a rug.

( P.U. 1943)

12. How much per cent must the cost price of an

article be greater than the cost of manufacture so that by

selling the same at a trade discount of 12$% and allowing

a cash discount of 2$%, the manufacturer can make a profit

of 6% on the cost of manufacturing the articles ? (C.U. 1961
)

13. A discount of 33J per cent is allowed on the list

price of certain make of guns. The importer has to pay

duty at 20 per cent on the net invoice price, and his expenses

are extimated at 10 per cent on the same. If the guns
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are ' solcj, on the list price plus duty calculated oA the price,

what is the profit made ? - 1*P.U.
)

[Hint: M.P=10(). Net invoice price= 100—33£=66J,
C.P— 66£ + duty + expenses == 66§ + 1 3 £+ 6§=86§ ;

S.P=100

+20=120 etc. ]

14. A hosiery goods manufacturer sells to the retailer

at 20% off' the list price which includes a profit of 30%
over the cost of production. The rctailear allows his customess

5% discount off the list price. Calculate the percentage

of profit the retailer makes on his return. Calculate also

the production cost of can article for which his customer

pays Rs. 2/47 nP. ( CM. 1960 )

15. New Book Publishers make up the following account

of the publication of 1,200 copies of a note book sold at

Rs. 2 '75 nP. a copy.

Paper—120 reams at Rs. 4*25 nP per ream
;
Printing

Rs. 550/-. Binding Rs. 45/-. per 100 copies and advertisement,

etc, Rs. 150/.

100 copies were distributed free and the rest were

all sold. Discount at the rate of 12J% was allowed on

the sale of 850 copies through other book sellers
; and a

royalty of 50 nP per copy was paid to author on all sold

copies.

How much did the publisher gain or lose ? ( CM. 1959 )



Chapter XI
Gains and Losses

1. Cosft Price anil Selling Price. The cost price (C.P)

of an article is the total cost incurred in presenting it

for sale. Cost includes both direct and indirect charges.

The price at which an article is sold is called its selling

price (S.P). Profit is the difference between S.P and C.P.

S.P.—C.P— gain . C.P.-S.P==loss.

Profit and loss are usually calculated as percentages

on cost unless otherwise stated.

Gain % on cost 100. Loss%on cost— X 100

Gain % on sale 'jj X 100, Loss % on sale - g°p X 100

2. Equivalent terms.

C.P is also termed outlay or capital

S.P is also termed turnover, returns or sales.

3. Relation between gain % on cost and gain % on sale.

Ex. I. If T per cent be the rate of profit cm turnover

and P per cent that on cost of production, show that

Let C.P=100, then S.P=100+P.

profit % on *S.P— iqq j p
^

Hence T

=

lbo+p
1 _100+P_ 1 1

T“ loop - P + ioo

. J _ 1 L.
** T P 100
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Ex. 2. A retailer bought 13 maunds 14* seers and

3 chattaks of ghee at Rs. 1 72 — 8—0 per md, and sold it

at Rs. 5—8—0 per seer. Find the percentage gain based

(1) on cost price and (2) on selling price. ( C.IJ. 1951 }

S.P. of 1 ind=Rs. 5— 8—0x40=Rs. 220

C.P. of 1 md =Rs. 172-50

Gain by selling 1 md=Rs. 47*50

. t> * • 47*50x100 oiyr
.. Percentage gam on cost= — =27-5

D i 47-50x100, 01 pPercentage gam on sale—
220

~21 *C>

Note* When a quantity of goods is bought at one uniform

rate and sold at another uniform ratey the percentage gain or loss

does not depend on the quantity so bought and sold.

Ex. 3. A dealer bought a quantity of sugar at a uniform

rate. He sold one— third of the quantity at a profit of

40 per cent on cost, one— fourth, at a profit of 25 per

cent on cost and the remainder at a loss of 20 per cent.

What percentage of the total cost was the total gain ?

Let total cost =1. Remainder =1 (£+J)=l— r
7*= x*

T, „ . , , , , ix40+£x25-T\x20Then percentage gam on total cost= - - —

—

ia

= 40
, 25_25=n l

3 ' 4 3 4

Note. If c19 c2,... be the cost prices of articles ; rv r2

be the percentage gains on cost prices
, then

percentage gain on total cost~—— ---*^~ ~-
Cli C2 r •••

If some articles are sold at a loss say rx% then

— ^ Y J - £ y .
L

percentage gain on total cost=— -

,

Cl+ C2+
A negative percentage indicates loss .

Ex. 4. If the manufacturer makes a profit of 25%,
the wholesale dealer a profit of 40% and the retailer a
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profit of 75%, what was the cost of the manufacture for

a pen that is sold by a retailer for Rs. 25 ? ( C.U. 1950
)

Let cost of manufacture =100

Then wholesaler’s cost

retailer’s cost

= 100x
125
ioo

= 100x x x
* 75 -1UUX

100
X
I00

X 100'
1225

T
Retailer’s S.P

1225
4

Rs. 25

Cost of manufacture

100
?=Rs.

25x100

=RS
^KS

- 49

=Rs. 8-16

Ex. 5. A shop keeper can buy his goods at, a price

which gives him a gross profit of 20% on the turnover.

If the price at which he has to buy rises by 10%, while

he increases the prices to his customers by 5% only, what

will be then his percentage of gross profit on turnover ?

{C.U. 1942)

Old prices

Let S.P.= 100

Then C.P.= 80 1

profit = 105—88= 17.

New prices

S.P= 100+5= 105

C.P= 80+8= 88

percentage
17

on sale =™F x 100=
lUo

-340 4
2f- 16

3I

Ex. 6. If 5 per cent of the sale price of an article

is equal to 6 per cent of its cost, and 8 per cent of the

sale price exceeds 9 per cent of its cost by Rs. 3, what were

the sale and cost prices? {C.U. 1945)

Let C.P.=Rs. x
y

S.P=Rs. y, then

5% of S.P— 6% of C.P—=
I50'

y m
55
-
5<5
- u;

Again, 8% of S.P=jggX .y °f Tfffi*
x==

Ti

2y 9 9*
25’ "100 105
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. 2y_ 9* _ 3 m
Solving (1) & (2), we have *=Rs. 500, _y=Rs. 600.

Alternative Method

Let S.P=100, then 5% of S.P=5

/. 6% of C.P=5 r< n 500_ 250UP
6 3

Again, 8% of S.P-9% of C.P -8 8~y=~

Difference C.P

1 250

2 3

Rs. 3 ?

C.P=Rs. x 2

=Rs. 500

Difference

1

Ti

Rs. 3

S.P

100

S.P— Rs. 3x100x2

—Rs. 600.

Ex. 7. A retailer bought two grosses of lamp shades

at Rs. 6/- each. He found some of them damaged which

he sold at Rs. 4/50 nP. each and in consequence his profit on

total cost price was 20§% instead of 25% as expected.

How many lamp shades were damaged ? ( C. U. 1958 )

Cost of 2 grosses of lampshades =2xl44xRs. 6=Rs. 1728

Decrease in expected profit =(25—20$)% of Rs. 1728

=j
4

(J)
x Rs. 1728=Rs. 72.

Decrease in expected S.P of each damaged shade

=Rs. 6 x 4’50=Rs. 3.

72
number of damaged shades =-g-=24.

t
E*. 8. It was decided by a teagarden that its develop-

ment expenses would be distributed over 20 years. The
balance of this on 31st Dec. 1952 Mtas Rs* 30,000. The
cost of raising 1 cwt of tea was Rs. 84, while overhead

charges were Rs. 18,100 for the year and the total raising
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was 350 cwt. What would be the sale price per lb if it

Ss desired that a profit of20% on turnover is to be earned ?

( C.U. 1953 )

Development expenses for the year on 20 years’ basis

30,000
Rs

* 20
= Rs. 1,500.

Cost of raising 350 cwt=Rs. 84 x350=Rs. 29,400

Overhead charges =Rs. 18,100

Cost of 350 ‘cwt =Rs. 49,000

cost of llb=Rs,
49,000

350 x 28 x 4
Rs. 1-25.

.-. S.Pof 1 lb=Rs. l*25x^=Rs. 156
i,
X

Ex. 9. A petroleum dealer so constructs his syphon

that TVth. of a gallon of petroleum is left over in the hose

every time petrol is delivered. If the total daily sale is

080 gallons to 200 customers on the average, work out

an estimate of profit represented by this fraudulent practice,

if petroleum is selling at Rs. 1 — 5—

0

a gallon.
( P.U. 1944

)

On an average daily delivery is 200 times.

,\ quantity left= 200 X x
1
^ gallons.

„\ profit by fraudulent means=200 X rV X Rs. 1 5as

=Rs. 21—i4as

Ex, 10. A dealer in coke gains 2 cwt per ton by

fraudulent means at the time of purchase and defrauds his

customers to the extent of 2 cwt per ton. If he buys at

Rs. 20 per ton and sells at Rs. 24 per ton, find the per-

centage of his profit on outlay.

Cost of 1 ton=Rs. 20. He gains 2 cwt per ton.

his cost of 22 cwt=Rs. 20

I » D. 20 n 10
1 ~ Rs

*22
Rs

' 11

Selling price of 1 ton=Rs. 24. He gains 2 cwt per ton.

his selling price of 18 cwt=Rs. 24
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” ” 1 cwt =Rs. Rs.'g.
lo o

Hence his gain =Rs. Rs
- 35

actual gain = x 100^15=46?%

Exercise 11

*1. A trader gains 20% on sales. How much does it

represent on cost ?

2. A merchant loses 10% on cost. How much does

lose Oft sale ?

V3. By selling 150 mangoes, a fruit-seller gains the

selling price of 30 mangoes. Find his gain per cent.

(P.U. 1950)

4. By selling an article at Rs. 12, a trader loses 4

per cent. At what price should it have been sold to gain

20% on sale ?

^ ,5. Selling some articles at _Rs. 5 each, a dealer makes

a certain percentage of profit. On increasing the price

to Rs. 6 each his percentage of profit is increased by 50.y

.

What profit was he making at the latter price ? (C.U. 1945)
•?

(;
Hints s 50% of C.P=Rs. 6—Rs. 5 = Re. 1 C.P= Rs. 2. ]

6. An article is sold for Rs. 150 at a gain. Had it

been sold for Rs. 135 there would have been a loss of50%
on the original gain. Find the fost price of the article.

(P.U. 1952

)

7. A difference of 15as in the cost price of an article

would mean a loss of 5% to the dealer instead of a gain of

7J%. What is the original cost of the article.

8* An auctioneer charges 4£% on the sale proceeds

and spends on the average |% on advertisement and other

incidental charges. What is his net profit on a sale which

"ir^isedRs 5,784? (P.U. 1945).
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9. If T per cent be the rate of profit on turnover and

P per cent that on cost of production, show that

r- 100p

ioo+p\

Hence show that a profit of 25% on the cost of

production is equivalent to a profit of 20% on the turnover.

^10. A man embarks his whole capital in four succe-

ssive ventures
;

in the first he gains 100%, and in each of

others he loses 20%. Show what percentage he has gained

on his original capital.

11. A manufacturer sells to a wholesaler at a profit of

15% on the actual cost of production. The wholesaler sells

to a retailer so that his profit represents 15% on the whole-

sale price. The retailer’s profit is 15% on the actual selling

price to a customer who pays £ 4 5s Od. How much did the

article cost to manufacture ? (L.C.C. 1950)

12. A manufacturer makes a profit of 20%, the whole-

sale merchant a profit of 25%, and the retail merchant a

profit of 40%. What was the cost of the manufacture of an

article which was purchased from the retail merchant at 1 7s

fid ? (P.U. 1946)

13. A manufacturer sold an article to a merchant

thereby gaining 7%. The latter sold it to a retailer there-

by gaining 12-J% and the retailer sold it to a customer

thereby gaining 22%. These percentages were based on

cost price in each case. Find how much per cent the

customer’s price was greater than the cost price to the manu-
facturer. If the customer’s price was Rs. 70, what was the

cost of production ? * (C.U, 1954)

14.

A shop-keeper can buy his goods at a price Which

gives him a gross profit of 25 per cent on his turnover. If

the price at which he buys rises by 20 per cent while he

increases the price to his customers by 15% only, what will

be his percentage of gross profit on turnover?
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15. Formerly A sold goods art? a profit of 15 percent

above cost. As the cost price has recently been reduced

by 30%, selling price has been lowered 29%. What is.

the percentage of profit on cost price to A ? (CM 1956)

16. A bought the following lots of goods :

311 tons @ Rs. 113-4-0 per ton, 128 tons @ Rs,

127-9-0 per ton, 73 tons @ Rs. 128-11-0 per ton. Find

at what rate the entire stock should be sold to enable A
to earn 10 @ profit.

k ( CM. 1945 )

17. In 1953, a manufacturer purchased 392 tons of coal

at a contract price of Rs. 22 6as per ton. In 1954 the

coal merchant increased his price by 15%. If the manu-

facturer’s outlay for the coal was same as before, how
many tons could he buy ? If he would purchase 339 tons^

at the increased price, by what per cent would his outlay

on coal be increased or decreased ? (CM. 1954)

18. A retailer bought a gross of lampshades at 6s.

each. He found some of them damaged which he sold at

3s. 6d. each and in consequence his profit on the total

selling price was only 14^ p. c. instead of 20 p. c. as expec-

ted. How many were damaged ? (L.C.C.)>

19. A draper bought 7 dozen pairs of stockings for

£23 9s and on selling all of them, he made a profit of 12£%
on the total selling price. He sold 4 dozen pairs at 6s lid

per pair
;
what was the selling price of the remaining 3

dozen ? *
( L.C.C. )

20. A dealer sold three pianos for Rs. 300, Rs. 450 and

Rs. 500 respectively thereby gaining 5% on the total selling

price. He lost 4% by the sale of the first and gained 7£%
by seeing the second, the percentages being based on selling

prices. What percentage gain did he obtain by selling

the third ?

21. A bicycle was sold at a loss of 40 p. c. on the cost

price ;
a second one was bought with the proceeds plus 5
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guinees paid; this was also sold at a loss of35%;athird

one was bought with the proceeds plus £ 5. 15s. 3d. The

third cycle costs £ 16. What was the cost of the first one ?

22. A retailer sells goods at a price by which he gains

25% on that price. The cash price of his goods is reduced

later by 6% and he lowers his selling price by 4%. Cal-

culate the percentage of profit on sales under such altered

conditions. (C.U 1958)

23. A traveller was appointed by a merchant at the

rate of Rs. 1800 per annum plus 5% on the value of

orders obtained. In the first four years he obtained orders to

the value of Rs. 50,000 ;
Rs. 74,000 ;

Rs. 97,600and Rs. 1,08,600,

the goods being sold at 33£% above cost price. To what

salary was the traveller entitled each year ? How much
profit each year did the merchant make out of the trave-

ller’s efforts, if additional expenses attached to the sale of

above goods were 2% of selling price? (C.U. 1954)

24. (a) A draper professes to sell goods at a profit of

10% but he uses a yard which is 1 inch short. Find his

actual gain per cent.

(b) A grocer uses a pound-weight which is half-

an-ounce short. How much per cent of cost does he gain by

his dishonesty ? (C.U. 1959)

25. If 7% of the sale price of an article is equal

to 8% of its cost price, and 9% of the sale price exceeds

10% of the cost by half-a-crown, at what price is the

article bought and sold ? (C.U. 1943)



Chapter XII

Alligation or Mixture

1. It is a common practice in trade to mix two or

more different varieties of a commodity or similar varieties of

different commodities either to produce a standard quality or to

make undue profit by fraudulent means.

These problems on mixture may be grouped into 2 main

classes.

(1) The direct problems—to find the average cost price

of the mixture of different constituents of given qualities

and prices.

(2) The inverse problems—to find the ratio or propor-

tion in which two or more constituents of given prices are

mixed up to produce a mixture of a given price.

The most usual case of mixture of direct type is that

of tea, milk, water and the like.

Ex. I. A milkman mixes 44 pints of water with 349

pints of milk which he buys for Rs. 123. At what price

should he sell the mixture so as to make one-third of his

outlay? (C.U.1947)

Water can be had free and costs nothing.

Cost of 349 pints of milk=Rs. 123

Cost of 44 pints of water=* 0

Cost of 393 pints of mixture=Rs. 123

Add profit one-third =Rs. 41

S. P. of 393 pints of mixture =Rs. 164

S*P. of 1 pint of mixture n^' *

2. The average price of mixture may al*o be* found

out thus :

—

(a) multiply each quantity by its price
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(b) add together these products

(c) divide the sum thus obtained by the total of all

the quantities.

Ex. 2. A merchant buys tea at Rs. 2-4as, Rs. 2-0as-6p

and Rs. 2-llas-4p per lb., and mixes them in the propor-

tion 5:4:1. At what price must he sell the mixture so

as to make a profit of 25% ? (C.U. 1941)

G. P. of 1 lb of mixture

5 x‘Rs. 2.4as.+4 x Rs. 2.6as. 6p+ 1 X Rs. 2. 1 las. 4p.

5+4+
f

Rs. 11. 4as.+ Rs. 9. lOas.+ Rs. 2. lias. 4p.

10

Rs. 23. 9as. 4p.

10
=Rs. 2.5as, 8'8p.

Add profit 25% ( Jth )
= Rs. 0. 9as. 5'2p.

S. P. of lib of mixture— Rs. 2.1 5as. 2p.

Ex. 3. A person sold 1000 pairs of stockings at Rs. 3-3as

per pair to a customer from whom he bought in return

equal quantities of cloth at Rs. 4-15 per yd, cambric at T5as

per yd, and calico at lias per yard. How many of each

kind did he get for the stockings and a further payment

of Rs. 109 ?

Cost of 1 yd. of cloth=Rs. 4-12as
” ” cambric= 15as
?? ” calico = lias

Cost of 3 yds =Rs. 6-6as

Total dost of cloth cambric, calico= 1 COO X Rs. 3-3as+Rs. 109

=Rs. 3187. 8as+Rs. 109

=Rs. 3296. 8as

Number of yds. of each kind of cloth, cambric, calico

Rs. 3296. 8as _3296|
Rs. 6. 6as

26372

6|

51
=5171
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Ex. 4. There are two one-pint decanters, containing-

liquor and water in the ratio of 1 1 to 4 and 10 to 5 res-

pectively. The contents of the two decanters are poured

into a two-pint decanter and the mixture is sold at Re 1

per pint, thereby gaining a profit of 2 as per pint. Find

the cost price of a pint of liquor.

Quantity of liquor in the first decanter=^£ pints and

that in the second decanter-— pints.

Total quantity of liquor in the 2 pint-decanter

pints—y pints.

Now S. P of 2 pints— Rs. 2 and profit=4as

cost of 2 pints of mixture-- Rs. 1-1 2as.

As water is free of cost, and 2 pints of mixture contain |

pints of liquor

cost of | pints of liquor=Rs. I..12as.

cost of 1 pint of liquor—-28asx 7=20as—Rs. 1. 4as.

Ex. 5. Equal number of mangoes are bought at the

following rates
;

Rs. 2 per score, Rs. 1/8 per score, Rs. 1/4

per doz. and Rs. 1/12 per doz. They are sold at Rs. 2/6 per score

and the total profit amounts to Rs. 18/- only. Find the

number of mangoes bought at each of the above prices.

(C.U. 1955)

1 doz=12
;

1 score=20 L. C. M of 12 and 20=60

Let number of each kind be 60

Then cost of 60 at Rs. 2 per score =Rs. 2x3 =Rs. 6 0-0

„ „ Rs. 1/8 „ =Rs. 1/8x3 =Rs. 4-8-0

„ „ Rs. 1/4 per doz=Rs. 1/4x5 =Rs. 6-4-0

„ „ Rs. 1/12 „ =Rs. l/12x5=Rs. 8-12-0

Total cost of 60 of each kind= Rs. 25-8-0*

S. P. of 1 score=Rs. 2/6/-

S. P. of 60 x 4=Rs. 2/6 x -V£=Rs. 28-8as

Total profit=Rs. 28-8as=Rs. 25-8as=Rs. 3
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When total profit in Rs. 3, number of each kind 60 •

i) a 16
, ., yj ?

?=^X 18—360

3. The inverse problems are more complicated and

varied in nature.

To illustrate the proceedure let us first suppose that

two different kinds of tea costing Rs. 4 and Rs 2-12 per lb are

mixed up in the ratio 2:3.

Then total cost of a mixture of 5 lb
\

~ Rs. 4x2+Rs. 2-12asx3

—Rs. 8+Rs. 8-4as=Rs. 16-4as

average cost of 1 lb of mixture

Rs. 16-ias
5 ' Rs. 3-4as

Conversely
,

let us now find the ratio in which two kinds

of tea costing Rs. 4 and Rs. 2-12 per lb are mixed up to

produce mixture costing Rs. 3-4as per lb.

Evidently, if the first kind were sold at the average price

of Rs. 3-4as per lb, there would have been a loss of

Rs.4—Rs. 3-4as or 12as per lb.

But if the second kind were sold at the average price,

there would have been a gain of Rs. 3-4as—Rs. 2-12as or

8 as per lb.

But as there is neither loss nor gain due to mixing, the

loss in one is counterbalanced by gain in another.

Hence the required ratio must be inversely propor-

tional to the difference of the price of each constituent from

that of the mixture.

In the present case the ratio=8as : 12 as=2 : 3

Thus we obtain the following rule :

. Quantity of 1st kind

Quantity of 2nd kind

difference of the price of the 2nd kind from that of mixture

difference of the price of the 1st kind from that of mixture
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’ 4. Hence to deal with an inverse problem of a mixture

of two kinds.

1 . Find the prices of each kind for the same unit.

2. Place the prices of the two kinds in a horizontal line

and that ofthe mixture below them.

3. Put down the differences in prices diagonally opposite.

4. The quantities mixed are in the ratio of these two

differences.

1st kind : 2nd kind =-= 8as : 12as=2 : 3.

Ex. 6. A dealer mixes oranges bought by him at two

different rates, one at Is. a dozen and the other at 8d.

a dozen. He sells the lot at 15 per shilling and makes a

profit of 5% on his outlay. Find the ratio of the number
of oranges of the two kinds.

Cost price of 1 doz. of 1st kind=12d
55 ” ” 2nd ” = 8d

5.

P. of 15 of mixture = Is

” 12
55 =i|xl2d=i;Ad

The S.P. being at 5% profit,

the C.P. of 1 doz of mixture=

x

*g-d—££-d.

Arranging in the following form

1st kind 2nd kind

Cost price 12d 8d
\ /

^ . 64 .
*

Cost price of mixture

fcT \<?d

1st kind : 2nd kind=fd : 1^=2 : 5.

Ex. 7. The price of pure milk is Re 1 per seer. A milk-

man adulterates it by mixing water in such a way that by. selling

1 maund of the adulterated quality of milk at Ioannas a seer

he makes a profit of 25% on cost. Find the proportion of milk

and water in the adulterated milk. ( C.U. 1953 )
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Cost price of 1 md. of pure milk=Rs. 40.

Cost price of 1 seer of pure milk= Re. 1.

S.P. of 1 seer of mixture =12as.

As there is a profit of 25% on cost,

C.P. of 1 seer of mixture=£§|x 12as=i£as.

Water can be had free.

Arranging in proper form

1st kind 2nd kind

Cost price 16as Oas
N \ /

Cost of mixture -

5

\
-#as -

3/as

Milk : water=-%8- : -£=3 : 2.

Ex. 8. In mixing tea 1 lb in every 100 lbs is wasted. In

what proportion must a dealer mix teas which cost him 2s and

Is. 6d. per lb respectively, so as to gain 15 per cent by selling

the mixture at Is lid per lb ? (
C.U. 1353 )

Take 100 lbs from the two kinds. Then 1 lb is wasted

in the process of mixing leaving*a mixture of 99 lbs only.

S.P. of 99 lbs of mixture=99x Is. lld=99xffs.

C.P.
95 99 99

=t§§ X 99 X ®-jyS=165s.

That is, C.P. of 100 lbs of two kinds =165s.

i lb
99 99

Hence

1st kind _diff. in prices per lb of 2nd. kind and mixture

2nd kind ~ diff. in prices per lb of 1st kind and mixture

§8S~ 1 Jj3 inj__ 7

.

“
'2

s—Ms * *

i.e. t
1st. kind : 2nd. kind=7 : 3

Ex. 9. The price of gold is Rs. 80 per tola. An alloy

of gold and silver weighing 10 seers is worth Rs. 38,880 ;

but if the weight of gold and silver in the alloy were in-

terchanged it would be worth Rs. 26,320 only. Find * the

proportion of gold and silver in the alloy and the price

of silver per tola. ( C.U. 1953 )<
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9

In the two alloys, the quantity of gold altogether is

10 seers, and that of silver is also 10 seers.

cost of 10 seers of gold+ cost of 10 seers of silver

=Rs. 38,880+Rs. 26,320 -Rs. 65,200.

.•
. cost of 1 seer of gold+ cost of 1 seer of silver=Rs. 6520.

or cost of 80 tolas of gold+cost of 80 tolas of $ilver=Rs. 6520.

;. cost of 1 tola of gold+cost of 1 tola

of silver =Rs. «§g£:=Rs. 81*50

-Rs. 80+ cost of 1 tola of silver =Rs. 81*50

cost of 1 tola of silver=Rs. 81*50—Rs. 80' —Rs. 1*50,

cost of 1 tola of alloy~Rs. Rs. 2

Henrr- quantity °f gold

quantity of silver

diff. in prices per tola of silver and alloy

diff. in prices per tola of gold and alloy

Ik 2 4£__ Ik 11 471.

~Rs. 80—Rs IjA 3 * z

Thus proportion of gold to silver =3:2

5. Problems involving three or more kinds are treated

in a similar way. Two kinds are to be selected at a time, one

having a higher price than the average and the other lower.

Each kind must be taken at least once but in so doing one kind

may be taken more than once.

It should be noted that such problems admit of infinite

number of solutions.

Ex. 10.

worth 2s
;
3s.

mixture worth

Cost price (d)

Average price

of mixture (d)

In what proportion may three kinds of tea

and 4s. 6d per lb be mixed so as to produce a

3s. 3d per lb ?

1st kind 2nd kind 3rd k
24 36 54

1

1 |

I
15 3

I
1 i

39"
i

1

15

i

i

15

1

15 15 18
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Ratio of 1st kind and 3rd kind= 15 : 15

Ratio of 2nd kind and 3rd kind= 15 : 3

the proportion of 1st, 2nd and 3rd kinds=15 : 15 : 15+3
= 15: 15: 18

= 5 : 5 : 6

Also, ratio of 1st kind and 3rd kind=15 : 15= 1 : 1

Ratio of 2nd kind and 3rd kind= 15 : 3=5:1
the proportion of 1st, 2nd and 3rd kinds=l : 5 : 1 + 1

=1:5:2
Also, ratiovf 1st kind and 3rd kind= l5 : 15

Ratio of 2nd kind and 3rd kind =15 : 3— 5 : 1

the proportion of 1st, 2nd and 3rd kinds=l5 : 5 : 15+1
= 15 : 5 : 16

and so on.

Thus there is an infinite number of solutions of the above

problem.

Alteration in the constituents of a mixture.

Ex. 11. An alloy of 20 oz of gold and silver is 80% fine.

How much gold is to be mixed up with this alloy to make it

90% fine ?

80% fine means that there are 80 parts by weight of the

finer metal (gold) in 100 parts of the alloy.

Quantity of gold in the alloy=80%of 20 oz

= tboX 20 oz=16 oz.

/. quantity of silver=20— 16 oz=4 oz

Evidently, 4 0z= 100—90 or 10% of the new alloy

/, . increased quantity of alloy — 40 oz.

quantity of gold to be added=40 — 20 or 20 oz.

Ex. A tradesman professes to retail his goods at a profit

of 10% but he adulterates them by mixing Jth of their

weight of an inferior article which costs him $th of the’ price

of the better. How much per cent does he make ? Also

in what proportion must he mix the two kinds so as to gain

20% ? ( C.U.
)
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First Part

Let quantity of better quality = 4 lbs.

„ cost of 1 lb „ „ = 100 units

Then quantity of inferior quality= 1 lb

Cost of 1 lb „ „ — #X 100 or 80 units,

cost of 5 lbs of mixture — 400+80 or 480 units

„ 1 lb „ „ = 4#° or 96 units

But S. P. of 1 lb — 1 10 units

profit = 110—*96 or 14 units

percentage of profit = ## x 100= (4/^%

Second Part

Here S. P. of 1 lb of mixture

profit=20%

C.P S.P
|

100 120
I

?=

? 110
|

Hence

quantity of better quality

quantity of inferior quality

price of 1 lb of mixture— price of 1 lb of inferior quality

“price of 1 lb of better quality— price of 1 lb of mixture

_ 91#—80 _11# 7

““100-91# 8# 5

Exercise 12

1. A dealer mixes 60 gallons of wine containing 10%
of water with 90 gallons containing 20% of water. What
is the percentage of water in thk mixture ?

2. A merchant buys teas at Rs. 2 4as, Rs. 2 6as 6p

and Rs. 2 11a; 4p per lb and mixes them in the proportion

5:4:1. At what price must he sell "the mixture so as to

make a profit of 25% ? (<?.£/. 1941 )

= 110 units and expected

110x100 2

120 3
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3. A milk vendor mixes 10 seers of milk at 5 annas

per seer with 20 seers at 6 annas per seer and then adds a

quantity of water. By selling the mixture at G annas per

seer he gains 50 per cent profit. Find the quantity of

water added.

4. Two vats contain mixtures of spirit and water.

In the first vat there are. three parts of spirit to one of

water and in the second there are five parts of spirit to

seven of t^atcr. A 20-gallon cask is filled from these vats

so as to contain a mixture of equal parts of spirit and water.

How many gallons arc taken from the first vat ? ( G.C. 1954
)

5. An alloy is made with copper, tin and zinc in the

proportion 4:7:9 by weight^' respectively. If the price of

copper, tin and zinc be Rs. 220, Rs. ISO and Rs. 3t)0 per

unit of weight, find the price of 2 J. units of this alloy.

0. A dealer sells two qnli tics of tea at Rs. 1*75 per

lb and Rs. 2‘50 per lb, thereby making a profit of 12%
and 20% respectively. He mixes them in the ratio 4 : 3.

At what ptice must he sell the mixture to gain at least

10% on outlay ?

7. A trader mixed 100 lbs of tea at one price with

70 lbs of tea at a dearer price. By selling the mixture

at Rs. 2T2 per lb, he gained 20% on his outloy. Find the

value of each kind of tea, the difference in prices being

36nP per lb.

8. Two grades of motor oil A and B are mixed in

the proportion 3:1 to make 96 gallons of grade G. When
half of C has been sold, a further quantity of A is added

to increase the proportion of A to B in th§ resulting

mixture to 7 : 2. Find the quantity of A last added ( G.C. )

9. The price of gold is Rs. 38 15as per ounce
;

An
alloy of gold and silver weighing 28 lbs is worth Rs. 7246 8as ;

but if the weights of gold and silver in the alloy were

interchanged, it would be worth only Rs. 1717 8as. Find

the proportion of gold and silver in the alloy and the

price of silver per ounce. ( S.C.C. )

7
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10. Milk contains by bulk 88' 75 per cent of water,

2*75 per cent of fat and 8-5 per cent of non-fatty solids. A
milkman added water to the milk so that on analysis the

percentage of fat was only 2*31. Find the number of gallons

of water added to 100 gallons of milk, and the amount

by which a person was defrauded who bought 10 gallons of

milk at 2s a gallon. ( L.C.C. )

11. If 48 gallons of mixed paint containing 1£% of

oil are to be made into a paste containing pain( and oil

in the ratio 2:1, find the quantity of oil to be added.

If 14 more gallons of oil are added, find the ratio of paint

and oil in the new mixture. (C.U.1959)

12. A sample of 20 lbs of mustard oil is found to

contain impurities of 10%. How much of pure mustard

oil is to be mixed with it to make it 95% pure ?

13. Equal number of mangoes are bought at the

following rates : Rs. 3 per score, Rs. 2 per dozen and 32 riP

per pair. These are mixed up and sold at Rs. 2*24 per

dozen and the total profit amounts to Rs. 80. Find the

number of each of the above prices.

14. In making bread 2 parts of water are mixed

with 5 parts of flour. In baking part of the water is

evaporated so that 140 lb dough is made into 128 lb bread.

If flour costs Rs. 15/- per maund, and the cost of labour,

rent etc. represents 80% of the cost of flour and a lb

loaf is sold for Gas, what percentage of the price is profit ?

(assume water is obtained free and 1 seer=2 lbs. in weight )

( C.U. 1955)

15. With tea half-a-crown a pound a dealer mixes

an inferior quality worth 18d a pound. In what proportion

must *he mix them so that by selling the mixture at the

higher price he may gain 16 per cent ? (C.U. 1940, P.U. 1945)

( Hints—higher price means here 30d )

^16. A milkman adulterates a quantity of milk as

follows : He first takes out 9 seers of milk and replaces
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it by water. After thorough mixture, he again takes out

9 seers and replace it by water. The proportion of milk to

water in the mixture is now 9 : 16. If the adulterated milk

is sold at 5as per seer, what is the extent of illicit profit

k.made by the milkman ? ( P.S.C )

17. Dress materials of two qualities costing Rs. 1/6/-

and Rs. 1/10/- per yard are to be used in making children’s

frocks to be sold at Rs. 5/7/- per piece. Assuming that on

the average one yard and a half of cloth is used in a

frock and that the overhead charges and profit are covered

by charging Rs. 1/2/- per piece, find how much of the second

quality is to be used with every 180 yards of the first.

( C.U. 1955)

18. A certain fabric is made of Egyptian cotton mixed

with Broach cotton in the proportion 2 : 5. The price of

the Egyptian variety is three times that of the Broach

Variety. The overall cost of the fabric is Rs. l-10as per

lb. including average making charges of 4as per lb. of the

fabric. Find the cost of the two varieties of cotton per lb.

How is the overall cost altered if the proportion of

Egyptian to Broach cotton is changed to 5:2, other charges

remaining the same ? {C.U. 1952)

[
Hints : cost of 1 lb of E. cotton=cost of 3 lbs of

B. cotton. cost of 2 lbs of E cotton=cost of 6 lbs of

B. cotton.

cost of (2+5) or 7 lbs of fabric=cost of (6+5)
or 11 lbs of B. cotton.

But cost of 1 lb. of fabrice=Rs. 1-10 less 4as=Rs. l-6as.

etc. ]

|\ , 19. A grocer wishes to mix teas at 2s, 3s, 3s Gd and

4s per lb respectively ; how must he mix them
( using the

first two kinds in the proportion 2 : 3 and the last two

in the proportion of 3 : 4 )
so that by selling the mixture

at 3s 4d per lb, of the receipts may be clear profit ?

( P.U.1945

)



Chapter XIII

Commission & Brokerage, Freight, Rebates,

Insurance Premium & Claims

1. Commission. The remuneration paid to Agents who

act on behalf of others for buying and selling good6 is called

Commission . Commission is generally fixed on percentage basis

on the total value of work effected hy him.

There are many kinds of agents such as Brokers, Mercantile

agents, Commission agents, Del Credere agents.

A Del credere agent receives an extra percentage of commi-

ssion for his guarantee that the parties involved will julful

their contracts.

A broker is merely an agent to negotiate sales and purchases

of lands, buildings, stocks and shares etc. A broker’s remunera-

tion is termed brokerage .

The effect of brokerage or commission is to increase cost and

decrease sale price.

2. Freight. The charge for transport of goods is called

freight . Transportation may be made by land, water or air.

Freight is charged by weight, volume, or distance (mileage)

to yield higher revenue. Heavy articles are charged by weight

and bulky goods by measurement. For charging by volume so

many C. ft are charged as for 1 ton.

Thus a steamer ton may be 40 cwt at one place but 14 cwfc at

another. In Indian Railways freight is charged per km per

quintal.

Rebate. It is synonymous writh discouut. It is an

allowance made for prompt payment.

3. Insurance Premium & claims. * Insurance is an

indemnity against loss. The amount faid periodically to the

Insurance Company or Corparation for covering risk of property
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or life is called Premium. Premium is generally calculated as

percentage of the declared value.

In marine insurance only there is provision for over-

insurance to cover value insured and the premium paid.

^
Special risks such as War Risks are also covered by insurance.

Premiums are sometimes quoted with discounts allowed.

4. Rates. These are levies imposed by Public bodies like a

municipal corporation on holdings within their jurisdiction for

providin£*necessary funds for local purposes—education, sanita-

tion roads, water supply etc.

For fixation of rates assessment i.e. rateable on each holding

is first ascertained on the basi* of its net rental and the rates

are charged as so many naye #aise per Re or so much per cent

in India. In England it is charged at so many shillings and

ponce per £.

Usually some allowance for repairs etc is deducted from the

rental.

Ex. 1 . A traveller was appointed by a merchant on a salary

of Rs 1800 per annum plus 5% commission on the value of sale

effected by him. If in a year he affertod sales to the extent of

1,08,000, find his commission and total remenration.

Annual salary =* Rs 1 ,800

Commission 5% of Rs 1,03,000- Rs 5,400

Total remuneration ~ Rs 7,200

Ex. 2 . Calculate freight on a shipment of 591 0 . ft of goods

at 31s 4d per steamir Ion ot 50 G. it, charging for fractious of

1 C. ft.as for 1 0. ft.

The charge for 591 C. ft is the same as that for 60 C ft.

Charge for 50 C. ft = 3 Is 4d,

.• 60 x 31s 4d - 37s 7‘2d
.

Ex. 3. A property changed hands three times, each agent

who sold it charging 1 per cent as commission. If each time it

was sold for the net amount obtained at the previous sale,
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calculate the original value, if the third sale realised Es 48514*35.

Let original value = 1000
Less com. 1% 10

Net sale proceeds = 990
Less com 1% _ = 9 90

Net sale proceeds = 980' 10
Less com. 1% = 9*801

Net sale proceeds * 970*299

Net sa 1

© Original value

970*299 1000
? = Rg

48514^95x1000

Rs 48514 95 ?
’ 970*299 7

- Rs 50,000

Ex 4. A broker gets 8% and then 2% commission on the

sale value of a car sold by him. If he sells a car for Rs 20,000,

lind his commission.

Sale value = Rs 20,000
Less 8% 1,600

Rs 18,400

Less 2% 368

Net sale price = Rs 18,032

broker’s total commission = Rs 1,600 + Rs 368 “Rs 1.968

(or-Rs 20,000 -Ra 18,032)

Es 5. What premium at 3 p. c, will be paid for insuring a

ship worth Rs 12,000 ? What sum must be insured for, so that

in case of loss the value of the ship and the premium be

recovered ? (C. U. 1993)

Premium at 3% = x Rs 12,000 = Rs 360

Let the sum insured " 100
Less premium paid = 3

= 97
Hence to recover loss and premium, the ship valued at

Rs 9/ must be insured for 100.

Value Sum insured

97 100 12,000 x 100

Rs 12,000 ? '

* 97

-Bs 12371 (app)

Ex. 6. Calculate the marine insurance premium on a shipment



BATES 203

of goods valued at Rs 12,000. if the rate of premium is 5% less

20% plus transhipment risk \%.

5% Less 20% plus j%
Less 20% 5

1

^ 4

Plus \% i_
Net premium = 4i%

value premium

100 4*

Rs 12,600 ?

9 = 12,600 x 4j

100

-Rs 535*50

Ex. \ Corporation requires a revenue of Rs 5,48,320. If

total revenue of the city is Rs 72,37,537 find to the nearst pie

the rate per rupee to be levied. If all the rates are paid in full,

what surplus would accrue to the Corporation ? (/. M. C 1952)

The required rate - Rs ~ = 1 a 2*5 p — la 3p to the
72,37 ,53 7

nearest pie.

Note. Generally no even rate can raise the desired amount]

The rate must be such as to raise at least this amount.

Total amount realised at 1 a 3 p per Re

-Rs 72.37,537 * 1 a 3 p-Rs 565432 9 as 3 y

Surplus = Rs 565432 9 as 3 y ~ Rs 5,48,320

-Rs 17,112 9 a 3y

Exercise 13

1. An agent receives 2% commission on the total annual

sales and an extra bonus of 1% on the excess of sales over Rs

20,000. In i960 his total remuneration was Rs 910, find his

sales for the year.
•

2. A consignee is allowed 10 per cent commission on sales,

plus 2i per cent del credere commission. If his total commission

amounts to Rs 5,625 what is the total amount of sales effected

by him ? (O.O. 1964)
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3. All agent is paid a commission at the rate of on the

value of goods bought for his clients. His own expenses average

2s 6d on each £ 1 of commission received. What is his net

income on the purchase of goods worth £ 890 ? (P. U. 1950)

4 . A property changed hands three times, each agent wh*./

sold it charging 25s per cent as comm ission. If, each time it

was sold for the not amount obtained at the previous Fai |e?

calculate the original value if the third sale realised £ 4,622

4s lOd. (Py. U. 1911)

5. S sinha, who wanted to -ell a few horses refused an offer

of Es 525 for each. Later he sold them through a broker. 4

horses at Es 570 each and G at Es 555 each, but the broker

charged 6% as his commission. IIovv much por cent did sinha

gain or lose over the previous o Tor that was refused by him ?

{C. U. 1961)

6. The rate of freight feom Calcutta to Liverpool is 37s (id

par ton (40 0. ft). Find the charges of two packages one

measuring 15 C. ft and the other weighing 15 cwt 3 qr.

(P. U. 19M)

7. A cargo is valued at Es 36,850. of the rate of Insurance

premium be 7 $%, policy charges i% and commission £%, what

should be the amount for which the cargo must bo insured to

cover tho cost of insurance and of the cargo ? ( C U. 1953 )

8. Calculate the marine insurance premium on a shipment

of goods valued ot Es. 12>650 if the 'rate of premium is H% less

5% plus Transhipment Eisk £%. (P.(7. 1918)

9. A ship worth Es. 18000 is wrocked ; £ belonged to A,

J to B and the rest to C. Find what loss each of them sustains

if tho ship is insured to the extent of $ of its value.

10

.

A city municipality decides to meet half of a new

recurring expenditure of 20 lakhs out of its ordinary revenue and

to raise the other half by increasing the rates. If the rateable
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value of the city bo 12* crores, calculate the additional rate ’that

must be levied to raise the necossary fund.

11. A Government grant is made at the rate of 5s per head

for all children at elementary schools. If the grant be ditributed

*-»t tho rate of 5s 9d per child in the town and 3s. 3d per child in

country schools, what percentage of the total number of children

is in each cla99 of schools ?.

12. JHIiq scheme of street electrification is estimated to cost

a municipality Rs. 12|f lakhs per annum. If the ratoabo value

of the town be Ks. 2jcrores, find to the nearest pie the minimum

additional rate that will have to be levied to meet this expendi-

ture. If 15% of the additional rate cannot be collected, find

whether if will he possible to meet entire expenditure of the

scheme from levy. ( (}.U. 1947 )

tS. S. Hoy builds a mansion containing 20 flats. He invests

inland Ks. 75000 only. To build tho mansionTHhe has to pay

Ks. 2,15,000 to the contractors and 5% of that a3 Architect’s

fee. The building it assessol at Ks. 14,500 and tho yearly rates

aro 22 nP. in the rupee. Allowing 5% of the total initial cost of

the mansion each year for repairs and maintenance and one flat

on in average to ho vacant, calculate the rent to the nearest

rupee that Roy should ask for each flat to* got a return of 8% on

tho money ho has sunk. { C.U* I960 )



Chapter XIV

Partnership

Partnership : Indian Partnership Act, 1932 defines a

Partnership as the relation between persons who have agreed to

share the profits of a business carried on by all or any of them

acting for all. Such persons are called partners and the partners

are collectively called a firm.

Generally, there is a partnership agreement in writing which

sets forth in-detail, the rights and liabilities, duties and powers of

the partners. Such a dacumont in called Articles of Partnership .

2. In the absence of any partnership agreement, or specifie

provisions in the agreement the law lays down that

(1) Partners are entitled to share equally in the profits and

must contribute equally towards loss -irrespective of the amounts

of their capitals

(2) Partners are not entitled to interest on capital and are

not liable for interest on withdrawals

(3) The liability of each partner is unlimited.

The contract may be varied by consent of all partners.

The Partnership agreement generally provides for withdrawals

of a certain amount by each partner in expectation of future

profits. Such drawings may or may not be chargeable with

interest as per agreement.

3. If a new partner is admitted into a running business,

the new-comer is required to compensate the existing partners

for the Surrender of a part of their profits. Such compensation

is called premium for goodwill. It is quit.e distinct from any

capital that he may bring in.

Ex. 2. At B , 0, D andiJ are in partnership with a total capital
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of Bs. 81,000. A contributes 3/8 this of this amount and B
contributes 4/9 this. Of the remainder of the amount left C and D
contribute 4 and i respectively. The partneship agreement

provides for payment of interest on capital contributed by a

partner at 5 per cent psr annum. Calculate inlerets so receivable

bj\each of the partners. ( G.U. 19 31 )

Total capital * Bs . 8 1 ,000

A'* contribution : xRs. 81,000- Rs. 4 8.60

J

*

remainder 2= Rs. 32,400

B'
s
contribution = 5 x Ra. 32,400 == Rs. 14,400

remainder := Rs. 18,000

C's contribution = i X Rs. 18,000

Rs. 9,000

D'
s
contribution = J x Rs. 18,000

-Bs - 0.000 1-Rs. 15,000

E'
s
contribution - remainder * Rs. 3,000

Interest on A' s
capital — 5% of Bs, 48,600 = Rs. 2,430

31 B'* „ = b% of Rs, 1 4,400 = Rs>. V20

IIc>« ,,
= 5/o of Bs. 9,000 = Rs. 450

»» D'“ „ =6/o of Rs. 6,0u0 = Rs. 300

19 E'
s

„ - 5% of Rs. 3,000 = Rs. 150

Ex. 2. A and B are partners in a trading venture. A

contributing £ 2,000, B £ 3,000. A, however, aets as Manager,

the understanding being that of the profits A shall get 25%for his

services as Manager, the remainder to be divided in the ratio of

their contributions. B gets £ 120 as his share. What would

A get ? ( O.V. 1943 )

Let annual profit = 100

Less A;* salary- 25

balance* 75 Share ratio •

-2000 : 3000 - 2 : 3

.\ A '*
share of profit - § * 75 - 30

B'* -fx 75*45
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A gets 25 + 30 or 55, B gets 45

Share value
j < nn „

45 £ 120 I US 13s 4d.

56 ?!
Ex. 3 . A and B start a business in partnership, A contribu-

ting a capital of Es. G,C0i), and B Es. 9,000. It is arranged that

after 5% interest on capital has been paid out of the year’s profits,

A is to receive, should the profits so admit, an entra 1$» on his

capital and a yearly salary of Rs. 2,000. Any remaining pi’ofits

are then divided in proportion to the capital put into the

business. One year A receives altogether Rs. 3,210. What docs

B get ?
-

—

Interest on B capital = 5% of Rs. 9,000 = Es. 450

Interest on A s
capital = 5% of Rs. 6,000 = Rs. 300

Extra 1% on capital “Rs. 60

Salary — Rs. 2,000

• A'* total receipt “Rs. 2,360

Now A'
,s

„ ,
-Rs. 3,210

A'
s

share of profit “Rs. 3,210 -Rs. 2.360 = Rs. 850

Profit

Share

(A) 2

(B) 3

shaving ratio = 2

Value

Rs. 850

?V

3.

1275 >

A

B gets interest on capital + share of profit

-Rs. 450 + Rs. 1275 = Rs. 1725

Ex. 4. A starts a business with capital of 13150 and after 6

months 13 becomes a partner investing £650. After 4 months

more 0 joins and brings a capital of £^50. What should each

receive out of profit of £1025 made by the time. A has been

in business, reckoning that each receives 10%* interest per

annum on his capital prior to the division of profits in

proportion to capital.
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Since the investment pf^iods are different the capitals must be

reduced to equivalent sums \

A' s
Capital = £450 for 1 year =7 £150 * 12 for 1 month

B'
s
’ Capital = £650 for 6 months - £650 x 6 for 1 month

Q'* Capital = £950 for 2 months = £ 0 50 x 2 for 1 month.

profit sharing ratios-= 450 x 12 : » Oxfi: 950 x 2

= 5400 : 3900 : 1900 = 54 : 39 : 19

Total cJmros =54 + 30 + 19 = 112

Interost on A’a capital = £ 5400 x T\ x I
,

ll
« £ 45

„ B s , ,
= £ 3000 x x — 0 32*

„ C'a -£ 1900 x tV*tp-C15S
Total - £ 93*

divisible profits = £ 1025- C 93* = £ 931*

A ‘ share of profit = jVs x £ 93 lS = £ 449 3s 1 Id

ir ,, „ = tV

j

x £ 934* = £ 324 8s 5d :

G" „ r
= TT2 * £ 931* = € 158 Is

A'* total receipts = £ 4« + £ 449 3s lid — .G 494 3s lid

li'
8

„ „ = £ 32H £ 324 8s 5d = £ 356 18s 5d

. G
s

„ „ =£ 155 + £ 158 ls = £ 173 17s 8d

Ex'. 5 . The gross profits of a business aie divided as

follows :

—

15% for de2>reciation, 10% for reserve, 5% as interest on

capital invested and the remainder is divided among the three

partners in the proportion 3 parts to A, 2 parts to B and 1* to

G . Suppose tho gross profits to he € 25,000 and the capital

invested by A, B and C respectively to he £ 40,000, £ 35, 000

and £ 25,000 ; how much does each of the partners receive ?

<C. U. 1944)

Gross profits = £ 25.000

Depreciation * 15% of „ =£ 3,750

Reserve = 10?4of „ =£2,500

Interest = 5% of „ * £ 1 ,250



110 COMMERCIAL MATHEMATICS

net profits «£ 25,000 -£ 7,500 = £ 17 500

Profit-sharing ratios = 3:2: 5 = 6: 4:3

A,a share of profit = VV * £ 17,500 = £ 8,076 19s

B’ s
„ = T% * ,. -£ 5,384 12s

C* „ = £ 4,038 9s

Interest sharing ratios = 40,000 : 35,000 ; 25,000 = 8:7:5

.'. A’
x share of interest =A x £ 1250 = £ 500.

A

A" total receipts = £8,076 19s+ £ 500 = £ 8,576 l$s

II
'

* „ „ “£ 5,384 12s « 1,250 = £ 5,822 2s

O'* „ ,,
- £ 4,033 9s + /« x £ 1,250 = £ 4,350 19s

Ex. fi. In a partnership between A, B and G it is agreed

A is to he paid a salary of Bs. 250 a month and B a commission

of 5% on gross sales. Tha balance of profit and Joss is to be

divided between them in the proportion of 3:4:9 respectively.

In two consecutive years the profits are Es.' 3,000, Bs. 15,000

before paying out A and B ; and the gross sales are Es. 30,000

and Es. 1,00,000 respectively. Divide the total of the two years’

profit between the partners who agree not to divide the first

year’s profit.
’’

(C. U. 1952)

A’b salary for 1st year = Es 250 x ] 2 = Es 3,000

B's commission „ =5% of Es 30,000 = Bs 1.5QQ

Es 4,500

.4's salary for 2nd year - Es 250 x 12 —Es 3,000

B'b commission ,,
= 5% of Es 1 ,00,000 — Es 5,000

Es 8,000

Total liability for 2 years Bs 12,500

On tho basis of 2nd years’ profit, balance for distribution

= Es 15,000 - Es 12,500 = Es 2,500 ^
Profit sharing ratios = 3:4:9.

A’* share ef profit =A * Bs 2,500 = Es 468’^5

B" „ „ = A*Bs 2,500 = Es 625

C’* „ ., = A x Bs 2,500 = Es 1406*25,'
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Amount received by _4-Rs 3,000 + Ra 3,000 + Rs 46>-‘75

“Rg 6,468’75

., R-Rs 1.500 + Rs 5,000 + Rs 625

= Rs 7,125

•i I, C — Rs 1406 25*

Ex 7. A and B were partners in a manufacturing concern.

On 1st January, 1955 C was admitted as a partner when A
agreed tc/ give up 2/1 9ths of his share and B 3/l9ths of his

share. When the profits for the year 1955 were divided, C got

Rs 1693, How much did A and B receive ?
'
(C. U. 1656)

A and B have equal shares. Let each have i shares. Then

total share = $ + J — 1.

0 s share = r\ of i + of i - TV +A =

After admission of C, A'
a share = J - xV "iff.

B s share — a
“ — gS.

C'
s
share “Rs 1690 which is g

R?th of the total profits

Hence total profit = Rs 1690 x -V = Rs 338 x 38

A received g| x Kg 338 x 58 or Rs 5,746

B received xV x Bs 338 x 38 or Rs 5,408

^ Ex 8 . Three persons contribute sums £250, £500, of £750

respectively towards a venture on the understanding that the

profits shall be divided in such a way that the rate of interest

which each receives shall be in proportion to the amount of his

contribution. If the profits folTa year amount to £ 245, how

much will each receive ?

The rates of interest * 250 : 500 : 750 *1:2:3.

Let the interest on- A'
B

capital be 1%, t hen on B’
8
capital

is 2%, that on C'
a capital is 3%.

Interest on A*
8
capital = 1% of £250 — £2i

M „ B a
„ " 2% of £500 * £10

„ , B C19
„ -8% of £750 « £22*

Total £35
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Ilonce the actual rate of interest on A'* capital = V/’ ov 7%

B'* „ =2x7 or 14%

„ ,, G '*
, ,
= 3*7or21 (

X

Hence amount A receives = 7% of £250 = £17

4

B 0 = 14% of £500 - £70

„ C , f =21% of £750 = £1574

Exercise 14 , t

'

1. A and B enter into a partnership. A furnishes 25 men

for 4 days in addition to 18 men for 5 days
; B furnishes 15 men

for 8 days and 18 men for 10 days. A receives Rs 162. What
should B receive ?

2. A, B , C enter into a partnership with capitals of

Rs 15,000, Rs 21,000 and Rs 06,000. A, as manager, is to receive

6.}% of the profits and tho remainder is to he divided in propor-

tion to capital. How much did B and C receive if A received

Rs 7,458 in a year ? (P. C. 10:1-9)

3. A and B are partners sharing profits in proportion to

3/lOths and 7/lOt.hs with capitals of Rs 20,000 and. Rs 15,000

respectively. They agreed to an interest of 5% on capital and

A was to be allowed an annual salary of Rs J,500. The profits

for the year 1961 prior to calculation of interest on capital but

after charging A'
8

salary, amounted ^to Rs 6,000. Calculate how
much each received.

4. Ramesh, Suren, and Matilal had agreed to divide tho

profits of their partnership firm in proportion to their capitals,

which were Rs 25,000/- Rs 22,000/- and R3 18,000/- respectively

at the beginning of the year. After 2 months Ramesh added

Rs 2000/- capital and Suren after 3 months^ withdrew Rs 1,000/-

capital and after 8 months Matilal added Rs 2.000/- capital, If

the profit for tho year was Rs 8960/4/-, what amount should

each partner receive ? (0. U. 1964)



PBATNEBSHIP 113

5. Aiyer and Bose engage in a business, their capitals being

Bs 40.0G0 and 30,003 respectively. They decide to place

to a reserve fund 5% of the trading profit every year. They also

agree that Aiyar should receive 10% and Bose should receive 8%
of the balance of profits for their services as remuneration.

IIow much should Bose receive if, for I960, Aiyar receives

Bs 5814 in all as his share. . (C . £7. 1961)

6. A
%
and B enter into a partnership with Bs 40,000 and

Bs. 50,000 respectively. It is agreed that A will draw a salary of

Bs 300/- per month for supervising the business and B is to

receive a commission of 2 per cent on the turnover as salesman

and the profits will be shared^, in the propertion of 2 : 3. In

1953, the sales amounted to Bs 1,47,300 and the profits amounted

to Bs. 32, 426 before charging salary and commission. Calculate

the returns the income of A and B represent on their respective

capitals. (C. £7. 1955)

7. A and B are partners contributing Bs 10,000 and

Bs 12,000 respectively. It is agreed that after 5% interestjt^)

their capital, A should get Bs 6,000 annually as salary anaaS

extra 1% on his capital for supervising the business. It'jjgR;

further agreed that the balance of the profits and losses should

be divided in in the ratio of their capitals put in by them. For

the year 1959, A gets altogether Bs 16,612. How must does B
get and what is the total amount of trading profit or loss of the

firm in 1959 ? (C. U. I960)

8. Bose, Roy and Sen had repectively capital of Rs 31,000/-

Bs 10,500/- and Rs 3500/- in their firm. On dissolving the

partnership, their liabilioies including repayment of capital were

Bs 51,600/- and the asspts realised Bs 47,400/-. What should

each receive as repayment of capital (i) if they had agreed to

bear $, i and i of the losses respectively and (1) if they had

agreed to share losses in proportion to their capitals ? (C. £7.1957)

9. A % B9 0 and D formed a partnership on 1st July 1956

with capitals of Rs 6,000/ Rs 4 ,000/ • Rs 6,000/- and Rs 9 000/-

8
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respectively and sharing profits and losses equally. A introduced

a further crpital of Rs 5000/- on 1st November 1956 and B
brought in Rs 3,000/- on 1st December 1956. C withdrew

Rs 2000/- of his capital on 31st. January 1957 and D withdrew

Rs 3,000/- on 1st. March 1957. The annual trading profit for

the year ended 30th. June 1957 amounted to Rs 9690. 'Find

the amount each partner should receive on the basis that

each partner would receive 5% interest per annum on his capital

prior to the division of profits (no interest being charged on

withdrawals). (C. U. 1959)

10. Roy, Mitra and Sen are partners of Romsco with capitals

of Rs 20,000, Rs 15000, Rs 12,000 respectively on 1st February

1961. Their agaeement provides that Sen should receive

Rs 6,000 as salary at the end of each financial year and the

profits should be divided in proportion to the capitals employed

by them during the year. After 3 months Roy withdrew

Rs 4,000 capital and after 4 months Mitra contributed Rs 5,000

capital and after 8 months Sen withdrew Rs 2,000 capital. Net

Trading profits for the year ended 31st January 1962, amounted
to Rs 42,300. Calculate the total amounts due to each partner

for 1961-62 profits (C. TJ. 1962)

11. A , By C and D having^capitals of Rs 12000, Rs 5000.

Rs 2000 and Rs 1000 respectively in their firm, agree to pay

interest at 5% p. a. on their capital, and to share profits and

losses in the ratios of 4 : 3 : 2 : 1

At the end of the year it is found, that the firm has incurred

a net trading loss of Rs 550. If the partners decide to start the

next year without an adverse balance, find what sums should be

paid by or to the firm in the case of each partner ? (C. U . 8829)

12 Sen and Roy carrying on business as partners decided

Q&t their capital should bear interest at 6% per annum and that

anf
1

withdrawal during the year should be treated as withdrawal

of capital. They also decided to retain at the end of each year

half of their share of profits as capital of the business. On 1st

July 1957, Sen’s capital was Rs 25.000 and Roy's capital was
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Rs 22,000. Sen withdrew Rs 650 on 18th August 1957, and

Rs 600 on 16th March 1958. Roy withdrew Rs Rs 400 on 20th

September 1957 and Rs 700 on 14th April) 1958. If the net

profits for the year ended 30th June 1958 be Rs 9,672 after

paying interest on capital, find their total incomes for the year

1957-58 and also their capitals on 1st July 1958. (C. U. 1951)



Chapter XV

Profit In Relation To Turnover And Costa

1. In a trading concern all losses and gains are grouped

together under one Account called the Trading and Profit and

Loss Account. 1

,

The function of the Trading Account is to show Gross Profit.

Gross profit in a given period is the difference between cost

of goods actually sold in the period and their sale proceeds

The office and distribution expenses are not deducted from it.

Gross Profit = Sales—Cost

The difference between gross profit and working expenses

such as rent of the shop, salaries of shopmen etc. is Net

Profit.

Net Profit = Gross Profit - Working Expenses

2. Having ascertained the gross profit the trader can find *

the percentage of gross profit on the buying and selling prices

of his goods. This gives him two-fold advantages. He may

put a check to increasing coBt of goods and fix up selling prices

of goods as well.

In a trading concern the word ‘Turnover* is used to mean

(l) the net sales—i.e , Sales less Returns Inwrords, (2) quantity

of goods bought and sold by a trader during a certain period,

e g» the quantity of material extracted from a mine during a

particular period,

Ex . I. Bs.

Total Sales * 160,000

Less Betuns Inwords 4,000

Net Sales 56,000
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Bs.
Opening Stock 5,000

Purchases Us. 50,000

Less Beturns

Outwords 7,000 43,000

48.000

2jess Closing Stock 3,000

45.000

Add Direct Expenses 5,000

* 50,000 50,000

Gross Profit 6,000

Add Other Incomes 1-500

Total Income r 7,500

Less Other Expenses 2.0Q0

Net Profit 5.500

( 1 )

(2)

(3)

(4)

Gross Profit % on Cost of Production

= Jkooo xl0()or 12
.w

50,000

Gross Profit % on Turnover

- e
6,ftP-Q- x 100 or 10*7%

56.000

Net Profit % on Cost of Production

= -5l55? X 100 or 11%
50.000

Net Profit % on Turnover

_5,500_

56,000
x 100 or 9'8%

3. Operating Expenses fall under the following hoads

(1) Administrative Expenses : Office expenses, taxes etc.

~
(2) Selling Expenses : advertising, show-room rent,

commission to Agents, stationery.

(3) Distributive Expenses : packing, carriage out-

wards eto.

(4) Finance Expenses : Discount allowed, interest paid,

depreciation etc.
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Non-Operating Expenses : Provision for claims for

damages etc.

Non-Operating Income : Discount, rebates received,

dividends on stocks and shares etc.

4. Gross Profit Ratio—It is the ratio of the gross profit

to Net sales, hut is generally expressed as percentage on

turnover.

Gross Profit Ratio =^8~Erofl* x 100
turnover

Net Profit Ratio. It in the rah’
-

) of the net profit to net

sa Tes and expressed as percentage on net sales.

. Net Profit Ratio - ^ x 100.
turnover

Similarly, any other expense is e xpressed as a percentage on

net sales or turnover.

Operating Ratio. The working of any enterprise is

controlled bp operational relationship between different items in

the Profit and Loss Account.

Rapidity of Turnover. The profit of a business is related

to the frequency with which the assets are used.

The cost and selling price of eommodities remaining the

same, the more the working capital rolled, the more is the

profit. By rapidity of turnover we mean the quick rolling of

stock. The rate of turnover denotes velocity of turnover.

Ex . 2. Stock of commencement (1.1.61) = Rs 40,000

Closifag stock (Sl.12.ei) -Rs 50,000

Cost of goods sold «R9 70,000

Then average stock = instock at commencement + closing

stock)

*i(Rs. 40,000 + Rs. 50,000)

= Rs. 45,000

Rate of Stock Turnover
Cost of goods sold

Value of average Stock

70.000

45.000
V-1.66
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Thus the stock turn over (stock bought and sold) 1*56 times in

365
1 year and and so average period of turnover is —~ or 234*6

1.56

days.

Average period of Turnover
average stock

annual turnover
x 365 days.

_ average stock „ .. n ,,
or =—— — x 12 months.

annual turnover

6. Inter-rel&tiou of capital, turnover, working expenses

and grossed net profit.

Let C = cost price, f S = SaIe prise (turnover), T* Total cost,

G = gross profit, jV“Neb, profit, P- Capital

Then net profit % on Cost price = x 100 = a. (say)
C

net profit % on Sales = ^ x 1 00 = b (say)
S

net profit % on Total cost =~ x 100 - cl (say)

net profit % on Capital * x 100 — h (say)

Prom the above, we establish the following relations :

—

aC=bS~dT = hP= 100 N.

For gross profit similar chain of relations may be established

7. Taxation, Dividend, Retained Profits

Net profit is taxable. The tax is either levied on flat or slab

basis. The tax is calculated on the net profit and deducted from

it to give Divisible Profit . Dividend to shareholders is paid out

of divisible profit and the balance left if any, is called Detained

Profit . Generally divisible profit is not exhausted. A part of it

is retained either for creating a sinking fund or strengthening

the financial position of the company. Sometimes a part of it

is kept for maintaining the rate of dividend for some years. Such

a fund is known as Dividend Equalisation Fund .
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The relations between the different items can be shown as

below.

Sales 1 Gross Profit— \ Net Profit— 1 Divisible Profit-^
Cost / Working Expenses 1 Income Tax /Dividend J

balance
Retained

Profit

Ex, 3. Sunrise Ltd made a net profit of Rs. 2,00,000 in

1961, and after providing for income tax and Super tax at

45 nP. in the rupee decided to distribute and retain the profits

in the following manner.' S

(a) To transfer to General Reserve Account Rs. 15,000

(5) To accumulate Rs. 10,000 in the Debenture Redemption

Fund and Rs. 5,000 in the Dividend Equatisation Fund.

(c) To declare a 6% dividend on the Preference Share Capital

of Rs. 2,00,0 )0 and of 12h% on paid-up Equity Share Capital

of Rs. 4,00,000.

Calculate Income tax payable, Retained Profits and Divisible

Profits. ( C.U. 1962 )

Income tax = 45 nP. * Rs. 2,00,000 “ Rs. 90,000

Amount transferred to Funds - Rs. 15,000 + Rs. 10,000

+ Rs. 5,000 = Rs 30.000

divisible profit * Rs. 2,00,000 - Rs. 90,000 = Rs. 1,10,000.

Dividend paid • 6% of Rs. 2,00,000 + 12j% of

Rs. 4,00,000 = Rs. 12,000 + Rs. 50.000 «Rs. 62,000

retained profits = Rs. 1,10,000 -Rs. 62.000 = Rs. 48,000
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Approximation

iN.In practical problems, approximate results are often

sufficient. Thus if the price of an article works out to be

24*575 rvP, we are not in a position to pay the exact amount.

What we c*q is this : we take as approximate a value as possible,

2. Error. In so doing we take an amount either greater

or less than the exact one. This difference between the exact

and approximate values is called' Absolute Error. The ratio of

the absolute error to the exact value is called Relative Error.

Relative error multiplied by 100 is called Percentage Error.

Ex. I. If a metre is equal to 39 3701 and an approximate

value of 39*37 is taken, then

Absolute error

Relative error :

= 39*3701 - 39*37 in = *0001 in

.
absolute error *0001 1

39*3701real value 39J701

100-n , absolute error ^ inn _Percentage error---

-

« ™-
393,01

3. Significant digits.

2438'927.

This number = 2488'93 correct to 2 decimal places

If II
= 2436*9 1 „ place

II II

Similarly

38357

= 2439 if nearest integer

If II - 38360 II 2 significant? figures

If
#

If
= 38000 •f ^ if h

The digits 1 to 9 are called significant figures and 0 having

two digits on each side is also called significant.
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4. Degree of Accuracy. The degree of accuracy deter-

mines the number of significant digits to be taken.

Rule for Approximation. Of the figures rejected, if the

first figure is 5 or greater than 5, add 1 to the last figure

retained, if it he less than 5, simply ignore it.

t

5. Limits of Error. Correct to 1 place of decimal the

approximate value of any number greater than or equal go 2*75

and less than 2*85 is 2*80. The limits of error in this *sase are

2*80-2*85 and 2*80-2*75 it., ± *05. ' ^
Now the errors ± 05 - ± inu = ± 4 * to. Here we take to

or one-tenth as our unit of approximation.

Hence limits of error = 4 x unit of approximation.

Similarly for approximation correct to 2 decimal places, the

limits of error are + *005 etc.

• * Approximate value + 4 unit - upper limit of true value

Approximate value - 4 unit “lower limit of true value

6. In a standard form the multiplier or divisor has one

significant digit in its integral part.

In multiplication, if the decimal in the multiplier move 1

place to the left, then in the multiplicand it must move
1 place to the right for compensation, ie. % the decimals move
through the same number of places but in the opposite

directions. ^

Ex. 1 . 24*72 x 82 91 = 247*2 x 8*291.

In division the decimal more in the same direction.

Ex 2
289

*

612 - 28*9612

87 89 “ 8*789
‘

«

7. Contracted Method of Multiplication and Division.

Ex. 3. Multiply 43 6711853 by 59*314 correct to 3 decimal

places.
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Working Rule :

(1) Reduce the multiplication to the standard form.

(2) Put down the numbers so that the decimal points be

below or above one another.

(3) Draw a vertical line after (3 + 2)

or 5 decimal places. Always take 2 more

places than required. Add zeroes if

required.

(4) Multiply first by 5 (1st fig before

the decimal in the lower line) the number

in the top line just before the vertical

line. But carry, if any, by multiplying

the digit next to it after vertical line by

5 and proceed.

(5) Multiply the fop line by 9 starting with 8 but carry

5 from (9 * 5)= 45.

(6) Proceed thus, always placing the first figure of multi-

plica tion just to the left of the vertical line.

7. Add and approximate as desired.

Ex. 4. Divide 111 3'3 J 7G2 by *0 8252654 correct to 2 places

of decimals.

7'82W4 \128 31762 /lb‘3978

I 78*2527 \ Ans. 16 40.

(1) Reduce the division to the

standard form.

(2) Find, by short calculation, the

number of digits in" the integral part

of the quotient.

Here -1-|
l

16 (two figs.)

(o) The number of significant

62 figs, in the quotient must then be

5 2 + 2 or 4.

(4) Retain two more sig. figs, in the divisor than what is

required, so that the total number of sig. figs, in the divisor to be

retained - 4«+ 2 or 6. Strike off all other figs, in the divisor.

60*0649

46*9616

3.1133
2*3476

.7667

7043

614
547

436'7#ffl? f

,v 5 9314

a 183*70927

3S\306767
13*10226
1 *43674

^7470

2590‘49US3’\

Ana. 259049
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(5) Perform fche first division but carry if any.

(6) After first subtraction, do not bring any fig. from the

dividend but strike off the last fig. from the divisor.

(7) After each subtraction strike off the last digit from the

divisor and proceed until there is one more fig. than the reqd.

number in the quotient.

Exercise 15

1. Multiply 24G034 1643 by '0081634 correrii co the nearest

thousand.

Use contracted method to find the value of

2. 463486*30185 x 296*1486 correct to 5 significant figures.

3. 246034*1643 by 0081634 correct to the nearest

thousands. ( P. U. 1944 )

4. 925361*237 by 834*5789 correct to nearest lakh.

( P. U. 1949 )

5. Divide by contracted method

100*3 by 1*0015 correct to 3 decimal places.

( P. U. 1946 )

6. Use contracted method to find the reciprocal of 4*515063

correct to 5 decimal places. ( P. U. 1946 )



PART 1

Exercise 1

y s
1

® ; 273. 2. »• 3.(i) 5198. (ii) '614 4. 3 + */S

5
-

1

*2 6. 36. 7. 157 metres

8. I
*296. 9. 7 yds. 1 ft. 4 in. ; 49.

10. 561, 943. 11. 121 yards.

12. €'S:-SQ37. 13. 92 n.P.

Exercise 2

1. 30,000 sq. m. 2. 24855*28 miles.

3. 379 litres. 4. 89480000 miles

5. (i) 4’6094 km. (ii) 4609’4 in. (iii) 460940 cm.

6. 271 sq. yds. ; 197% 7. 7318*5 cm.

8. (i) 765*646 km. (ii) 367'90 sq. m. (iii) 517 seers

50 tolas.

Exercise 3

i. 16 : 15 ( decrease ) 2. 22;i5 (decrease), Bs. 333

4. 8", 16 : 441. 5. 27 : 12 : 2.

6. 10 : 9 ( increase ). 7. 40 : 29.

8. £ 790 9d ; £ 6151 l'5d.

3-2,3 *
%* isr Exercise 4

i. Rs. 233314*28. 2. Rs. 1181*25. 3 . Rs. 562*50

4 . 6§ hours. 5. Rs. 1,25,000. 6. 6 weeks.

7 . Rs. 305. 8 . 1000 men. 9. 68 days.

10 . 100 days. 11 . Rs. 35-15 as. 12 . 406% tons.

13. 216. 14. Rs. 331-12 as.

15. Rs. 108. 16. Rs. 5109.
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Exercise 5

1. Each boy Rs. 16*50, each scout Rs. 8*25

2. Rs. 106*25, Re. 901, Rs. 6125, Rs, 70, Rs. 122*50.

3. Rs. 405, Rs. 540, Rs. 675.

4. Rs. 54 each.

5. Rs. 30,000 ; Rf. 15,000 ; Rs. 2,000

6. Rs* 413*69.

7. £3550, £3124, £2982 ; 1st lose £ 14 ; 2nd gain fe 4,

3r& gain £ 10.

8. Captain Rs. 439*34
; each Chief IVKite *Rs. 164*76

;

each Second Mate Rs. 117*18
; each Sailor Rs. 194*70.

Exercise 6

1. (a) Rs. 600. (h)

3. 27* sr| . in.

5. Vr" + r*

7. 40 in.

10. 4.

12. Rs. 2800.

14. Rs. 53,333.33, Rs. 3,400.

15. Rs. 8 2'58, Rs. 9871 , Rs. 114 8 1

.

16. Rs. 78. ]7. 80% on first Rs. 100,

18. 375^^ amperes. , 50% on balance.

Exercise 7

1. 25*29. 2. Rs. 72. 3. 018 km.
4.' 6s. 5d. 5. Rs. 48,000.

6.1(i) 10253 1fr. (ii) Rs. 29*33. 7. 37'9 litres.

8. Rs. 3. 9. 8'90 fr.

10. 3 s. 65 d„ 4*6 fr., 0*9% 11. 11 s. 5 d.

5| days, 2.
mnhlt

rii Jh l

4. 3 in.

6. 1 cu. ft.

9. v “ 3x +
x

11. 4 : 3.

13. £719 3s. 4 d.
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Exercise 8

1. Rs. 175. 2. 33761 tons.

3. 52,800. 4. (i) 75*G% (ii) 24*4%

5. 146790 ; 1,58,077. 6. 41*4%.

7. 14'31/o greater. 8. Rs. 15,759 6 as.

Rs 24,300. 10. U ,

9%, 54'9%.

11. 14%. 12. (i) 2 seers (ii) no, Is. 3ld

13. Rs. 40. 14. 25%.

15. 18^5%- 17. 340f § tons, decrease 0 55%.

18. 40%.'" 19. 65%.

20. (i) Rs. 3312 8 as., Rs. 160 10 as., 1 a. 3*9 p.

(ii) Rs. 36,406 4 as., Rs, 1820 5 as., 5 as., 1 1625 p.

Exercise 10

1. 31'6% 2. first ; 1115% 101S%

3. £ 5—2s—lid 4. 20%; 335%

5. 19% 6. 26|%

7. £ 21 18s 9d ; £ 12 8. Rs. 324*25

9. £ 24 10. B.

11. Rs. 16*34 12. 24*25%

13. 38r*g% 14. 1515% i Rs. 2

15. gain Rs. 432*81.
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Exercise 11

1. 25% 2. lli%*
j |5

'

3. 25% 4. Rs. 9 60 ;

'

5. 200% 6. 140

7. Rs. 7 2 as 8. Rs. 267 50

10. 2'4% 11.

12. 8s ad 13.

14. 21hl% 15. 16i\% .

16. Rf. 1 30*91 17. 34.0f tons ; 0 557%

18. 18. 19. 5s 8d tf
'

*

20. 8n
:

o% on sales 21. £ 17 10s

22. 26tV*
t

3 23. Salary :—R?. 4300. Rs. 5500,

Rs. 6680, Rs. 7230

Profit—Rs. 7200, Rs. 11520,

Rs. 15768, Rs. 17748

24. (a) 1314% (6) 3'22%

25. £ 43 15s, .€ 50.

26. Rs. 900, Rs. 1,30,000

Exercise 12

1 . 14% 2. Rs. 2—15 a 2/-

3. 12} seers 4. 5 gallons

5. Rs. 605 6.
'*

Rs. 1*79

7. Rs. 1*62, Rs. 1*98 8. 6 gallons

9. 23:4; Rs. 2 9as 10. 19 gallons, 3s 2d

11. 15 gallons, 21:20 12. 20tbs

13. .960 14. 42|%

15. 19:10 16. Rs. 4 8as

17. 360 yds 18. Rs. 2—10as, Has ;

19. 52 : 78 : 51 : 68 Rs. 2—6as
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Exercise 13

1 . Rs. 37,000 2. Rs. 45,000 3. JE 11—3—
4. C 48000(app) 5. Rain lj|% 6- ll.sjc/, £ 19s 6g(/

7. Rs. 40,000 8. Rs. 98 43 9. Rs. 900,

10. 0'8nP. 11. Town school Rs. 1800, Rs. 450

70%, Country school 30%

Exercise 13

12. 10p ; Deficit Rs. 1,43,229 (app)

13. Annual rent Rs 2226.

ExercjLse 14

1. Rs 41372 2. B Rs 7910, C Rs 13560

2. Rs 3775, B = Rs 3,72-')

4. Rs 35£8'56, Rs 2850*66, Rs 251 2 03

5. Rs 5566 '
6. 34'89%, 36 96%

7. Rs 12,61410, Rs 29,226'40

8. Rs 29400, Rs 9100, Rs 2800 ; Rs 28592 31, Rs 953075,

Rs 3176‘94

9. A Rs 2475'62 ; B. Rs 2346'46
; C Rs 2508‘96 ;

D Rs 2508'96.

10. Rs 13.223'58 ; Rs 1426071 ; Rs 14S1571.

11. A paid Rs 220, B Rs 165, C Rs 110, D Rs 55.

12. Sen income Rs 61,9178, capital Rs 26,895‘89.

Roy income Rs 6128’53, capital Rs 23P64'27.

Exercise 15

1 . 2000 .

* 2 x 10
s

.

. 10015.

2. 13726 x 10\

4. 7723 lakh.

6.

'22148.
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Part II

Chapter-F

LAWS OF INDICES

1. Definition

If m is a positive integer, am is used to denote the*

continued product of m factors each being equal to ca\ That is,.

am=axaX0X ...to m factors.

Thus, a b =a.a.a.a.a ., 5 8 =5.5.5., etc.

2. The Index Laws

If m and n are positive integers,

(i) am xan =am + n ^
Proof. Since am~a.a.a to m factors,

and an—a.a.a,a to n factors,

/. am Xan =
(
a.a.a to m factors)

X (a.a.a to n factors);

= a.a.a.a.a to (
m+n ) factors

=dm+n , by definition.

This is called the Fundamental Index Law

.

Thus, 4® x4 8=4 5+8 =48
.

Extension of the Law am X an X av X aq...=am • • •

Corollaries

/.-v m .
n m—n

(w) a -;-a = a
,
m>n

Proof. Ifm>n
,
then m—n is a positive integer

•
m am

~n X an =*a(m
~n)+n =-am

/, am -7-an =ammmn
.

Thus, 4 6 ^-4 8 =4 5" 8 =4 8
.

/...\ ( m\n m.n
(m)

)
=a

Proof. (am)
n = am.am.drn.am . ... to n factors

—-gWi+m+m+M to n term$m==^mn 9
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Thus, (3f)
a=34x*=38

, (3*)
4=3* x4 =38 etc.

(iv) (ab)
m
i=a

m
bm

Proof. (ab)m=ab.ab.ab to m factors

= (a.a.a....to m factors) X (b.b.b...to m factors)

=am xbm

=ambmi
Thus (2*) 3=23*3=8*3 etc.

3. We assume that the fundamental Index Law is

true' for all values of m and «.

4. (i) Meaning of a? (a#0) „

—

Since am X an=am+n holds for all values of m and n,

putting m— 0, we have

a® x aB=a0+B=aB

Dividing both sides by aB, 0,

an
a®= a

- = l.
a"

Thus, 1® =2° =3®= 10°= 100°= = 1.

*-

' (it) Meaning of a~m, where m is a positive integer.

Since a~m X am Xan—a~m+m+»= a”,

an

A a~m xam~ —=il
ar

am—
am a m

Therefore, a~m is the reciprocal of am and am is the

^reciprocal of aZm*

Thus 2
_
*=2'a and etc -

*

(tit) Meaning of a'Pli, where p and q are any two positive

integers.

Since fl
n xa"=a*!t" holds true for all values of m and

it, putting m—n—pjq, we have,

aplix aplq=apl*+pli=a*vlQ

Similarly, aplqx ap!qx aplqx . . . to q factors

—a(pH)*i=ap.

(a?lq)*=a*.

A
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Therefore, a^represents the ?th root of the pth power of

eu In a like manner, since a)p,apt* represents the ^th

power of the qth root of a.

Note. Both these interpretations do not always yield the

•same result. For example, = \/Hr = ±4,

but (V4)
2=(±2) 2=4.

-Ex. 1. Evaluate 16"^ x 8^-5- 4^

Thejgiven exp. = (2
4)"* x (2*)*-i- (2*)*

=2
ix“^x 2-^-2**^*

-8 4 1

=2 x 2 -t*2*

=2
" 8+4"i=2i=V2

(

v6\ 6+c /xc\c+a

w x
(5)

x
(5)

=i

L.H.S= (**>“«) <k+c> X (*
c”“) <c*a) X {xamb

)
(a+b)

—x(b—c) (b+c) ^ x (c
“a) (c+a) ^ x (ap"b) (a+b)

= JC
ft9

*“e9 X ^c9
*"fl9 X

^ r& a-c9 ;+ re* j + ra*-w =*0 = 1

E*. 3. t
Divide c+6 by a^-~a^ 3+ ^.

We have a-f-£=(^) +(^)

[a3+£s= (<z+£) (a8—ai+b*)]

=(a^+ —a^b^ +b$)

• The required quotient=

<

2^ + b$.

Ex. 4. Show that
(&”**)V3.3

"

3 VS"'*

\ i/»

t =27
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L, H.
1

3.( 3~»)* 1

_ r 32"+l. 3(n+V12 \iIn

I
3~3~*^ r

_ f 3(Sn,’2)+l 1V»

l 3H-B/2) /

gr5B/2;+l-l+n/2 |l/n

C3nxi/n >= 3 = 33—27

^15*. 5. Simplify

A 1 + 1

(C. U. 1942

The given exp.

X~m X~n X~P
-n~+X-P~^ X-n+X-P+X~7»^ X-P+X~m+X^x-m+x~n+x-

*“n*+*-"+*_P

"
x-m -\-x-n+x-r~ *

v£ac. 6. If ax=b, bv=c, cz—a

,

prove that xyz= 1.

ax»z={ax)«z=bv2=(b«) z~cz=al

xyz— 1.

•vIS*. 7j If *=3^+

3

-
^, prove that 3.V

3—9a=10.

;
Cubing both sides,

xS= (34)
S
+(3~^)

#

+3.3f 3~^*x

[a3+b*+3ab(a+b)=(a+b)3
].

=3+3-1+3.3°. a:

—3+1+3* [o»=l, a*0]
‘

.’. by transposition 3*®—9*—10.
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Exercise 1.

•1. Simplify *t i ) 32* \ ii ) 125
-
*

2. Evaluate— ^
,“(*') (1 (1—

a

-1
) («) V*-y x sjy~rz x Vr1*

'(*«) *%[>&+ 4
ZTxa~.

r 3. Simplify :

—

vm+2n v3m—8n
vx* vn ... —

v5m-fln

' (»)
52«+3

a io4a:+1

253x+2. 16*~V2

t
(in)

7n+2_35
-
7B-l

7"x 11

4. Find the value of :

—

\(i) (<!«.)«-».

*(») •*«/>-« (/?. £7. 7955)

• (Hi) ^c-aJ<j»+ca+a^
B ^a-6Ja*+a6+6»

X v xalc
X (C. 7/. 7955)

Show that

1
. 1 + JL =1

l+xi-a+x«”a ~l+xa76+xt-6 l+xo^+x6"'’

(C. U. 1940)

»\0. *(i) If a=6*, 6=^ and c—-a* show that

*(«) If ax=m, <P=n and «,=(m»W!

)*, prove that xy.2=l.

V7. If a*=bv=c* and b1=ac, prove that

i+T-V- (C.K/SW)
A Kt Jr

V:8. If xy^^a, xy®?1^. show that

A«-f. £r“*. c»-«=l.
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* 9. Evaluate

K)'(0"
(*r<-r

*10. *(i) If *=2^ + 2“^, show that 2x^—6*—5= O'.

(ii) If *2-f2=3 ^ + 3“^, show that 3x3+9*=8i

II. Uxv=y* show that (*^*'
U
=*

and if x~2y, show that y=2.

• 12. Show that 3453+ 5433
is divisible by 888.

*13. Find*

» (i) 3®“3 =927*

(») 9.81* =
2?W I

. 14. Find x andy

,.J(i) 22l+1 . 23«'+.l=8
2*+*. 2v+,= 16

(ii) 2*" 1 . 3»+.l=TV
2**+l



Chapter II

Quadratic Equations

1. Definition. Two algebraic expressions connected by
the sign of equality (=) is called an equation. The two*

expressions are called the sides or members of the equation.

If in an equation the highest power of the unknown
quantity is two, the equation is called an equation of the

second degree or quadratic equation.

The unknown quantity is usually denoted by x> y, z etc

and the other quantities are assumed to be known and

denoted by ay b, c etc.

The most generalform of a quadratic equation is

ax2-\-bx-\-c=0y where a, b
,
c arc any numbers and a^O.

If an equation contains only x2 and no *, it is called a
pure quadratic equation.

If an equation contains both x2 and x, it is called air

adfected quadratic equation.

Thus, ax2—c
, 2x

2 =16... are pure quadratic equations and
ax2-\-bx-{-c=0, 4*2—5*+l=0, 3*2+9*=0f are adfected:

quadratic equations.

2. Definition. Any value of the unknown which satisfies-

the equation is called a solution of the equation. A value is

said to satisfy an equation if it makes both the sides equal.

Thus, x=5 satisfies the equation *2=25. So x=5 is a solution

of the equation *2=25. A solution is also called a root of the

equation.

A quadratic equation has two roots•

Generally, an equation of the nth degree has n roots.

3. Methods of Solution

There are two methods of solving a quadratic equation t

(t) Method of factorisation,

(ii) Method of completing a perfect square.
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(/) Method of factorisation. This method is used where

the quadratic expression can easily be resolved into linear

factors.

Ex. 1 . Solve 4x2=25
We have, by transposition, 4x2—25=0
•or, (2x) 2-52=0
or, (2x+5) (2x-5) =0

either 2x+5=0, whence *=—$
or, 2at—5=0, whence x=§

The roots arc — f

.

Ex. 2. Solve x2—6x+8=0.

We have, x2-(4+2)x+8=0
or, x(x— 4)— 2(a:— 4) =0
or, (x-—4) (x— 2) ==0

either, x—4=0, whence x=4

or, x—2=0, whence x=2. .“.x=4, or 2.

x b cl b
Ex. 3. Solve v -h ~ == 7 H

—

b x b a

_ . . x a b b
By transposition, , —

t

or
x—a __

b(x—a)

b ax

\ either x—fl=0, whence x=a

lb. . 2
b*

or 7 =— , whence ax=b2 or x=- •

b ax a

b%
Thus the roots are a9 - ;

Note. x—

a

is a factor common to both sides and gives a

a solution]

Ex. 4.V «

c . 9x-2 . 4x2— 7 6x—

1

Solve —* - + 4x2+3’

By transposition,

4x2—7 6x-l 9x-2_l
4x*+3 ~ 2 3 5
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•

• • 6 ( 4*
a --7 )=4xa+3

•

• • 24x2-4**=3+42

or 4** =9
•

• • X2 »—

T

•

• • X = ±t
Note. The extraction of square root gives two' ‘values

equal in magnitude but opposite in sign.

The roots of x2=4 are +2 and —2, for these two values

satisfy the equation.

(it) Method of completing square

^ Ex. 5. Solve x2—5x+4=0

we have x2—2.x.$= —4

Adding ({)* to both sides,

*2_2 .x|+ (
5
)
4==

(
6
)
2_4

or (*-f)
2

.

Extracting square root of both sides, we have

5
,

3 5+3 5-3 .

*=2±2= 2
~ °r

2
==4 °rl

General method of completing the square

Let the general quadratic equation be 0*

By transposition, ax2 -\-bx=—c

Dividing both sides by a,
the co-efficient of a:

2
, we have

*8 +
b
X=- C

J
a a *

Adding to both s^es>

b / b \* / b \* c
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Extracting square root ofboth sides, we have

*+ 2a
= ±

m

\J b2—4ac

X=-2a±

2a

V b2—4ac
2a

A the two roots of ax2-\-bx-\-c—0 are

—b-{-\Jb2—Aac ,
—b—\]b2—4ac

2a
and

2a

The following method of completing the square is due to

the great Hindu Mathematician Sridhar Acharyya.

Since ax2+bx-\-c=0, we have, by transposition

ax2+bx=—

c

Multiplying both sides by 4a, i.e., 4 times the coeffici-

ent of x2, we have

4a2x2-\~4abx~ —4ac

Adding ft
2
, i.e, square of the coefficient of x

,
to both sidesr

4c?

x

2+4abx4- ft
2= ft

2—4ac

or (2ax+ ft

)

2= ft
2—4ac

extracting square root, 2ax+ ft=± \Jb2—4ac

or 2ax— —b^\Jb2—4ac

— ft± \Jb
2—4ac

“ * 2a

-JJ*. 6. Solve 3a:
2— 10*+3=0

By transposition, 3*2— 1 =—

3

Multiplying both sides by 4>^3, we have

36a:2— 120*=—36

Adding 102 to both sides

36*2— 120a:+102==102--36

or (6x— 10)
2=64

extracting square root, 6*— 1 0= ±8
or 6*= 104-8= 1 8 or 2
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or, applying the formula, a= 3, 6=— 10, c=3.

, -(- 10)± V(-iO?-4.'3T3 _ 10± -sy 100—36
* 2X3

= 6

10±8
6 ~=3 or £

4. Equations reducible to quadratic forms by suitable

substitutions.

(i) Algebraic equations of higher degree than two.

Ex. 7. Solve a10—33xfcf32=0

Putting y=x5
}
the given equation reduces to

v2—33)i+32=Q- >

or 7*- (32+1)7+32=0

or 7(7-32) -1 0-32)=0

or (7— 32) (7— 1)=0

either 7—32=0, whence7=32, i.e. x®=32, whence x=2

or 7—1=0, whcnce7=l, i.e. *®=1, whence *=1

Ex. 8. Solve (*-l)(*-2)(x+3)(*+4)=36

Multiplying together the 1st and 3rd factors, and the 2nd

and 4th. factors of L. H. S, we have

(x2+2*— 3) (**+2x—8) =36

Putting y—x--\-2x, we have

(y—3) (7—8)=36

or t8— 117—12=0

or (7— 12)(7+1)=0 .*. 7=— 1 or 12

(i) Taking 7=-!, *2+2*=-l

or (#+l)a=0, whence x=— 1, —1

(«) Taking 7= 12, *a+2*= 12

or *=rl±^±^=_i±vl3T
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(«) Algebraic equations offractional index.

Ex. 9. Solve a^—5a?+6—

0

V4-- — # #

Putting y=A3 the equation reduces to

—

y
2—5y+6=0

or y
2— (3+2)j>+6=0

or 3)—2(y—3)=0

or O>-3)(j>-2)=0

either y—3—0, z.e. a*=3, whence a=35=243

or y—2=0, ime. a 75 —2, whence a=25=32.

(iii) Irrational equations reducible to quadratics

,J£x. 10. Solve V2a+ 1 +V3a+T
-=7

By transposition of one radical,

V$a+1 =7~V3a+4
Squaring both sides,

2a+ 1 =49+ (3a+4) — 14\/3a+4~

or a+52=14\/3a+4

Squaring, a2+ 104a+2704=196(3*+4) ^
or a2—484a+ 1920=0
or a2—4a—480a+ 1920=0

or a(a—4)—480 (a—4)=0

or (a— 4) (a*—4§0) =0.

either a=4, or a=480

The root 4 is found to satisfy the given equation, the

other root 480 does not satisfy it.

a=4 is a root of the given equation, but x=480
is not a root.

Note 1 . The value a

=

480, which does not satisfy the

original equation and, as such, is not a root of the equati n is

called an extraneous root.
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Note 2. It is necessary to verify if the solutions thus

obtained are really the roots of the equation.

Note 3. In extracting the square root, take only the

positive value of the square root while verifying.

JEx. 11. Solve V 2*+ 1 —V"3x+

4

=

7

Proceeding as before, 2.v+ 1 =49+ (3*+4)+ 14V^c+T
or 4f+52=— 14\/3x+4

Squaring, x2+104x+2704=196 (3x+4)

whence, as before, x=4 or 480.

None of them satisfies the given equation.

/. The equation has no root.

Ex. 12. Solve 2x2-3x -\- 16 + V2*2— 3a:— 4 =' 10. ..(1)

we have identically,

(2x2—3jc4- 1 6)— (2at
2— 3a:—4) = 20 (2)

Dividing (2) by (1) and noting that

a2—b2--(tf +£)(«— b), we have

*J 2x2—3jc+16 — J 2x2— 3x—4 - (3)

Adding (1) and (3),

2J2x2-3x+i6 = 12

V2.v
2 3x+ 1

8

—6

Squaring, 2x2—3x+16=36
or 2a:

2—3#—20-0

or 2x2—8*+5x—20=0

or 2at(ac’— 4) +5(x— 4) =0

or (x—4)(2x+5)=0. Hence. x=4 or — J:.

5. Reciprocal equations

Ex. 13. Solve x4-2x3-6x2-2x+ 1=0

Rearranging terms, we have

(x*+ 1)
—2(x3+x) — 6x2=0
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Dividing both sides by x2,

(*!+i)-2('+i)
-6=°

or J(«+v)’-2]

-

2(>+-)-«=«

or (*+i) ’-*(*+ i)-8-0

Putting y for x+-~ > we have

f—2y—8=0, or (y—4 )(j>+2)=0

_y=4 or —2.

(i) Whenj=4, x+ - =4, or x2—4x+l=0

x=*±f
°Fi. =2±vs .

(«) Whenj= —2, x+-^ = —2, or x2+2x+l=0,

or (x+l) 2=0
x=— 1, —1.

The roots are 2+\/3 1,— 1.

6. Exponential equations

Ex. 14. Solve 32*— 4.3*+1+27=0.

Puttingsfor 3®, we have

>2-12^+27=0 [3
2*=(3*) 2=y, 3*+1=3*. 3=3y]

or (y—3)(y—9)=0

A y=3 or 9.

A, 3*=3 or 3*=9=38
.

x=l or 2.
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Exercise 2.

15

Solve

Is (0

(»»)

w

2. (0

>(«0

3 . (0

v- (m)

V(.)

4 . -(i)

5. (i)

r»)

6. (i)

(»)

(m)

7 . . (0

(»)

_ 1 *—

7

4a:—

2

....
6
3 3

" " 5 (“)
a:-2 *-0

4
*-*-S

1“*+—

"

5
^ +3

. 2fl— AC 3a—*
2a

=
3a~

AC— CO, ,
*—aA

+ T+a +T+6

4*2=9 . ,(«)

2(45+2*8
)

3(*2-9)

.v2+9 ^ a:
2+3

x2— 10*4*9=0 (ii) 3*2— 14*4-11=0

3 10

a:

~ 3
*»-(a+A)*4-«*-0 (it

») J
4*~ =~

* . a a A

a
+

*
= T+ a

2*2-|-3*=6. -(ii) 3*2—7*-|-3=0.

*2-2V3 *+1=0,

*2- (V3 4-3)*4- V3 4-2=

0

• *4-2
,

*+3^*—2 • *-3
a?

—

2
+ Ar-3“*4-2 + *4-3'

J +-A ...+ .
1

.

at-4-6 ^a:4-12 ^ac4-18

x-a*-b2 c2

“
c2

" _*—<**—~A*

A_2**=15

*^4-12=7*”

x^— 9*7**4-18=0

3

*

=2

8_
*4-3 •

•



Commercial Mathematics

8. *~4+4=5#-s

9. 6*£+3*-t=11*t

10. (i) (7-*) (5—-x) (6+*) (4+*) =*504

(it) (x— 1) (je-f-5) (*-(-8) (-*+2) =880

11. (xa-3x) 2-8(x2-3x) -20=0

12. (i) V(6*—5)— yj(3a—2) =2

(«) V(3a+10)+ V(9^+7)=9 .

13. 2V(*+5)-V((2*+8)=2.

14. V(*+6)-V(*+3)=.V(2*+5).

15. V(*+5)+ V(*+21)= V(6*+40)

16. xs
-\-2yJx

3+ 16*=24— 16*

17. 3x*— 18+ y/'3x3—4x—6=4x

18. (i) 10*4+63*3+52*a-G3*+10=0

(it) 6*4-25.r’+12*a+25*+6=0

v»- (•) («- ' )* -• (*+v) + 12=0

(»') (*- \ Y-'° (*- i)+24

20. 5*+5-*=5$.

21. 38*+32=10. 3*

22. 22*+3=57+ 65(2a‘—
1)

23. 91*I+91"J:=82

(P. £/.

(C. U. 1954)

(C. U. 1950)

(C. V. 1953)

( P.U. 1954 >

=0



Chapter III

Simultaneous Quadratic Equations

(
Two unknowns

)

7. One linear equation, another quadratic

The general method of solution consists in

:'/) expressing one unknown, say v, in terms of another,

say j\ from the linear equation.

(ii) substituting the value of r in the quadratic equation

and obi ainiug values of j-\ and then

(m) finding corresponding values of a.

Ex. 13. Solve - 100 (1)

a --{ v -- 14 (2)

Fron i (2 ) ,
.v= 1 4 - y (3)

Substituting this value of.v in (1), \v*e have

(14

—

-y)
2+y2— 100

or y2— 1 4y+48= 0* or v - - S)
( y— H )

^ (
)

,

whence y=S or f>.
*

from (3) v— (> or 8,

.*. the roots are .v= 6, y ~- 8 or v- -8. y _fi.

Ex. 16. Solve y* + yi~-2- ">

*+v '
=_-10... ^2) ( C. U. 195ft

)

On simplification, (1) reduces to

*+.?__ 5

•Jxy 2

10 5
°r . = = * from (2), /. Jxy=* and *y=16...(3)

A O
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From (2) x— 10—jy...(4)

Substituting this value of a in (3), we have

or (r— 8)0'—

2

)=f0,

.V=r8,JP^2.

Put u=
,
z?=— then the equations reduce to

x y

u2+v2=l 3...(l)

u+v=5 (2)

From (2), //~5— v (3)

Substituting this value of u in (1), we have

or v2— 5p+ 6=0, or (r — 2)(r—3) =-=0, whence r— 2 or 3

/. from (3) u~3 or 2.

/. u— - 3, v= 2 or w— 2, p— 3.

the roots are a— y= i or a - i, .r= J.

8. Both equations quadratic

(a) If the equations are homogeneous and of the second

degree, i.e, 9 if the sum of the indices of a and_y in each term is

2, they may be solved by putting y=mx as follows :

—

* Ex. 18. Solve x2 -\-xy-\-y2= 19.

3xy + 2j;
2=36.

Putting y=mx in the equations, we have

*2 (1 +/w4-*w2)= 19...(1)

x*(3m+2m2
) =36. ..(2)

( 10
—

or y2— lOv-t- 16—0.

whence ^'—8 or 2.

from (4), x --2 or 8.

the roots are a -- 2, r~S or

Ex. 17. Solve l -f « — 1

3

A“ V *
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... . .... 1 +m : tk* 19
l),v,dmB (l)by(2>. to+2mt ~.m

57m+38w2— 3(>+ +36iw®

or 2m2+2\tn— 3fi=0.

or (w +12) (2;//— 3) =0 /. m -- — 12 or g

(/) taking »i= — 12, from (l)

x - x 133=19

/. — 12'

(z7) taking //z - §, from (1)

a*
2 X ' =19 /. V 4 2

4

12 12
:F —T „ V7

j>=lx±2=±s
Thus the roots are

v-K' 7 1

V=-i-W7 J

v -- — 1 \/7 i v= 2 ^
v ----- —2 v

y — J

7

2 V? J jr™ 3 f r ---= —3 J

(£) If the equations arc symmetrical with respec t* to x

and y, i.e., if the equations remain the same if a is put for y and

y is put for a, they may be solved by putting x=u+ v andi

)'— */ — v.

Ex. 19. Solve
V

‘ ..(Is
y v 3 x

x+y=4 (2)

Put x=u-\-v and y -u— v .

from (2), (u+ v) + («— it)—

4

or //= 2.

From (1),
(u+v)*+(u-r) 2 _10

or 3(2«2 +2z/2
)
= 10(z/2—

t

2
)

16z;
2=4w2 or 4^;

2=w2=4
/. v~ i 1 •

A=z/+y=2+ l=3 or l

j;=w—p=2+1 = 1 or 3.
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9. Exponential equation

The method of solution consists of

(i) reducing both members of the equations 10 the

same base

and (ii) equating their indices.

Ex. 20. Solve W— - *>y ...(M

4.V+2 - -S

From (1), (3
2
)

J —3* or 32*=3* 2v~v ...(3)

From (2) (2*) > --= (2*)
X'J or 22^2 -- 2** /. 2y+ 2 - 3 vy . .

.
(4)

From (3) and (4) 2.2*+2^3r.2*

or 3 v
2—2x— 1—0

or (.r— 1
)
(3.r+ 1) —0, whence a^ 1 or

from (3) r -2 x 1 -2 or 2 X -£=—
the roots are v — J 1 x~ — J “t

_r--2 J y- -l f

Three Unknowns

Excepting the case of simultaneous linear equations,

no general rule can be laid down for the solution of quadratic

equations involving three variables.

10. Method of cross multiplication

Let ax
x+ b

xy -\-c
xz—0,a2x-\-b2y-{- c2z—0 and anx+

b

2y -f r
:i
z=

0

be three linear equations in x, y and z.

Then multiplying the 1st. equation by a
2 and 2nd.

equation by a
x ,
we have

a
x
a2x+

b

x
a
2
y+r

xa2z=0

a2ax
x+b

2ax
y+c2axz=

0

By subtraction, (b
x
a
2
—

b

ia1)y+ (c
1
a
2—c^i1)z=0

y ^ Z

aib» oJ>iC
\
a2 ctPl

...( 1 )
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Similarly, multiplying '.the 1st. equation by b2 and the

2nd. equation by b
x ,

we have by subtraction,

-
Z— - ...(2 )

b
y
c2— b2ci

ayb2—a2by

from (1) and (2),

x y £
byC2 b

2
l

i ^ i
^2 "

* C'ifl
|

This is called the Rule of cross multiplication .

Let each ratio be denoted by k. then

x--k{byC
tl— b

2
Vy)

9 v k{c
x
a
2—c2a^), z ~--k(a

lb.>—a2b l ).

Substituting these values nf a*, v and z in the third

equation, we can find the value of k and, therefore, those

of.>, rand *.

II. If in the above two ec|uations we put z= 1, then

x y _ l

byl tt b.)(
|

( 1^2 I
(lyb

2
~““ U.^b

y

which give solution of the equations

dyX -f by r4-^— 0 and a
2
x f b.

2 y -J-r2
= l0

Ex. 21. Solve Da -f
4>> — IS. 2x—y— 1

By t ra nspos i t ion l\.\ -f-

4

y—18=0

2.v -y— 1 —0

By the method of cross multiplication,

a* _ y _ 1

4 .?'-
1
) - (-

1

).(
3TS )

“(- IK)~2— (-

1

)'.3 ~ 3(— I )

-

2.4

.v _ y _ _ 1

°r —4~ 18 ~ —SB+3 -3 8

/?*. 22. Solve 3*-4j»—c*0 ...(1)

2*- 5jp+4«:=0 ...(2 )

*+S+*+Z=l5 .-(3)
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From (1) and (2) by cross multiplication.

x y __ z
-16- 5 -2 -12 -15+ 8

or

or

x y
—21 -14

*__J _
3 ' 2~

1

z= -7

(say)

a*— 3£, y—~2k, z~-k.

Substituting in (3), wc have

0A2+ 4k2+ k2 + k - 1

5

or 14A;2+A- 1 5 or (*- 1)( 14*+ 15) =r(l

k~ 1 or --Vf.

*=», c=l
or -V— ~ .V--—V. TT-

Ex. 23. Solve *++—3:= 5 ...(1)

y+z-3*=-ll ...(2)

c+.v 3j>=~3 ...(3)

Adding together, — (a+J'+.c) ----- — 9 *+_?+ £— 9(4)

Subtracting (4) from (1), — 4 z— —4 z—1
Subtracting (4) from (2), 4a*- -20 v— 5

Subtracting (4) from (3) - 4 r— — 12 y 3

.

Ex. 24. Solve a;v |-2a,+ 2v— 52

yz +-2r+ 2.t- -38,

£ v+ 2*+ 2x 44

Adding 4 to both sides,

( v 4* 2 ) (.>’

+

2)-=56 ...(1)

' i’J 2)(£ !
2}-42 ...(2)

(Z-\-2)(x+2) ----- 48 ...(3)

Multiplying together (1), (2) and (3)

(*+2)*( .y+2) 2(^+2) 2 ----56 y 42 x 48= (6 x 7 x 8)
2

(*+2) ( y+ 2) (z- 1-2) - ±6 x 7x8 ... (4)

Dividing (4) by (1), (2) and (3) in succession, we have

z+2= ±6 z~ —2+6=4 or -8
*+2=rfc8 a— —2+8—6 or —16

j+2= ±7 y— —2+7— 5 or —9
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E*. 25. Solve a+j=^“ 1

y+z—xr1

Z-j-x—y~*

Since i
-1— 1 x~ * —- 1 ,'.v,y

~ 1 = 1 /y, the equations can

be put in the form
’ --1 or c-v+0»=l...(l)

•v(j+^)= l or *)»+«= 1... (2)

,v(-e+.v) — 1 or yz+yx—\...{$)

Adding (1), (2) and (3), and dividing by 2,

•vv-hK+ct—

Subtracting (1), (2), (3) from (4) in succession,

\v— J, yz^--\, zx—\

Multiplying these last equations together and extracting

square root, we have

x
-vz

~~ ± 2 \/2

Hence by division, Z-^±J 9, -V—±^, J- ±^
the roots are

1 1

x—y~Z~ '

, 0 or \-=:s=r.z=-
y
.

s “ v

Exercise 3

Solve

1. (?) *2+y—25, x+y—1
(
ii ) x2+_y

2— 185, .v--
:v=3,

(???) 3-v2— 7.vy-ri»
2=0, 4.v-|-3y=5

2 - <*•>

J+J4 ?+-^5

3. (f) *+* = 5*, x+y=G

(ii) *+>“T2’*J ’
s=12

(?•?) *+-*=5, 2,5 5

x _y
*6 ( C.£/. /P5J)
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(iii) Jx— sly= J S, J

5. .v
2
+*H-j>*==84, x+y+ \Jxy=l4.

( C.C/. 7555

«. i-+
3

.1, ,

12
r.

,v+.? *—y x+y x—y

7. x+3j>==2, x2+2y2+5xy=0

s. *+
4
=I, 7+

4
=25

y x

( RM. 1954 )

( C.U. 1951, 1954 )

9
1 5

=

4’ ( CM. 1959

)

10. *+j>+*7»27, ][+*=£

..+
1 = 5 l

+ 'JS
.V® _j>

4 4’ x ‘ y 2

(PM. 1949)

n(i) X+y=a+ b, J+ J-2
(ii)

:
+*-$+£-*

12(f) 3y2+^+x2=15, 31*y— 3y
2— 5*2=45

v-2 iji2

(i») * +-y-=18. x+v=l2.

Solve the following equations by the rule of cross

multiplication.

13. (i) 3x+4y—ll, 4x+3y=l()

(ii) 7x— llj>=17, 2x—5y=li
(iii) J(*+2y)+K2*—”)=1\

\(x—2y)+^(2x+y) =41

14. Solve (i) _y
r=4, y2=2r

.

(«) .3*—2»=I, 3:r+1+2"-1=3l.
(iii) 2*+3w= 17, 2*+4—*3*'+1— 5.

Solve the following equations

15.

3x+4y—5^=0 16. 9x+y—8^=0
6x—y+z=0 4#— 8?-±-7*:=0

x^-y+z— 14. yz+z*+*v=47.

(RM.1951)



Simultaneous Equations 25*

17. 3x+y-5z=0 18. *+j>+«=-9

lx—3y—9^=0 A2 -j-.v
2+£2~29

**+ 2 v
2+ 3 :

2=23. yz -i cv= 20.

(C. U. 1955
)

19. *2+j2+£2= 84

x+y+z— 14

y=«.v.

20. x2—(y—z) 2= 3

_>-
2-(*-.r) 2--9
C
2— (a-—jv)

2= —3

21. (*) xy—72, yz^60, **=30

(«) .v>’+a'4->'=23. _vc+4'+<— 27, ^.v+<;+.y=-41

< (C. £/. JW5)

22. *(.H-«)=2, _v(c+a) —2, c(.v+j)=2.

23. Af(A.--f7+^)=fl2, j(.v-hH--C)=^2
, ^(.v+r-hc) — f2 -

(C. U. 1948)

24.

- a2—yz 5, v‘--^.y=3, z*—\y—— \ (C. U. 1946)



Equational Problems ^ ^ ^ ^

1. A boy bought a number of oranges for Rs 4. Had
he bought one-third more for the same price, he would

have paid 8 pies less for each. How many oranges did

he buy ?

2. A man walked from A to B at the rate of 4

miles per hour. Had he walked at the rate of 3| miles

per hour, he would have taken 3 hours more to reach B.

What is the distance between A and B ?

3. A labourer is engaged for 30 days on condition

that he receives 2s. f>d for each working day, and loses

Is. for each day he is idle. He receives £

2

. 7s in all.

For how many days is he idle ?

4. A man walks one-third of the distance from A
to B at a m.p.h . and the remainder at 2b m. p.h. and tra-

velling back at 3c m.p.h . takes the same time.

Prove that * + !
=- - •

a ' b c

5. A train running from A to B meets an accident

50 miles from A, after which it moves with 3/5th. of its

original speed and arrives at B three hours late. Had the

accident happened 50 miles further on, it would have been

only two hours late. Find the original speed of the train and

distance from A to B. (C.U.1958)
*

6. 1 5 per cent of the sale price of an article is equal

to 25 per cent of its cost, and 10 per cent of the’sale price

exceeds 15 per cent of the cost by Rs 10. Find the

cost and sale prices.

• 7. A man travelled 60 miles in 3 hours partly by

train and partly by car. If he had gone all the way by

rail he would have arrived 1 hour sooner and saved 2/5ths

of the time he was in the car. How far did he travel

by car ? (C. U. 1937)
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8. A trader bought an equal number of oranges at

3 for 40 nP and 4 for 50 nP. By selling them at 5 for

70 nP he gained Rs 2 -

60. Find the total number of oranges.

9. Find two numbers, whose sum multiplied by the

•difference of their squares is 648, and whose difference

multiplied by the sum of their squares is 328.

(Hints i Take x+y and x—

y

as the two numbers.)

10. Divide the number 26 into three parts such that

their squares may have equal differences, and that the sum of

those squares may be 300,

11. From a jar of water containing x gallons, y
gallons are drawn off and the jar is filled with wine.

This process [has been repeated four times. Find the quan-

tity of water remaining in the jar.

12. To complete a certain work A requires V times

as long as B and C take together
;
B requires ‘

b * times as long

as A and G together and G requires V times as long as A and B

together. Show that the times taken by them to complete

the work separately are in proportion a+\ : b+ 1 : c+ 1 and

1 v +
1 =1

t+i
that



Chapter IV
Progressions

1. A series is a succession of terms formed according

to some definite law.

Examples

(1) 4,6,8, 10, each term is formed by adding 2

to the preceding term

(2) 4, 8, 16, 32, each term is formed by doubling

the preceding term

(3) 20, 18, 16 each term is formed by subtracting

2 from preceding term.

2. A series is said to be in Arithmetical Progression

(A.P) if the difference between any term and the preced-

ing term is always the same.

The algebraic difference between any term and the

preceding term is called the common difference (c.d).

Examples

(i) the series 4, 6. 8, 10 are in A.P
,
the c.d. being 2

(//) the series 20, 18, 16 are in A.P, the c.d,

being -2.

3. The nth term of an A.P.

* Let a be the first term and d the common difference

Then 1st term *

2nd term ~a-\-d

3rd term ~(a+d)+d=a+2d

nth term a 4- (

n

— 1 ) d.

4f there are n terms in the series* the last term

l=a+(n— l)d.

4Zx 1. Find the 5th term of the A.P. 7, 4, 1 ......

Here c.d.=4—7=— 3.

5th term=7+ (5— 1 ) X -3=7-12=-5.
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'•Hx, 2• The I Oth term of an A.P is 40 and the 15th

term is 50. Find the series.

Taking a and d as the first term and common differ-

ence, we have

40=tf+(10— l)rf^«+!W

50=a+(15— l)rf=rt+14rf

By subtraction, — 1 0— — 5d d-~ 2.

40—a+9 x 2 or a=40- IS - 22

the series is 22, 24, 20, 28

Sum of an A.P.

Let a be the first term, d the common difference, n

the number of terms and / the last term of an A.P,

Let S denote the sum to n terms, then

S=~a-\- (fl+ r/) 4- + (/
— d) 4-I

Writing the series in the reverse order, we have

S=l+ (l-d) + + (a+d)

Adding together,

2S— (a-\-l ) + (<2+/)+ + («+0 + (tf-f /)

= («+/)+ to n terms

=*(*+/)

S=r
2
(a+l)

Putting l—a+(n— l)d
9

S=j{2o+ (u— l)d}

SEx. 3. Find the sum of 20 terms of the A.P. 15, 17, 19,;;:

S=”{2a+(n-l)rf}==~ {2x15+ 19x2} d=2.

= 10(30+38)

=680.

or, 20th tcrm=a+(n—l)rf=15+(20— 1) x2=53:
S=15+17+ +51+53

and S=53+51+ +17+15



30 Commercial Mathematics

Adding together,

2S=68+68+ to 20 terms

=88 x 20

S
88x20

2
=680.

5. Arithmetic Means

When three quantities are in A.P, the middle one-

is called arithmetic mean (A.M).

If a, b, c. are in A.P, we have

CL C
b—a—c—b or 2b=a~\~c or 6= •

Hence arithmetic mean of two numbers is half their sum .

The arithmetic mean of n numbers xv x2 ,
x

if
is the sum

of the numbers divided by n.

i.e A. M. of xv x2...x„
—

tv

Find the arithmetic mean of

*i+-yf • • •+*., zxEx
n

16,

Reqd. A.M

25, 47, 62

16+25+4*7+ ‘62
:

46
/
2
=l.-58,

4

Ex. 4. Insert 4 arithmetic means between 28 and 13

The first term is 28 and 6th term is 13.

Let d be the common difference

Then 1 3- a+

5

d= 28+ 5d

5</=13-28=-15* or d=- 3.

the 2nd term=28+^=28—3=25

3rd term=25+^=25—3=22

4th term=22+tf=22—3=19, which are the

three* required means.

6. (i) Find the sum of first n natural numbers
. J *

Let $ denote the sum, then

n(n+l)
S=1+2+3+ ...+*-j(l+n)-^§
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(ii) Find the sum of first n odd natural numbers

Let S denote the sum, then

S= 1+3+5+ to n terms

= ”{2xl+ («-l)2} d=2

= ”(2 +2«-2)

11 0 (>=
2
:<2n=n-.

(iii) Find the sum of the squares of first n natural numbers-

Let S denote the sufn, then

S=l®+2 2+32+ + »*

we have n3— (n— 1)
3=3h®

—

3«+l.

Putting n --
1 , 2, 3, etc. in succession, we have

l
3_03=3.1 a— 3.1 + 1

2®— l®=3.22— 3.2+

1

3®—

2

8=3.3a—3.3+

1

n®— (»— 1)®=3. n-— 3. n+1

By addition,

«®-08=3(l 2+22+32+ ...+«2)—3(1 +2+3+...+«)+«

/—3.S— 3. *S±+ lU«

3 S=»3+ 3n(n

2

+
n=2 (2«

£+3n+3—2

)

=”(2n*+3»+l) =

. c_»(«+ 1)(2«+1)
•• b 6

Ex. 5. Find the 20th term of the arithmetical progression

15, 13, 11 Calculate the number of terms required to

make the sum equal to ztro.
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20th term =3JL{2x 15+(2U- 1) x -2} rf--2

= 10(30-38)= -80

In the second case, sum — 0, to find n,

0 — m/2 { 2 x 15+ (a- 1) X —2} =/i(16— /i)

either n-~- 0 , or n “16.

Hence the only admissible value is lb.

Ex. 6. 11+!, /;, are ilie/»t!c, yili and rth terms of an A.P

prove that a (q —i) + b(r~ p') j- (
(
/;

—

<y)
0.

Let \ be the first term and r/ the common difference of

the A.P. Then

«-v+(/>— l)rf---(J)

t -~.v+(r— L rf,... (.‘>i

Subtracting (2) from (1) and ..'•>) from (2), we have

a~b~(p—q)d...{4)

b—c~(q—r)d....(b)

,\ dividing (4) by (5)

a— b _p~q
b—c. q—r

or a{q-r)-b(q-r)=b(p-q)-c(p-q)

or «(?—r)+i(r—j6)+c(^— ?)--0.

Ex. 7. A man is employed to count Rs 10710./- He
counts at the rate of Rs, 180/- per minute for half an hour.

After this he counts at the rate of Rs. 3/- less every minute

than the preceding minute. Find the time taken by him to

count the entire amount.

Amount counted in half an hour

=Rs. 180x30=Rs. 5400/-

balance to be counted =Rs, 10710/- — Rs.5400/-

=Rs. 5310/- * *

Iijl pne minute just after half-an hour, the am r nt

counted is Rs. 177/-.
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Let a minutes be taken to count Rs. 5310/-, then

53 10=:" {2 X 177+ (a- 1) x -3} =^(357 -3a)

or 3a*-357a+ 10620=0
or a*— 119/1+3540=0
or (a— 59) (a—60) =0

either a=59 or 60

Now in 59 minutes after half an hour, the amount

counted=y {2 x 1 77—58 X 3} =|~(354 —174)= 53 1

0

and nothing is counted in the 60th minute.

(a+ 59</= fZ7—59 x 3=0)
the required time —30+59 = 89 min.

Ex. 8. 80 coins are placed in a straight line on the

ground. The distance between any two consecutive coins is

10 ft. How far must a person travel to bring them, one by one,

xo a basket placed 10 ft , behind the first coin ?

0 1 2 3 80

1—rc—(—rc—|—rc—| 1

Let 1, 2, 3,... 80 represent the positions of the coins and

that of the basket.

The distance covered in bringing the first com=10+10 or 20ft.

” ” ” 2nd ” —20+20 or 40ft.

" ” ” 3rd ” —30+30 or 60ft.

etc.

total distance covered

= ”{2a+ (n-l)d) =40(40+ 1580) ft. "ZgJ
= 12^ miles. d=20 )

to

Exercise 4.

1. Find the nth term and the sum of the first n terms of

the following A.P.

(i) 4,6*8,...

(ii) 1, 3) 5,..*

a= 10

«=18
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«=58

w=45

11= 20

(iii) 1,

(iv) 4, 3}, 3*,...

(*') (l— *)+ (»— *)+ (5 *) + •••

. .. n+ A /z+3A <z+5A

a+b’ a+b ’ a+A ””

(w) (3+4) + (8+ 9) + ( 1 3+ 14) + . .

.

2. Find thp nth term and sum

following A.P.

(0 2,4,6,...

• (if) 1, 5, 9,...

(«i) 10, 7, 4,...

n— 15

n=20

to n terms of the
%

(»’)

(v)

(vi)

(xii)

x—y, 3a — 2y, 5v- 3),...

a+b, 2a, 3a-b,...

(*+j0
2

> (*
2
+.)

,2
)> (v--v) 2

,...

n-1
n

,—2,
+ «

+

*^3. Sum the series (/) 72+ 70+68 4- +40

(//) 40+44+48+ + 1000

*-4T. If the 10th term of an A.P. is 15 and the 15th term

is 10, find the series.

(a) If a\, a
2 ,

«3 , a are in A.P., show that

fli+« 4 ^flf2+«8

(6) If Sj S2, S3 be the sumj of n terms of three arithmetic

series, the first term of each being 1 and the respective common
differences 1 ,2,3, prove that

S1+S8
t=2S

2

Find the 20th term of the A.P. 81, 78, 75

Calculate the number of terms required to make the sum equal

to zero.
(
R. U, 1953 )

*7, (a) Find the sum of 6a+7VH8a+*/.+20?

(A) Show that the sum of the first n odd numbers i$

jlways a/perfect square.
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8/^The sum of three numbers in A.P. is 18 and their

product is 192. Find them.

[ Take a— /?, a, a+ 8 as three numbers in A.P. so that

:Ja 18 or a - (i. Also (a-jS)a. (a + P) -- 1 92 /. a(a2-/?2
)
= 192.

whenoe /3--+2. The reqd. numbers are 4, 6
,
8.]

9>^ (i) The sum of four numbers in A.P. is 20 and the

sum of their squares is 120. Find the numbers.

[
Fake the numbers as « 3/2, a — /?, a+ ft, a+ 3)3.]

(ii) The sum of four integers in A.P. is 24 and their

product is 945, find them.

10 . Show that the sum of the first n natural munibers

is equal to (l + l/w) times the stfhi of the first n odd numbers

( P. U. 1944 )

1 1
.

[a i The sum of n terms of an A. P. is 2rr. Find

the 5th term.

(b) The sum of n terms of an A. P. is 2w2+3«..

Find the nth term and the series.

^12. The />th term of an A. P. is q and /
7th term is p

Show that the rth term is p-\-q~-r.

13. (
i

)

The sum of p terms of an A.P is q and the

sum of q terms is p. Find the sum ofp+q terms.

(ii) If pth term of an A.P is 1 jq, and qih. term

is 1 Ip, show that the sum of pq terms is l(/><7+l).

14. Find the sum of the following series without

assuming any formula.

.(/) 108 -(-102+96+ to 50 terms

(ii) 8+0— 8— to 8 terms

(Hi) 27+24+21 + ** to 19 terms

15.

'

(

0). Insert two numbers between 8 and 125* so*

that the number form 4 terms of an A.P.

(q) Insert n arithmetic means between a and b.

£
b is («+2)th term. .V A==A+(fi+l)d^ whenceyflf—
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16.

(
a) a , b, c are in A.P., show that

111
, , - , , are in A.P.
be ca ab

(b) If a2 ,
b2

,
c2 are in A.P., prove that

1 1 1

are in A.P.
b-\-c d-\-b

(c) If x, y9 z are in A.P., show that

\Jz \Jz+ \Jx' jx+ \Jy
are m A 'P ‘

1 7. If a, b, c are respectively the sums of p, q and r terms

•of an A.P., prove that

(t) a(q-r)lp+b(r—p)lq+c(p—q)!r=0.

(») (b—c)(p—q)— (a—b) (q r)

18. (a) The wth term of a series is 3n2+n, find the

sum to n terms

(b ) Sum the series to n terms whose «th term is

7l(w+l).

19.

Sum the following series to n terms

^ 2.3
+

3.4
+

4.5
+ ’

r.'2
+

2.3
+

3.4
+

..... 1
,

1
,

1
,

{ltt)
4.7
+

7.iO
_i"lO 13

+ ' ";

{iv)
x(^-y)+ (*+.?)(*+2 J>)

+ (x+27)(x+ 3j)
+ *

t In (i) 1st. term=|— 2nd term=|— f,

»th term = — } fttt+l «+

2

In (tit), 1st. term=Ht-T). "th tocm

=

(Sa+l)

l

(3n+4j

If 1 I V
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zO. Prove that if 1 is added to the sum of any

number of terms of the A.P. 3, 5, 7, 9 the result*

ing sum is a perfect square.

[sum to n terms {0+(»— 1)2}=r*+2b, which is a

perfect square if 1 is added to it. ]

^21. 45 boys contribute to a charity fund. One con-

tributes 5 nP., another 10 nP., the third 15 nP., and so on

each contributing 5 nP. more than the former. What is

their total contribution ?

v'$2. A money lender lends Rs 1000 and charges an

overall interest of Rs 140. He recovers the loan and interest

by 12 monthly instalments ^each less by Rs 10 than the

preceding. Find the amount of the first instalment.

A person pays Rs 975 by monthly instalments each

less than the former by Rs 5. The first instalment is Rs 100.

In what time will the entire amount be paid ?

V24. 20 stones are placed in a straight line on the ground.

The distance between any two consecutive stones is 3 yds. How
far must a person travel to bring them, one by one, to a bas-

ket placed at the first stone ?

25. To verify cash balances, the auditor ofJoy Bank

Ltd., employs his assistant to count cash in hand of Rs 4500.

At first he counts quickly at the rate of Rs 150 per minute for

10 minutes only but at the end of that time he begins to count

at the rate of Rs 2 less every minute than he could count in the

previous minute. Ascertain how much time he will take to

count this sum of Rs 4,500. ( CM. 1961 )

^$6. B arranges ta pay off a debt of Rs 9600 in 48 annual

instalments which form an arithmetical series. When *40 of

these instalments are paid, B becomes insolvent and his creditor

finds that Rs 2400 still remains unpaid. Find the value of the

first three instalments paid by B, Ignore interest. (CM. 195?)



Chapter V
Progressions (continued)

7. A series or set of numbers is said to be in Geometric

Progression (G.P.), when the ratio of any number of the set to

its preceding number is always the same.

This ratio is called common ratio and denoted by r.

*

Examples

(») the series 4, 8, 16, 32 are in G.P., the common
ratio being 2.

(ii) the series $, £, J are in G.P., the common ratio

being }.

(Hi) the series 3,— 9, 27,... .are in G.P., the common
ratio being— 3.

8. The nth term of a G.P.

Let a be the first term and r the common ratio of a
geometric progression, we have

1st. term=

a

2nd. term=ar

3rd. term—ar.r=ars

4th. term=ar1.r=ara

n th term=ar""1 *

If there are n terms in the series, the last term is l—arH~1

Ex. 9. Find the 15th term of the G.P. 2, 4, 8,

1st. term=a=2, common ratio=*r=$=2

15th term=2.218_1=2.2u=32768

Ex. 10. The 10th. term of a G.P. is 1<^ and the 16th

term is 1024. Find the series and the 12th term.
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Let a be the first term and r the common ratio.

Then 16=a/">”1 =«r9
..(1)

1024

=

arl
*~l ==ar15 (2)

1024
By division, r*= =64=2* .*. r=2
. __

lo

from (i) 16=a.2* a=2® =
2
8==4

the series is ^ ^x2, ^ X 22,

1 1 1

32’W 8

. 1 2th. term- *
.2

,2-*'= ’ x 2U=64.

9. Sum of a G.P.

Let a be the first term, r the common ratio and n the

number of terms.

Let S denote the sum to n terms, then

S=a+ar+ar2+ +ar*~1
. (1)

Multiplying both sides by r ,

S.r=ar+ara+ +<«'”• (2)

by subtraction

S(1 —r)=a—arn

w. S
1 —r

r* 1 (3)

If r=l, S = 0+0. 1 +<7.1 + +/7.1.

=«.a.

If l denote the last term *.<?., the n th. term, l*=arnmml

m.

Then S=*“/,r
-

1—

r

If r<l, (3). fe conveniently written as

e «(r*-I).
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Ex. 11 . Sum the series 9+18+36+ to 12 terms.

18
First term=0=9, common ratio=r='g~=2.

S=

=

9

^-~l
^ “9(4096- 1 )

= 36855

or, 12th. term =arlt-1=9.2U .

5=9+18+ +9.2“

2S= 18+ +9.2n +9.212

by subtraction,

—S=9— 9.21*

S=9(2U— 1) =36855.

10. Geometric means

When three quantities are in G.P., the middle one

is called the Geometric mean
(
G.M.)

If x,y, z are in G.P, then

V z.
- = or yp—z.x. or y=\Jz.xxy.

Hence geometric mean of two numbers is the square root

of their product.

The geometric mean of n numbers is the nth root of their

product.
1 in

i.e., G.M. of xv x
2 , xH^(xvx2 ....xn )

Ex. 12. Find the geometric mean of 12, 18, 72, 108

Reqd. G.M.=(12. 18. 72. life)* = (2«.38)*

=2*.38=36

Ex. 13. Insert 4 geometric means between 6* and 1458.

The first term is 6 and the 6th. term is 1458.
%

Let r be the common ratio. -
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r=3.

the 4 geometric means are

6.3, 6.32
,

6.33, 6.34

or 18, 54, 162, 486

II. When three numbers are in G.P. they maybe conve-

niently taken as a, ar> of which the common ratio is r.

When four numbers are in G.P, they may be taken to

be
a

-> ar, rnfi of which the common ratio is r2 .

r r

Ex. 14 . Three numbers are in G.P. and their sum and

product are respectively 63 an<fcl728. Find them.

Let the numbers be
a

,
a, ar,

r

a

r
+a+ar=63 (1)

and * a. «r=1728 (2)

From (2) «*= 1728=2».3®. a=2*.3=12.

From (1)
l2
+12+ 12r=63

or 4r8— 17r+4=0.

or (r—4)(4r— I) =0.

r— 4, or

.*. the reqd. numbers are

“ 12, 12.4 or 3, 12, 48

Ex. IS. If a9
b 9

c are the ^th., ^th. and rth. terms of a

G.P., prove that r®"^=«l

Let f be the first term and d the common difference

of the A.P., then

astst+(fi— 1
)d •*. $rf..... ? (l)

l)rf h*rc*=*{ •* - (2)
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Let g be the first term and v the common ratio of the

G.P., then

a
...(3)

—g-v
b
- =V«~r

....
c

...(4)

C=g.V'~1

(b-C)ld

From (3) M -<*) 4)

1 from (2)

/
\2>-7 ==ilbx

<a~'J>ld

From (4) M ~(J 1[;c)
from 0)

• la\>
-c /£.«-«>•

• • W
or ab~<\

1

° ~-yh-a,

ca-b

or a h~r
. b~b*r. b h~a

. c"~b— 1

• • a b~'\ b f-a.C“- b =1

12 , The arithmetic mean of two different numbers is

greater than their geometric mean .

Let a and b be the numbers.

Then their A. M and G.M ,= \Jab.

Now a+ b— \Jab —\{
i
a+b—2\]ab)*=\(y]a—y]by

which is a positive number.

a-\~b . ,

-g-> \Jab.

13* Infinite Geometric Progression

We have seen that the sum of the G. P.

a+ ar+ar2+ . . . . .
.
4-ar*"1 a- ^ .

Thisf
is a finite G.P.
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If the common ratio r is numerically less than 1
9
rn

decreases as n increases. By taking n indefinitely large,

we can make rn as small as we please.

if /<l,and n increases without limit

a+ar+ar2 -\- +arw~ 1+ ... ^ = a

1 ~~r 1—?

the sum of an infinite geometric series

__
first term

1 —common ratio’

Ex. 16. Find the sum of the infinite geometric series

1

2i+2»+
<
;

Here first term =1, common ratio 1)

or S= 1+^+ 22+2s+
+0

2-S.=2+22+28+ +°

By subtraction,

JS=1 S= 2.

14. Recurring decimal*

A recurring decimal is an infinite G.P.

Ex* 17. Express 9 as an infinite geometric

progression and hence find its value.

•ft9=-39 39 39

= -39+ -0039+ '000039+

=•39 ( 1+ 01+-0001+ )

Now 1+ '01 +*0001+ is an infinite G.P. whose

first term is 1 and common ratio is *01 ( < 1)
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Ex. 18. Sum to n terms 4 +44+444-+-..

Let S denote the sum, then

S=4+44+444+ to n terms

=4(1 + 11 + 111 + .. ..to n terms)

—gX 9(l+ ll+ lll+ ... to n terms
j

=g(9+99+999+ tow termsj

=g|(lO— l)+(lOa— l)+(l03— lj+.:.to n termsj

=g|(lO+ 102+103+...t° n termsj—

4f 10(10"-1) 1 40/.. \ 4n

~~9l 10-1 w
i

—
8l(

10 ^ 1 )— 9

Ex. 19. If a, b, c, d are in G.P., prove that

(6-c)*+(r-«) 2+(rf-6)*=(a-rf)*.

We have ^ b2=ac, c
2=bd, bc=ad.

a b c

L.H.S. = {b2-2bc+ca
)+ {c

2-2fa+a*)+ (d2-2db+ ba )

=2(ba-ac)+2(_ca-bd)+aa+da-2bc

=2 x 0+2 xO+aa+(P-2ad= (a-d)
a

.

Ex. 20. If the population of a town be 150000 and

increases by 5 per cent every year, what will it be in

3 years ? What will be the total percentage increase ?

Population at the beginning of the first year=150000

” ?' =1 50000

: 150000 xf
2
M*X

l§5/

3rd ” = 150000X (|^)*

; 150x9261

= 173,644.
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total increase= 172,644— 150,000 =23,644

percentage increase

=

23,644
:

150,000
X 100=15-76.

Ex. 21. Accumulated at 10% per annum compound
interest a sum of money amounts to Rs 8650/- in 4 years.

Fmd the sum.

Let P be the principal, then

amount of P after 1 year-f(l+j^)-Pxl-l

” ” 2 years=/> x(l-l)»

” ” 3 ye»rs=/> x(l-l)*

” ” 4 years=Px (1*1 )*-

Px(l-1)4=8650

or P= 8650 8650 = 5976-37
'(1*1)4 “1-4641

the required principal =Rs 5976-37

Exercise 5.

1. Find the nth term and sum to n terms of the

following series

(0 1+2+4+

(«) 1024+512+256+

.

(Hi) 8-16+32-

(w)
.
g+j+^+..—

•

(p) 1+V5+3+ ...

(iv) I+V3—

n=13

n=15

n=12

n— 8

n=10 ( A. U. *1948
)

««10
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Find the sum to n terms.

(0 1 + 2+ 2*+

(*0 *+';)+ 3*+

(in) *+^+ 5+g+

(+) 2J-1+?-

w x—y x+y

3.

(a) Find the sum of 9 terms of the G.P. 3+3F+3^ +
..and show that it can not be less than 78.

(b

)

In the progression l + 3+ 3a+ y
find the

least value of n such that 1 +3+32+ +3" > 500.

4.

(a) Find the sum of 6 terms of a G.P. whose

first two terms are 1 and §.

(b) The first of a set of n numbers in G.P. is a

and the last is /. Express the product of the n numbers

in terms of a and /.

[last term=/?th term— a.r*~l
9
where r—common ratio.

arn
~x—L The product of terms

« 1
lwrrt-iy

—a. ar. ar* arn
~~1=an .r 2

5. (i) Find the 8th term of the series 3|, 2J, 1£.

ii) The product of first and second terms of a G.P.

is 256 and that of second and third terms
.
is 16, find the

5th term.

6. (t) Find the three terms in "G.P. whose sum is

19 and the sum of whose squares is 133. * ( P. U. 1946)

.$ («) Find three terms in G.P., whose sum is 19 and
"wjhose product is 216.
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(iii) The sum of first 3 terms in a G.P. is 31 and

their product is 125, find the series.

7. Find the wth. term and sum to n terms in a G.P. whose

. (i) first term is 64 and sixth term is 512

(it) 8th. term is 48 and 14th. term is 384.

8. The first two terms of a G.P. are

(i) 125 and 25, find the 8th. term

(ii) 2187 and 729, find the 10th. term.

9. (i) Insert two numbers between 8 and 125 so that
c .

the numbers form four terms of a geometric progression.

(ii) Insert three geometric means between 3 and 9

(Hi) Insert n geometric means between a and b.

10. The sum of an infinite G.P. whose common ratio

is less than 1 is 32. If the sum of the first two terms

is 24, find the series.

11.

Sum to infinity

(/)
S
+*+8

+

(««) (Va+i)+i+(V5-i)+.

(‘V> V3+V3+3^+

12. Stun to infinity (x<l)

(i) 1 +2#+3**+4Jf
a
-f‘

(it) l+3x+5x*+7**+

.. (fit) l+(l+*)x+(l+4+*V>
proper fractions.

whflsre both b, x Are

(,.4 . it.
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13. Sum to n terms

(/) 3+33+333+

(ii) 4+44+444+

(iii) ’5+ *55+ ‘555+
(id) -9+-99+ 999+

14. Sum to n terms

(i) 1 *03+ (1 -03) 2+ (1 -03)*+

.... 1,1 ,1
,w l*05"

h
(i-'05jt+ (l-05)»

+

(m) y+i+ (l +/)»+(/+/ )•+ +
(l+/)«

15. Show that the sum to infinity of the following

-series is 25.

J , 1 ,
1

,

1 (i*b4)***" (1
•04)*^" "

16. Sum to n terms

1+3+7+ 15+

17. (i) Three numbers are in A.P. and their sum is

27 ;
if 1, 1, and 6 are added to them respectively, the

results are in G.P. Determine the numbers.

(ii) The continued product of three numbers in

G.P. is 27, and the sum of their products in pairs is 39.

Find the numbers.

18. If a, b, c, d are in G.P., prove that

(j) a+b, b+c, c+rf are in G.P.

. (ii) (4+c)(i+rf)=(c+a)(e+i/)

(iii) a*— A*, b*—c*, c*—d* are in G.P.

(iv) (a*+b'+<*)(b*+c*+d*)=(ab+be+<d)*

19. (t). If a, b, c are in A.P. and x, y, * are in G.P.,

rprove thit V®^”0 «l,-6==l
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(ii) If R, S, T be the rth. Jth. and fth. terms of

a G.P., show that R*~l Sl~r T'-’—l ( A. U. 1945 )

20.

If S„ Sv S>, are the sums of infinite geome-
tric series whose first terms are 1, 2, n and whose

common ratios are g, respectively, show that

St+S%+ +5,—

21. if x=j+y2+y+ oo (o <_v < i)

show that je
2+A:3— oo

22. If the population of, a town increases 25 per

thousand per year of the population at the beginning of a

year and the present population is 26,24,000, what will be

the population in three years’ time ? What was it a year ago ?

23. Show that a given sum of money accumulated

at 20 per cent per annum more than doubles itself in 4 years

at compound interest.

24. A particle moves 40 ft. in the 1st. second, 36 ft.

in the 2nd. second, 32| ft. in the 3rd. second and so on.

How far will it move before coming to rest ?

25.

A person proposes to give alms to a beggar 1 nP.

on the first day, 2 nP. on the second day, 4 nP. on the

third day, 8 nP. on the fourth day and so on. How much
does he need to pay in the month of February, 1962 ?

26.

A pendulum passes over distances in successive

swings which form the G.P. 25, 15, 9, inches respectively.

Find the total distance described by it before coining to rest.

A-4
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15 A set of numbers is said to be in harmonic progression

when their reciprocals are in arithmetic progression.

Thus £, £ are in harmonic progression, since

their reciprocals 2, 3, 4, 5 are in A.P.

Ex. 22. Find the Harmonic Mean between two numbers

a and b .

Let H be the harmonic mean, then > r s ,

a H b
are in A.P.

or

1 _ 1 = 1_ 1

H a b H

2=V • H=2ab
•

H a'b • • a+b

Exercise 6

1. Find the harmonic mean between 12 and 21.

2. If A, G and H be the arithmetic, geometric and

harmonic means between two unequal quantities a and b9 show

that A>G>H. If the quantities be equal, show that A=G~H.

3. The harmonic mean between two numbers is 33-^

and their geometric mean is 36, find the numbers.

4. If x9y9 z are in H.P., show that

J +JJ.
y—x y—z x Z

5.

a, b, c be in A.P., p, q, r in H.P., ap, bq, cr in

G^P., then show that -+{='+-
. r p c a

{ P. U. 1943)



Chapter VI

Permutations and Combinations

1. Definition

The different arrangements of things that can be made'

by taking some or all of them at a time are called

permutations

.

The different selections or groups of things that can:

be made by taking some or all of them at a time are

called combinations .
°

In permutation we consider the order of things, but

in combination the order is immaterial.

For example, the permutations of 3 things a, b 9 c taken

(/) one at a time are .‘1 viz a, b, c

(it) two at a time are 6 viz

(iii) three at a time are 6 viz. abc, acb
, bca, bac

, cab> cba .

The permutations taken 2 at a time viz. ab and ha

are formed of the same two things a and b in different

orders, so they belong to the same group. Similarly, the

permutations ac and ca form a second group and the

permutations be and cb form a third group.

Thus, the number of combinations of 3 things taken

2 at a time is only 3.

In like manner, the 6 permutations of 3 things taken

all at a time are formed of the same things but jut

different orders and so they form one and only one

group.

Thus, the number of combinations of 3 things takeii

all together is only I .
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Permutations

2. Fundamental Principle

If one thing can be done in m ways and when it is done

in any of the m ways, a second thing can be done in n ways,

then the two things together can be done in mxn ways .

The above principle can be extended to cases which

involve more than two things.

The following examples illustrate the above principle.

jEx. 1. There are four routes for going from a station

A to a station B. In how many different ways can a man
go from A to B and return, if for returning

(t) any of the routes is taken

(it) the same route is taken

(tit) the same route is not taken ?

(i) The man ' can go from A to B in 4 different

ways, for he may take any one of the four routes. When
he has done so in any of the 4 ways, he may return

in 4 different ways.

corresponding to one way of going there are

4 different ways of returning.

the total number of different ways=4x4=16.

(it) Corresponding to one way ofgoing there is only

one way of returning.

. the total number of different ways=4 x 1=

4

(tit) Corresponding to one way of going there are

3 different ways of returning.

/. the total number of different wayssdx 3=12

Ex. 2. Two persons enter a 4iouse*where there are 5

v$c&nt chairs arranged in a line. In how many different

ways can they take seats ?
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The first person can take his seat in 5 different

ways, for he can take any one of the 5 chairs."" When
lie has taken his seat in any way, the second man can

take his seat in 4 ways only, for he can occupy any one

of the regaining 4 chairs.

Since each way of occupying the chairs by the first

person can be associated with each way of occupying

the chairs by the second person, the total number of

different ways=5 x 4=20.

Notation

The number of permutations of n different things

taken rata time is usually denoted by the symbol nPr or nPT

3. Permutations of n different things

Permutations of n different things taken r at a time (r ^ n)

i< w («— 1) (n—2) («—r+ 1

)

The number of permutations of n different things

taken r at a time is the same as the number of different

ways in which r places in a line can be filled up by
n things.

The first place can be filled up in n ways, for any

one of the n things can be put in it. /.nP1 =w.

When the first place has been filled up in any one

of the n ways, the second place can be filled tip in a—

1

different ways, for any one of the remaining a— I things

can he put in it. Since each way of filling up the firsY

place can be associated with each way of filling up the

second place* the first two places can be filled up in

*(*— 1) waysv

;V.
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When the first twp places have been filled up in

any one of the n(n - 1) ways, the third place can be

filled up in 2 ways.

,\ the first three places can be filled up in n(n— 1)(«—2)
ways

i. e.
9

w/>

3
=h (/i

— 1)(«—2).

Proceeding in this way and noticing that the number

of factors is equal to the number of places filled up and

that each factor is less than the former by 1, we have the

total number of ways in which r places can be filled up

=n(n— l)(w— 2) to r factors

=n(n— 1)(«— 2) («—r— 1)

= h(h— 1)(h—2) (n— r+1)

nPr=n(n-l)(n-2) (n— r+1)

Cor. 1. nPn=n(n-l)(n-2)
3.2.1

the number of permutations of n different things

taken all at a time

=«(«— 1)(«— 2) 3.2.1.

Cor. 2 ~Pw.1=n(«-l)(/z~2) 3.2 =**Pn .

4* Factorial Notation

The product of first n natural numbers is denoted

by the symbol or « ! and jread as
\
factorial n\

Li= 1, 12=1.2=2, 13=1.2.3=6, L4=12.3.4=24

15=120, 16=720, L7=5040 etc.

Also L2=2.U, L3=3.L2, U=4.13

\n~nn--l~n(n--\) 2 etc.

Hence ^=a(a— 1)(«— 2)...:..(/i^-r+l)

i»-r l

»-f

l)(n—2)......2.1=Ls* y.y'.-y
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5. Meaning of |_0. We have "P
)t
— |_n,

Also »P„ = ^ = Ls

n-n (0

L»=
t«

|0

or LO-iJ-i

According to the definition, l_0 is meaningless. But
used as symbol its value is 1.

Ex. 3. Find the values of 10P
a,

HPi and „V>r-o

WP8= 10.9.8=720, or »°Pa=

12.12.12

110 10

10—3~l_7

»P4 -=8.7.6.5=1680, or «P4=^ =[^=8.7.6.5=1680.

U _ 18 _L7.8

fj.l2.l_2 2.2.2 8
=1.7=5040.

Ex. 4. If =240 and m_anP2=12, find m and n.

We have w,+2,tPa=18.15 m+2«=16 (1)

and m“2'*P2=4.3 m—2n= 4 (2)

Solving (1) and (2), we have m=10, n=3.

Ex. S. How many different words can be formed out

of the letters of the word FRIDAY ? How many of

them begin with F ? How many begin with F and end

with Y ?

There are 6 letters, all different.

reqd. number of words =*P4=1j6=720.

Keeping aside F, the number of words that can be

formed with the remaining 5 letters=l_5. With each of*these

we associate F at the beginning.

Keeping aside F at the beginning and Y at the end,

the number of words that can be formed with the remain-
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ing 4 letters=[4- With each of these we associate F at

the beginning and Y at the end.

6. Permutations in which things are repeated

The number of permutations of n different things taken r

at a time in which each thing is repeated r times in any

arrangement is nr
.

Evidently, the number of permutations is the same

as the number of ^ays in which r places* can be filled

up by n different things, each being repeated r times.

The first place can be filled up in n ways, for any

one of the n things can be put there. When the first

has been filled up in any of the n ways, the second place

can also be filled up in n ways, since the same thing can

be used again. Thus the first two places can be filled

up in n X n or n8 ways.

Similarly, the first three places can be filled up in

n3 ways. Proceeding thus and observing that the power

of m is the same as the number of places filled up, the

required number of ways in filling up r places=wr
.

Ex. 6. In how many ways can 6 prizes be given

to 5 boys each being entitled to one or more prizes ?

Each prize can be given in 5 ways, for it can be

given to any one of the 5 boys.

6 prizes dan be $ven *in 5x5x5x5x5x5or 5*

or 15625 ways.

Note . 56 is different from 66 .

Ex. 7: In how many ways can 5 letters be posted

in 3 letter boxes ?
« . -

. . ...

Eaph letter ;can be posted in 3 ways, for . it c^n be

put in apy one of the 3 boxes.

,• 5 letters can be posted in 3x3x3x3x3 or 3* or.

24$ways./ .
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7. Permutations of things not all different'

The number ofpermutations of n things of which p things are

alike of one kind\ q things are alike of a second kind, r things

are alike of a third kind and all the rest are different is

La
.

Li-Lf-L/

Let the n things be represented by n letters and

suppose p of them are each equal to a
, q ot them are

each equal to b , r of them are each equal to c and the

rest different.

Let x be the required number of permutations.

If the p letters V be replaced by p new letters,

different from each other and different from the rest, then

without changing the position of any other letter, each

permutation would produce [P permutations.

x permutations would produce *x|_t permutations

i>e»
9

the total number of permutations would become

xx[P-

Again, if the q letters (
b' be replaced by q new letters

different from each other and different from the rest, then

the total number of permutations would become *xL£xL?*

Again, if the r letters V^fce replaced by r new
letters different from each other and different from the

rest, the total number of permutations would become

*xl/xL£xLr.

. But now the n things are all different and the

permutations of n different things taken all at a time is In

*xL£xUxlir=L5

. is
•

‘ '

*“lixUx ii

The above principle can easily be generalised. _

In how many ways can the letters of the
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There are 8 letters of which C occurs twice, A occurs

twice and T occurs twice and the rest are all different.

Hence, the required number of words

IS

~L2.L2.L2
= (-7= 5040.

8. Restricted Permutations

(/) The number of permutations of n different things taken

nr at a time in which p particular things do not occur is n~pP, .

Keep aside the p particular things and fill up the

r places with the remaining n~p things at disposal.

The number of such ways = H~pPr .

(
ii

) The number of permutations of n different things

taken r at a time in which p particular things are present is

n-pp v >Pr
y —p ' ' r p m

Keep aside the p particular things and form the

permutations of the remaining n—p things taken r—p at

a time. The number of such permutations is nTpPr~p .

In each of these permutations introduce the p particular

things taken aside, one by one.

The first thing can be introduced in r—p+ 1 ways.

The second thing can be introduced in r—/>+2 ways

and the pth thing in r—p+p or r ways.

/. the p things can be introduced in each permutation

in (
r-p+\)(r—p+2)...r wfays *which is clearly equal tp

rPp ways.

the required number of ways =n-pPrtmp x rPp .

Ex. 9. In how many different ways can 8 examination

papers be arranged in a line so that the best and worst

papers are never, together ?

The total number of arrangements that c*n be made

•of 8 papers is L§. Now let the best and worst ^papers be
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taken together. This and the remaining 6 totalling 7

papers can be arranged amongst themselves in [1 ways.

In each of these arrangements the best and the worst

papers can be arranged in |_2 ways.

4 the total number of arrangements in which the

best and worst papers come together = |_7 x L2 =2L_7.

the number of arrangements in which the two

particular papers are not together

=L8-217 =40,320- 10,080= 30240.

Ex. 10. In how many ways can the letters of the

word FAILURE be arranged so that the consonants may
occupy only odd positions ?

There are 7 letters of which 3(FLR) are consonants

and 4(AIUE) are vowels.

The 4 positions to be filled up with consonants are

indicated below

1 2 3 4 5 6 7

(F) (L) (R)
( )

The 3 consonants can be placed only in the 3 out

of 4 positions marked 1, 3, 5, 7. The total number of

ways in which this can be done =4.3.2 =24.

One such arrangement is shown above. For this

arrangement the 4 vowels can occupy the four remaining

positions such as 2, 4, 6, 7 i.e., positions not occupied* by

vowels.

total number of arrangement =24x24=576.

Ex, 11. How many numbers greater than a million

-can be formed with the digits 4, 5, 5, 0, 4, 6, 3 ?

Each itymber nufit. consist of 7 or more digits. ;
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There are 7 digits in all, of which there are 2 fours,

3 fives and the rest different.

[7
the total number of numbers=. =420.

LelJ?

Of this numbers some begin with 0 and are less

than one million. They must be rejected.

I fi

The number of numbers beginning with 0=.
-Jp. Q =60.

the required number =420—60=360.

9. Circular Permutations

In placing a number of things round a circle, we
regard two arrangements as different if they are different

with respect to their relative positions, but same if their

relative positions are the same.

The three circular arrangenents ABC
,
BCA , CAB are

the same, because in the above arrangements the same

order of the letters A , B
, C is maintained. It does not

matter if the order is clockwise or counterclockwise.

The two circular arrangements ABC, ACB where the

same order is not maintained are regarded as different.

Now, permutations of three letters A ,
B, C taken all

together are 6 viz. ABC, ACB, BCA, BAC, CAB,
CBA.

But if the arrangements are circular, three of them viz*,

ABC, BCA, CAB are the same an£ regarded as one only.

Similarly, three others ACB , BAC, CBA are the same and

regarded as one.

.\ number of circular permutations of three different

things taken all together is only 2. .

Generally, the number of circular permutations of n different
'

things taken all together in (jv— 1.

Ex. 12. In how many ways can 8 persons fornt a
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Here we are concerned with the positions of the

persons relative to themselves. So keeping one person

fixed we arrange the 7 others with respect to him.

the required number of ways =L7=5040.

.
Note. If no distinction is made between clockwise and

counterclockwise arrangements
, the number is halved.

Ex. 13. In how -many ways can 8 persons be seated

at a round-table so that all shall not have the same

neighbours in any two arrangements ?

The total number of circular arrangements in which

one person occupies a fixed position— L7= 5040.

Since corresponding to each clockwise arrangement

t here is a counter clockwise arrangement and both of them

are counted as one, the required number of different

arrangements— X 5040=2520.

Note : To distinguish from circular arrangement
,

arrange-

ment in a row nt line is called linear In a circular arrange-

ment there are no ends but in a linear arrangement two ends

exist.

Exercise 7

1 . There are four routes for going from A to B and

five routes for going from B to C. In how many different

ways can a man go from A to C via B.

2. There are 8 vacant chairs in a room. In how

many ways can 5 persons take their seats ?

3. How many different words can be formed of the

letters of the word
\
failure

\

the four vowels always coming

together. (G* U.J940 )

4. There are 50 stations on a railway line. How
many different kinds of single first class tickets must be

printed so as to enable a passenger to go from one sta-

tion ’ to another ?
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9

5. How * many numbers between 1,000 and 10,000

can be formed with the digits 1, 2, 3, 4, 5, 0, 7, 8, 9.?

How many of then are odd ?

6. How many numbers between 3000 and 4000 can

be formed with the digits L 2, 3, 4, 5, 6 ?

7. Of the numbers formed with the digits 2, 3, 4,

6, 8 taking all together but none repeated, how many are

even ?

8. How many different words can be formed with

the letters of the word SUNDAY ? How many of the

words begin with N ? How many begin with N and

encT in Y ?

9. Find how many words can be formed of the letters

of the word FAILURE, the four vowels always coming

together. ( C. U. 1940 )

10. In how many ways can 4 prizes, one for reci-

tation, one for sports, one for smartness and one for general

proficiency be given away to 8 boys ?

11. A telegraph post has five arms and each arm is

capable of 4 distinct positions including the position of

rest. What is the total number of signals that can be

made ? ( C. U. 1913 )

12. (a) In how many ways can 10 letters be posted

in 5 letter boxes ?

(b )
In a cross-word puzzle 20 words are to be*

guessed, of which 8 words have each an alternative solu-

tion also. Find the total ntimber of possible solutions.

13. Find the * number of different arrangements

that can be made of bars of the seven prismatic colours

so th^t the blue and the green shall never come together ?

(C. U.1955)

14. In how many ways 10 examinatiqp papers be

whanged so that the best and worst papers never come

Aether? ; ( C. U. 195$, Pat. i7. 1947 )
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15. Find the number of ways in which n books can

be arranged on a shelf so that two particular books are

not together.
( C. U. 1956, 1959 )

16. In how many ways can 5 letters a, b , c9 rf, e be

arranged so that the vowels may occupy contiguous positions ?

17. In how many ways can 3 books on Commercial

Mathematics and 5 books on Secretarial Practice be placed

on a shelf so that books on the same subject always remain

together ? (
no two books are identical. )

18. A library has 5 copies of one book, 4 copies of

each of two books, 6 copies of each of three books and

single copies of 8 books. In how many ways can all the

books be arranged ?
c

( C. U. 1934
)

19. How many permutations can be made out of the

letters of the following words taken all together ?

(0 CALCUTTA (H) BANARAS

(»0 PERMUTATION (if) COLLEGE

w EXAMINATION («) MISSISSIPPI

20. Find the number of permutations of the letters

of the word SIGNAL such that the vowels may occupy

only odd positions.

21. There are rn men and n mohars
(
m<n). In how

many ways each men may become the owner of one mohar ?

22. In how many of the permutations of 10 things

taken 4 at a time will one particular thing (i) always

occur («) never occur ? * ( C, U. 1936)

23. Find the number of numbers less than 1000

and divisible by 5 which can be formed with the digits

0, 1, 2, 3. 4, 5, 6, 7,* 8, 9 each digit not occuring more

than once in each number. ( C. U. 1942 )

24. How many numbers greater than a million can

be formed with the digits 1, 7, 1, 0, 7, 3, 7 ?

25. In how many ways can 8 different beads be

strung "on a necklace ?^
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26. In how many ways can 8 boys form a ring?

27. In how many ways 6 men can sit at a round

table, so that all shall not have the same neighbours in

any two arrangements ?

28. In how many ways can 4 men and 3 ladies

be arranged at a round table if the 3 ladies (1) never

sit together, (2) always sit together ?

29. In how many ways can 7 Englishmen and 6

Indians sit down a round table so that, no two Indians

are together ?

Combinations

10. The number of combinations of n different things

, . Iw / s

taken r at a time is
,

. (r £ n)
[r . in— r

K *

Let nC, denote the number of combinations.

Each of these combinations contains r different things.

if the r different things be arranged, among

themselves in all possible ways, each combination would

produce Ll permutations.

nCr combinations would produce ttCVx|_r permu-

tations. But this number is clearly equal to the number

of permutations of n different things taken r at a time.

Hence, *C, X ll==
nPr

„c "A n(n— l) (n—

2

^

) (n-r+1)
r

[r. U
«(«—1)(b—2) (n

— r+ 1).
|

n—r

“ U. |»Hr
~

_ ..
Ls

[ r . n—r
'

Cor. 1. "C^n, »C8=-^J >C'(,=14 »C’fl^=B

Cor. 2, *C0=r«-T
LS .• |»-0 L0. Lb 10
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11* Complementary Combination*

The number of combinations of n different things taken r

at a time9
is equal to the number of combinations of n different

things taken (n—r) at a time .

we have, nCf
=

i.e.> "C^C^r.

Ln

[r • |»-

and nC = - --k = __L?_ .
" r

|

n—r. |n—

(

h— r)
|

n--r Li

Cor. 1. If nCr
=nCp th^n either r—p or r+p=n.

for since nCr
=nCn- r n—r=p or r+p=n.

Cor. 2. If in the formula wCn_ r
= wCr, we put

(i) r=n, then "C0=nCn= 1

(ii) r=n— l, then nC1=nCn~i=n, etc.

12. To prove that the number of combinations of n

things taken r at a time plus the number of combinations

of n things taken ( r— 1 )
at a time is equal to the

number of combinations of
( n+ 1 ) things taken r at a

time.

»Cf+»Cf_1=n+1Cr.

we have, nCr+BCr_1*=
1 n

+ Ls

U- |^~ r ' |r— I. |
n—r+ 1

L5 [1. 1 • • )

\r—l. |w+r }
r r-J-1 j

Ls a-f-l

|r-l.
|
n—r r(n—r+1)

jn+1
fX
XT. |«-r+i = C"

A—

5
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Ex. 14. Find the values of 10C8 , "C^,,

we have,

"C
34
,=«C4-

40

1

X
><

3

2

X
J®

* 87 =5 x 13 X 38 X 37=91390

= a"Ct
—^n X ^ =n(2n— 1)

Ex. IS. Prove that 2n— 1.3.5 (2n— 1).2”. L2

We have 2n 1.2.3 4.6 6. . (2i-l),2«

= 13.6 (2n— 1) x 2 4 6 2n.

-1.3 5 (2n-l)x2B
. 1 2.3. n

-1.3.5 (2n— 1 ) X 2". [n.

Ex. 16. If 5 2nC,=12. 2"C4 , find »C2

We have 2»C'-,=2«(2n-l)(2n-2)(2n-3)(2«-4)/15

and 2nC4=2n(2«— l)(2/i—2) (2n—3)/L4

cancelling like factors, we have

2n —4= 12. whence 2»-=16 or n—

8

Hence »C2= 2C2
=3x7= 28.

Ex. 17. In an examination paper on Commercial

Mathematics 10 questions are set. In how many different

ways can an examinee choose 7 questions ?

The number of different ^choice is evidently equal to

the number of ways in which 7 places can be filled up

by 10 different things.

.•. the required number of ways

=i®C
7
=10C3=

10x 9x8
1x2x3

120 .

13. Restricted Combinations
•* %

(») The number of combinations of n things taken r at a

time In w^iich p particular things always occur is n~pCr~p.



Restricted Combinations 67

(it) The number of combinations of n things taken

r at a time in which p particular things never occur is

n-*c;.

(0 If the p particular things are set aside, there

remain (n—p) things out of which (r—p) things may be

chosen in n~*Crmmfi ways. With each of these groups we
combine the p particular things so that we get all the com-

binations in each of which the p particular things will

always occur.

the required number of combinations

(«) Let the p particular things be set aside, then

there will remain {n—p) things out of which r things may
be selected in ways.

In none of these gioups p particular things will occur.

Hence, the required number of combinations=n~vC
r .

Ex. IS. In a mercantile firm 4 posts fall vacant and

35 candidates apply foi the posts. In how many ways

can a selection be made

(i) if one particular candidate is always included

(it) if one particular candidate is always excluded?

(i) Since a particular person is always to be selected,

we must select the remaining 3 candidates out of the

* remaining 34.

#\ the required number of selections

=«c,=34x33x32
1x2x3

=5984

(tt) Since a particular person is never to be selected,

the choice is restricted to*4 candidates out of the remaining 34.

the required number of selections

ua 34x83x32x31 ,£.7.
="^_Tx_2l^_

—

46376
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Ex. 19. In how many ways can 12 Science students

and 9 Arts students sit in a row so that no two Arts

students may be together ?

Let the science students be arranged as shown

below

xSxSxSxSx xSxSx

In order that the Arts students may not sit together,

they can only occupy positions marked x.

The number of such positions is 13, ( number of science

students being 12 ).

Hence, we must select 9 positions out of available 13.

the required number of ways

=13C,

9
= 13C4 = -

3 x “ =715
9 4 Ix2x3x4

Ex. 20. There are n points in a plane no three of

which are collinear
(
lying on the same straight line

)

with the exception of p points which are collinear. Find

the number of

(i) different straight lines and

(if) different triangles formed by joining them.

(i) Any two points when joined give a straight

line.

.*• the number of possible straight lines formed

by joining n points in pairs =nCa

But p of the points lie in the same straight line.

pC% straight lines are lost and instead we get

only 1 straight line in which they lie.

the required number of straight lines =5WC*—fCa+

1

n(n- 1)_ plp-l )» . ,

2 ~ 2
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(**) Any 3 non-collinear points give a triangle.

the number of triangles formed by joining »

points taken three at a time —nC3 .

Since p of the points are collinear, pCs triangles

are lost.
»

the required number of triangles

-»c -PC ^nSn
- l )(n

-2
) _P(P-1)(P~2)

3 3 6 6

Ex. 2J. A question paper contains ten questions

divided into two groups of five questions each. In how
many ways can you answer six questions taking at least

two questions from each gr^up?

The questions may be answered in the following

ways

(z) 2 questions from lstgroup+4 questions fiom 2nd

(zz) 3 ” ” +3

{iii) 4
” ” +2

(i) 2 questions can be chosen from 1st. group in ®C2 ways

and 4 questions from 2nd. group in 5C4 ways.

Since each way of selecting questions from the 1st group

can be associated with each way of selecting questions from

the 2nd group, the total number of ways of selecting

questions from the two groups = 5C2 X
5C4 .

(ii) In like manner, 3 questions from the 1st. group and

3 questions from the 2nd group may be selected in

5Ca X 5Cg ways.

(iii) Again, 4 questions from the 1st group and 2 questions

from the 2nd group ifiay be selected in fiC4 x 5Ci ways.

the total number of ways

«

V

tx *C4+*Ca x *Ca+*C4 x *Ci

='Ctx X *Ct+*Ci x
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5x4 ,
,
5x4 5x4 . 5x4

“1x2 x5+ 1x2*1x2+5x 1x2

- 10 x 5+10x10+5x10=50+100+50=200

14. Total number of combinations of n things, all

different

The total number of combinations of n different things

taken some or all at a time is 2n— 1.

The first thing can be dealt with in 2 ways, for

it may either be taken or left. The second thing can

also be dealt with in 2 ways.

Since each way of dealing with the fiist can be

associated with each way of dealing with the second, the

total numbei of ways of dealing with the two things

=2 x2=22
.

Proceeding similaily, the total numbei of ways=2*.

But this numbei includes one case in which none of

the things are taken.

the required number of combinations —2n— 1.

Cor. nCi+nC2+ +*Cw=-2*— 1.

15. Total number of combinations of n things not

all different

The total number of combinations of (
p+q+r+ ) things

of which p ate alike of one kind
, q of second kind,

r of

third kind, and so on, taken any Humber at a time is

(i»+l)(9+l)(»-+l) —1

Consider the p like things. The p things can be

dealt with in (/»+l) ways, for we may take 1, or 2,

or 3y or p or none in any selection. Similarly, the q

like things can be dealt with in (?+l) ways, r things in

(r+1) ways etc. Associating each group of ^selections with

.the others, the total number of dealing with them is

Wl)(f+jO(r+U
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But this number includes one case when all things

are left.

the total number of ways=Qfr+l)(?+l)(r+l)... —1.

Ex. 22. In how many ways can you draw a sum of

money from a bag containing a rupee, a half- rupee,

a quarter-rupee, a ten nP. and a five nP. pieces ?
%

According to the question we are permitted to draw

one or more of the five coins at a time.

Each coin can be dealt with in 2 ways, for it can

either be drawn or left.

the required number of dealing with the coins=2*.
c

But this number ineludes one case in which none is

drawn.

the required number of ways=25—1=32— 1 =31.

Ex. 23. A question-paper contains 6 questions, each

having an alternative. In how many ways can an exa-

minee answer one or more questions ?

The first question can be dealt with in 3 ways, for

the question itself may be answered, or its alternative may
be answered or none of them may be answered.

Similarly, the second question also can be dealt with

in 3 ways. Hence, the first two questions can be dealt

with in 3x3 or 32 ways. Proceeding thus, all the 6 ques-

tions may be dealt with in 36 ways.

But this number includes one case in which none of

the questions is answered.

the required number of waysssS6—1=729— 1=*728

Ex. 24. Out of 10 consonants and 4 vowels, how many
words can be formed each containing 6 consonants and

3 vowels ?
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0 consonants can be chosen out of 10 in lttC6 ways

and 3 vowels can be chosen out of 4 in 4Ca ways.

combining each way of selecting the consonants

with each way of selecting the vowels, the number of selec-

tions having 6 consonants and 3 vowels= 10Ce x
4Ca .

Each of these selections contains 9 letters which! can

be arranged among themselves in L9 ways.

.". the total number of words= 10Ce x
4Ca xl9

= 10C4 X 4Ci X 19

10x9x8x7
~~1x2x3x4

=304819200

X 4x362880

16. Group Divisions

The number of ways in which (m+n) things,
m and n

being unequal, can be divided into two groups containing m and n

things respectively is

We can select m things out of (m+n) things in m+nCm
ways. Each time m things are taken to form a group of

m things, n things are left out which form nCn or 1 group

of n things.

Hence the required number of ways=mtnCm X 1=
[m.[n

Note 1. If m= a, the two groups are equal in number,

and they can be interchanged without obtaining a new
subdivision.

, Hence the number of different ways by which 2m things

can be divided into two equal groups is
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Note 2# If the 2m things be distributed equally between

two persons, the number of ways=
12m

(UO
1

For example, let a> b,
c

,
be four things. Evidently

when we select a group aft, £ and d are left to form a

second group rtf and when we select cd,
a and b are

left to form a group ab. But these two subdivisions are

the same because they differ only in orders.

But if we divide the four things between two persons, the

first person gets ab and the second cd. This is quite different from

the case in which the first person gets cd and the second ab.

Similarly, if (m+n+p)r things be divided into three

groups containing m
, n and p things respectively, -the first

selection of m things can be made in m+n+pCm ways. The

next selection of n things out of the remaining (n+p) things

can be made in n+pCn ways. The next selection of p things

out of the remaining p things can be made in *CP ways.

associating the different ways of selection, we

have the required number of ways

--tn+n+pCm X n+pCn X *Cp .

_ \m+n+p |

n+p \m+n+p
~

|m.
|

n+p X
T£. [P* ~\m. \n. [P

Note 1 . If m=a—p, the groups are equal. Since three

groups can be interchanged in 13 ways, the total number

of ways of subdivision _ l
3m=

L3.(U»)»

Note 2. If the 3m things be distributed equally between.

three persons the number ofways* =

[3m

1GP

Ex. 25. In how many ways can a party of 12 men
divide themselves into two batches ? (C. U. I960

)
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The batches may consist of unequal or equal fiumbers.

the required number of ways

=»c
1
+i*c

2+%,+«c4+“c6+
l^

_i 2 ,

l2 xn ^xUxiO 12 xllxl°x 9

1x2 + 1x2x3 +
1 x2x3x4 .

12xl lx 10x9x8 1 12xUx 10x9x8x7
Ix2x3x4x5 + 2’ 1x2x3x4x5X9

=12+66+220+495+792+462=2047

Exercise 8

1. Find the values of eC3,

21C10, "C„_s .

2. (i) If *»C, :
2bC2=8, find n.

(it) If nC3
= nC5, find the value of 2nC3

3. Prove that

(0 "Cr=
n

r
- (li) "Cr+1+»Cr=»«Cf+1 .

4. In how many ways can you choose six out of nine

questions ? In how many of these ways the first question

is always excluded ? In how many the first and second

questions are always included ?

5. From a company of 15 men, how many selections

of 9 men can be made so as tq, exclude three particular

men ? ( C. U. 1954 )

6. In how many ways can 15 white balls and 13

black balls be arranged in a line so that no two black

balls are together ?

7. A father takes 8 children, three at a time to the

Zoo, as often as he can without taking the same three

together more than once* («) how often will ,he go?

{$)
* hovr often will each child go ?
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8. A candidate is required to answer 6 out of 10

questions which are divided into two groups each containing

5 questions, and he is not permitted to attempt more than

4 from any group. In how many different ways can he

make up his choice ? ( C. U. 1932 )

(*) How many triangles can be formed by joining

the angular points of a decagon ? How many diagonals

has it ? ( C. U. 1911 )

(it) There are 20 points in a plane no three of

which are collinear with the exception of 8 points which

are collinear. Find the number of straight lines and the

number of triangles formed by them.
c

10. At an election there are five candidates and three

members to be elected, and a voter is entitled to vote

for any number of candidates not greater than the number

to be elected. In how many ways, may a voter choose

to vote. ( C. U. 1935 )

[
Hints :

5Ci+ 6C2+ 5C8=5+ 10+ 10=25 ]

11. In a municipal corporation there are 20 councillors

and 5 aldermen. How many committees can be formed

consisting of 6 councillors and 3 aldermen. ( C. U. 1933

)

12. From 7 gentlemen and 4 ladies a committee of

5 is to be formed. In how many ways can this be done

so as to include at least one lady ? ( C. U. 1957

)

13. (a) In a group of 15 boys there are 7 boy-scouts.

In how many ways can 1 2 boys be selected so as to include

(i) exactly 6 boy-scouts («) at least 0 boy-scouts ?

( C. U. 1943 )

(b) A council consists of 10 members, 6 belonging

to the party A and 4 to the party B. In how many ways

can a committee of 5 be selected so that the members of

the party A are in a majority ? (B.17. 195% )
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14. In how many ways can a committee of 2 ladies

and 3 gentlemen be appointed fiom a meeting consisting

of 10 ladies and 12 gentlemen ? In how many of these

Mr. X refuses to serve in a committee if Mrs. Y is a member ?

15. A cricket club consists of 16 members of which
only 6 can bowl. In how many ways can an eleven be
chosen to include at least 4 bowlers ?

16. An examination paper which is divided into

two groups consisting of 3 and 4 questions respectively,

carries the note “It is not necessary to answer all the questions.

One question must be answered from each group.”

In how many ways can an examinee * select the

questions?
( A. U. 1950)

1 7. In how many ways can you invite eight friends,

one or more at a time to dinner ?

18. In how many ways can you draw a sum of

money from a bag containing a rupee, an eight-anna

piece and a-quarter piece ?

19. In how many ways it is possible to make selec-

tions by taking some or all of 9 fruits, 3 of which are

oranges, 2 lemons and the rest apples ?

20. Out of 17 consonants and 5 vowels, how many
different words can be formed each consisting of 3 conso-

nants and 2 vowels ? ( C. U. 1939 )

21. Find the number of wor8s which can be formed
with two different consonants and one vowel, out of 7

different consonants and 3 different vowels, the vowel to

lie between two consonants ?

[Hints: 7C2 x
8C

JxL2=21x3x2=126]

22. In order to pass an examination, a minimum
is to be secured in each of seven subjects. *Ln how many
jyays can a student fail ? ( A. U. 1952

)
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23. You are given 6 questions, each having an alter*

native. In how many ways can you answer one or more

questions ?

24. Show that there are 2W
“1 ways of selecting an odd

number of things out of n things. ( A. U. 1947 )

25. How many combinations can be formed of 8

counters marked 1 , 2, 3, 4, 5, 6, 7, 8 taking them 4 at a

time, there being at least one odd and one even counter

in each combination ? ( C. U. 1941 )

26. A boat’s crew consists of 8 men, 3 of whom
can only row on one side and 2 only on the other. Find

the number of ways in which the crew can be arranged.

[ Hints s 4 men mustc row on each side. But on one

side there are already three men and on the other side

two. So one must be placed on the side of three men
and two on the other side. This can be done in 3Ci or

3 ways.

Again, 4 men on each side can be arranged among

themselves in L_4 ways. Hence the required number

—3x14 xL4=3x 24x24=1728 ]

27. In how many ways can 22 people be divided

into two cricket teams to play against each other in a

friendly game ? ( C. £7. 1950 )

28. In how many ways can 18 different books be

divided equally among three students ? ( C. U. 1951 )

29. In how many ways can a party of 12 men
divide themselves into two batches ? ( C. U. I960 }

30. In how many ways can 52 cards »be equally

divided among 4 players ?

31. Find the number of combinations that can be

made by taking 4 letters of the word “combination.”

[ Hints s There "are 1 1 letters of 8 different kinds

,r,(0, 0), m, b
,

(i, i), (n, n) 9 a, L The groups shall contain

(«) 2 alike, 2 different (ii) 2 alike, 2 others alike (s»») alt

four different.

/. the required number**8
*?! x 136 J



Chapter VII

Logarithms

1* Logarithm is a very powerful mathematical tool

for numerical calculations—multiplication, division, raising

to powers and extraction of roots. John Napier (1550—1617)

invented logarithm and Henry Briggs (1561 — 1630) simpli-

fied its application.

2. Definition. The logarithm of a number to a given

base is the index of the power to which the base

must be raised to produce the numbei. Thus if an =-b,

then n is called the logarithm of *b
9

to the base *a
9 and

briefly written as log
tt
£=-/z.

Since 2®=64, log
2
64=6

4»=64, .\ log464=3

82=64, log864= 2 etc.

Note. Logarithms of the same number to different

bases are different.

3. Properties of logarithm

Special properties

Logarithm of any number to the same base is 1

If ‘a’ is a finite quantity not equal zero,

then a1—

a

logaO= 1.

2. Logarithm of 1 to Any base is 0

We have a0— 1 (a being finite and 9*0) Iogol=0.

4 Laws of logarithm

1. log B(»nxa)=logam+log(|».

Logarithm of the product of two'numtifers is equal

|b the sum of their logarithms.
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Put log tt(mxri)asp, log am—q and log Jh—r,
Then from the definition,

«f=MXn, a.i—m, ar—n.

We have, a^=m X n=Ax ar =cfl*r
.

p=q+r

log a(mxn) =log„OT+ log0n.

Cor. log „(m.n.p )=log0TO+log«n+log0^+

{“) log a
(f)

=log«ffi—logon.

Logarithm of quotient of two numbers is equal to

the difference of their logarithms.

Let logam=*, logan=jT

Then by definition, ax~m and a*= n.

m axNow =— =ax v
.

n a

v

logo
(f)

=*—.y—log«m—logon

(™) logo(ffi)B=n. logoff!.

Logarithm of the power of a number is equal to the pro-

duct of the power and the logarithm of the number.

Let \ogam=x, then by definition, ax=m

(m)“—(a*)" =a**

Iogo(»i)"=». x—n. logoff!.

5. Change of Base

If the logarithm of a number to any base is given,

then the logarithm of- the same number to any other base

can be determined from the following relation ,

logoff!aslogoff! X lOgo^.

or
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Let loga>B=x, logbm=y and loga,b*=z.

Then by definition, ax=m, bv=m, and a*=6.

Hence ax=bv—(.azY =avz
.

\ x—JZ, or log0m=logi,m X logai.

Cor 1. Putting m—a, we have

logafl—log6a x log0A.

log6a X logai= 1

.

This result can also be shown otherwise*
*

Let logba~x and logab=y, then from definition,

we have bx=a and av=b.

i

b—a£*=av .

Hence
1 ~y or xy=\
x

i.e. log\>a X loga£= 1

.

Hence to change logarithm of a number from base 'V to

base ca\ divide the given logarithm by logjb.

Cor 2. logha X logc6 x logat= 1

.

Since log&a=logca/logc6

Left hand side= X logc^ X log
fl
r=logc* x logac= 1

Examples

v/

i

Ex. I. Find the logarithm of 1 728 to the base 2 v/3>

We have 1728=f^x3»=2*x (V3)
#=(2.V5)#

^3^28=6 .

Ex. 2. Find the logarithm of to the base 3\/5,

We have
324
-
3* 2*“34.(V3)*“^

3>^”4

l



LogA*ITaM 81

^E*.S. Prove that *** * y.y^ l~i°i *x z?°o *-J<v v— i

Let «=L.H.S.

Then log u

=log (xto« v-i°o *) +log (y«v*-J<v*)+log (zfoax-Unvj

= (log log z) log x -f- (log z—log x) logy

4- (log JC—logy log z

. . u=a°= 1 ( a being any base**0)

Exm 4• Show that

log 2+16 log ^+12 1ogg+71og|»= l

L.H.S.=log 2+16 log
3^ 5

+12 log
2»^"3

+7 lo« 2^6
^=log 2+16 (log 24—log 3—log 5)

+12 (log 5a—log 2s—log 3)+ 7(log34-log 24-log5)
=log 2 fl^(4 log 2—log 3—log 6)

' +12 (2 log5—3 log 2—log3)

+7 (4 log 3—4 log 2—log 6)
= (1+64—36—28) log 2+(— 16— 12+28) log 3

+ (-16+24-7) logs
=log 2+0xlog 3+log 6=log 2+log6=log 10=1

Otherwise,

L.H.S.=log 2+ log (>|)“+ log QV.ogg)’

or* goi
t* H^)"" G£r)“* (•&)’}

, Co 2“ S*4 3*8 }

(2 X 5)“l°g IObbI

Note. The base of the logarithm it 10,
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Ex* S* Find the value of
2 log 6-1-0 log 2

4 log 2+log 27—log 9

t ji. o _ 2 log (2 x 3;+6 log 2

4 log 2+log 3s— log 3*

.2 (log 2+log 3) + 6 log 2

4 log 2+3 log 3—2 log 3

8 log 2+2 log 3 _ 2 1,4 log 2+log 3)
4 log 2 ) log 3 4 log 2+log 3

~

Otherwise,

T H <5 _ loS 62+l°S 2®

log 2M log 27- log 9
~ log(62 x 2#

)

log 48a_ 2 log 48

log 48 ~ log 48

6. Common Logarithms

Any number may be used as the base of logarithms. In

the Napierian System the base is e, an incommensurable

quantity of immense mathematical importance. In the

Common System, introduced by Henry Briggs, the base is 10.

The base 10 is usually omitted. t.e.> by the word ‘logarithm’ we
generally mean ‘common logarithm*.

7. Characteristic and Mantissa

The logarithm of any number has two parts, the integral

and the decimal. The integral or the whole number is called

the characteristic and the decimal portion is called the mantissa.

The former is determined by inspection only, while the

latter is obtained from logarithm table.

* 8. All numbers'having the same significant digits and arranged

in the same order have the same mantissa.

ft* %
Let x and y be any two numbers having the same

significant digits in the same order.
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Then, x— lOfty where n is positive or negative integer.

log jc—log 10n4-log_y=n+log^.

the logarithms of x andy differ by an integer only and
so they differ in characteristics and have the same mantissa.

This is illustrated by the following examples :

log of 2580=3*41 102 log of 2-58 =0*41162

log of 258=2*41162 log of 0*258 =9*41162—10

log of 25*8=1*41162 log of 0*0258=8*41162—10

9. Positive Characteristics

Since, 10°= 1 log 1=0
a

10*= 10 log 10=1

102=100 log 100=2

103= 1000 .*. log 1000=3 etc.

It is clear that if a number is a positive integral power

of 10, its logaiithm is a positive integer.

All numbers lying between 1 and 10, i.e., numbers, with

1 digit in the integral part have their logarithms lying between

0 and 1 . Therefore, their integral parts are 0 only.

All numbers lying between 10 and 100 have two digits

in their integral parts. Their logarithms lie between 1 and 2.

Therefore, numbers with two digits in their integral parts

have 1 as characteristic.

In general, the logarithm of a number containing n

digits only in its integral part is ( n—1 )-fa fraction.

Thus the characteristic of the logarithm of a number greater

them unity is one less than the number of digits in its integral

part, and is positive.

For example, the characteristics of *log 46, log 6982,

log 2*96 are 1, 3, 0 respectively.
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10. Negative characteristics

10°= 1, log 1=0

10-1 =
li

='
*’ •** lo8

*
1 1

'

10'*=
r00

= ‘

01, l°g ’°1— —2 etc.

Obviously, if a number is a negative integral power of 10,

its logarithm is a negative integer.

All numbers lying between 1 and ;1 have logarithms

lying between 0 and — 1 , i.e,> greater than — 1 and less than

0. Since the decimal part is always written positive, the

characteristic is - - 1

.

All numbers lying between *1 and ’01 have their

logarithms lying between —1 and—2, Therefore, such numbers

have —2 as characteristic of their logarithms.

In general, the logarithm of a number having n zeroes

just after the decimal point is — (w+1 )+a fraction.

Thus the characteristic of the logarithm of a number less

than unity is one more than the number of zeroes just after the

decimal point, and is negative.

For example, the characteristics of log *46, log *059,

log *007808 are respectively — 1,-2,— 3,

Negative characteristics are usually written as l, % g

etc. and read as bar 1 , bar 2^ bar 3 etc.

In the common system of logarithm, the characteris-

tic of logarithm may be positive or negative but the

mantissa is always positive .

* A negative mantissa must be converted into a posi-

tive mantissa before reference to logarithm table.

Thus -2-8972= -3+3-2*897?^ -3^(3-2*8972)
=—3+*1028=$*1028,
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Note here that the mantissa has been made positive

but the characteristic is negative. Negative characteristic is

shown by the bar (— ) overhead.

Note further that —3*1028 is quite different from

3*1028.

How to read logarithm tables

The table consists of 3 sets of columns.

The first set contains only one column. This column

consists of 2 degits from 10 to 99.

The second set contains 10 columns undei the heads

0, 1, 2, 3, 4, 5, 6, 7, 8, 9.

The third set contains columns under the heads

1, 2, 3, 4 5, 6, 7, 8, 9.

vff*. 6. Find log 23.

The number has two digits. Its characteristic is 2— 1 or 1,

To find mantissa move along 23 horizontally and

note down the number under 0 (23=23*0). The number

found is 30173

.\ log 23= 1*30173

vlfx. 7* Find log 237

The number has three digits. Its characteristic is

3—1 or 2.

To find mantissa move along 23 horizontally and note

the number under 7. It is 37475

/. log 237=2*37475

Ex. 8. Find log 2370.

The characteristic 4—1=3. Move along 23 horizon-

tally and note the number under 7 as before. For the

4th. digit consult the mean difference table and note die

number under 6. This is 111. It is really *00111 in the

5-figure table. The cipher or ciphers (zeroes) after the
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Ex. 13. Find the value of 578-25 X 89-529 '

Let *=578-25x89-529

Then log *=log 578-25+ log 89-529

=2-76212+1-95196

=4-71408=log 51771

( The characteristic 4 determines the position of

decimal point after 5 digits from the left )

*=51771.

The scheme of work may be shown as below

log 578-25=2-76212

log 89-529=1-95196

4-71408

antilog 4-71408=51771

(2)

. Division. To divide one number by another, subtract

the logarithm of the latter from the logarithm of the former.

The difference of the logarithms is the logarithm of the

quotient.

Ex• 14. Find the value of 578*25— 89*529

log 578*25=2-76212

log 89-529=1*95 195

antilog 0*81017

= 6*4591

The required quotient=6*459 1 •

(3)

. Involution. To raise tz given number to any power9

multiply the logarithm of the number by the index of the

power. The product is the logarithm of the power.

Ex. IS. Find the value of (2*38 1)
5

Let *= (2-381)*

Then log *=51og 2-381 =5 x 0-37677= 1 -88385

. =Jog 76-535

#=76*535
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(4). Evolution. To extract any root of a given number,

divide the logarithm of the number by the index of the root.

The quotient is the logarithm of the root.

Ex. 16. Find the value of (789*45)^

Let *=(789-45)*

Then log *=g.log 789*45=gX 2*89733

=0*36217=log 2*3023

.*. *=2*3023

_ o- (74*37)*- (952*6)T®
Ex. 17. Simplify — t*- — '

t

(74*37)*-r (952.6)™

Let *=(74*37)*

Then log *=i log 74*37=^ x 1*87140=0*31190
o b

=log 2*0507

.*. *=2*0507

Let y= (952*6)™

Then log _y=Jg. log 952*6=
T
gX 2*97891 =0*297891

=log 1*9855

j= 1*9855.

.*. the required exp.

2*0507-1 *9855_ 0*0652

~2*0507-j- 1*9855
—

2*0507-^1*9855

Let P be this expression, then

log P=log 0*0652—(log 2'0507-log 1*9855)

=5*81425— (0*31 190-0*29788)

=5*81425—0*01402

=3*80023=log *063129

P=*063129
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Ex. 18. Find the value of L ?-°*K5~rrT n6 1 4 4 log *364i log 8

without reference to table. ( C. U. 1962)

we have 3 log 1 728

=3 log (2
# x3»)=3(log 2#+log 3»)

=3(6 log 243 log 3)=9(2 log 24log 3>

ALo 14^ log ‘364g log 8

— J +2 log
joo+3

lo§ 23 *

= 14 ^( log 6®— log 102)4g-3 log 2

= 14^(2 log 6-2 log 10)4log2

= l-flog 6— log 10+log 2

=log (2 x 3)+log 2

= log 2+ log 3+ log 2

=2 log 2+log 3

/. the required expression

_1 -y/9(2 log 24log~3 1 , 1 o 1

6 4 2 log 241og3~6vy 6
X * 2‘

Ex. 19. Given log 2=*3010300 and log 3=*4771213,

find the value of log 13*5.

135 27
log 13*5= log =log £=log 27—log 2

=log 3®—log 2=3 log 3—log 2

=3(*4771213)—*3010300

= 1-4313639-*3010300= 1*1303339

Ex. 20. Find the number of digits in (8*761 )
u

.

* Let *= (8*761 )«,

log *=15 log 8*761= 15x0*94255=14*13826

As the characteristic is 14, the* numBer must' have

15 digits in the integral part.
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Ex. 21. Find the values of (a)
V2KI-2

1

(a) Let *=

and (A) 30{(1+*035)18-1}

1

if36*21
=(36*21)

log x=-^log 36*21 = -Ax 1*56883

= - •22269=1*77731 =log *59883

. *=*59883.

(C.U. 1961

)

(A) Let *=(1+ *035) 18=(1*036)18

.*. log *=15 log 1*035= 15 x 0*01 496=0*2244

<? =log 1-6764

*=1-6764

the required expression =30{ 1 -6764—1

1

= 30 x '6764 =20-292.

Exercise 9

* 1. Find, by inspection, the characteristics of the

logarithms of
, , , #

7940, 48-970, 7*38, -00438.

* 2. Find the logarithms of

896, 0*7608, (1*036)», '(1-085)*'.

* 3. Find the members whose logarithms are

< 4*872, -1*316, 0*3782 .*77/X/3
4. Given log 2=*3010300, log 3=*47712&, find out

the value of log 45 {C.U. 1951)

•6. Find die logarithm of • ’ *

•(i) 784 to the base 2V7
*(*0 19083 to the base 3V5
(iit) 1*728 to the base 1*2 /
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• 6. Prove that log log -^+ log -=0
y z x

*7. Prove that log ba X log cb x log <j<r=log <*a.

(C.U. 1942)

» 8. Show that

’ W 7 l°e rl+ 5 loS 2l+ 3 lo8 80
+log

2
=°

75 5 32
•(«) log jg—2 log

g
-+ log 243-log 2. (C.tf. 1951)

•(»«) log “-4 +log 1^+3 log log 9=2

* 9. Evaluate

'(is 2 log 2+ log-9 log 125+log 54—log 2
^ log 3+ log 2 ' ' 1—log 2+ log 3

*10. Find the value of

./,) 1 /13 log 172821'

6 / 4 log 36+41og 8

, (fV) 3 3 /2(log 6561+log 65536)

2 v log 720+ log “4-log 20.

%11. Evaluate

« w['-(Tkj‘] <*>

. (Hi) y ( P.U,1948)

•12. Find the values of *

- {a) and ’(£) 30f(l+-035) 18-l{ ( C. U. 1961)

*13. I^ove that

, (*)
(jwt-U* cxblot e-l°f a-x tlot \

*(«') log, log, 512=2

» 14. Simplify by. using log. tables

'

-0405+1 -96 x -00128

ry

L -016x -081x4-9
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9ft

«/9268x 4-573 x -0364

87-65 x -6432

y-Tl65xV'-8264

f
m

^T-6438 x y-0l86
( P. U. 1945 )

«15. Find the number of digits in

'*
(*) (3-896) 18

, •(«) (24098*62)*

16. Evaluate

( * ) y389765+^823T-5

,.. 4 -v/95-82—y91 -72
(‘°

#17. Find n if

*(i) (l+-05)»=2 * (iif 245-37(-82)»=200.

•18. Find i if

.(») (l+i)20= 3 (») 75=60(1+ *)
4

1 19. Solve for x, given

*20.

. 4. - __—

_

(l-04) 7 ^(l-04) ;

=20,000

If •w*_»aur_!s«.i> ,how tha,

y—z z—x x—y

• (£) xyz= 1 •(») xx.y».zl= 1.



Chapter VIII

SIMPLE INTEREST AND COMPOUND INTEREST

l.Interest is the consideration received by the lender

from the borrower for the use of money lent. The money

lent is called the principal and the sum of the principal and

interest accrued on it is termed amount .

The interest per cent ( hundred )
per annum ( year )

is called the rate. Interest may be simple or compound.

2. Simple interest. In the case of simple interest only

the original money earns interest.

If P be the principal, n the number of years, r the

rate per cent per annum, I the interest accrued and A
the amount, then

'-'S’-
• If i be the rate of interest per unit per year, then

i=
166

an(* A=P{\+ni) (1)

3. Compound interest
* *

In the case of compound interest, each instalment of

as interest and when due is added to the principal. This is

unlike simple interest where interest is allowed to accumulate

without itself earning any interest. The period after which
1

interest is due is called interest-period or period of rest . This

is also termed conversion period, for after every such period

the interest is converted into or compounded with' the

principal. The interest-period .may a year, halfyear, quar*

teir-year, month and so on.

. Formula for Compound Intore*|* if P be be the

principal, i the rate of interest per unit per period,; n the
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number of interest periods, then the amount A is given by
^=P(l+i)» (2)

5. The formula for compound interest admits of log-

arithmic computation. Taking logarithm we have

log A=log P+n log (1+i)

The formula involves 4 quantities A, P, n, i.

Given any three of them, the fourth can be determined.

Thus log P=log A—n log (I+i)

log (l+i)= ,OB A ~'°g P

_log A—log P
n “Tog (14 i)

4>. Effective Rate

If the rate of inteiest is 4% p.a, then inteiest on 100

for 1 year is 4, if the interest is payable yearly. Hence

the amount after one year is 1’04.

But if the interest is payable halfyearly, the interest

for first halfyear is 2. The compounded capital after first

halfyear is 102. For the second half, interest will be due on

102 and it will be 2*04. Hence the amount after second half-

year= 102+2-04= 104*04

the effective rate of interest percent per year

= 104-04- 100=4*04.

The flat rate of interest (4% here) is called nominal rate

and the true rate of interest (4-04%) is called effective rate.

7. Formula for Effective Rate

If i be the nominal rate of interest per unit per year,

and interest is convertible q times a year, then the effective

rate of interest is

100KM
In particular, if interest is convertible halfyearly, effective

rate is 100 (|l+^| —
lj
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Let P be the principal. Then

For the 1st period. Principal=P,

interest for the 1st. period=P.i

amount after 1st. period=P+P. i=P( l+i)

For the 2nd period. Princpal=P( 1 +i),

interest foi the 2nd. period=P(l+i)i.

.*. amount after 2nd. period=P(1 +*)+P(l+i).i

==P(i+0 (i+i)=p(i+i)*

Proceeding thus, amount after nth period=P(l+t)n
.

A=P(\+i)».

Otherwise. Principal P amounts to P (1 +i) after 1st. period.

Thus the amount after one period= Principal x (1+0

So, amount after 2nd. period=P(l+i) X (1 +0=P(l+0a
-

Proceeding thus, the amount after n periods=P(1 +i)n.

In simple interest, interest is calculated directly

on Principal. In compound interest, at first amount is cal-

culated and compound interest is obtained £is a difference*

Thus compound interegt=^—P=P{(1+I)»—1}

If the interest is compounded annually, ,,

A=P(]+i)n

If the interest is compounded halfyearly, ^=p|l+^j
2w

If the interest is compounded quarterly, A=P^£+?r
Generally, amount A after n conversion periods is A=P{\ +i)«

The above formula may also be written as

A=p{\ » where the interest is compounded q times

% •

a year, -^interest per unit per period and ?.n=number
9

of periods.
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If interest is convertible quarterly, effective rate is

i°o [(i+i)
4

-i|

8* Present value

If the principal P amounts to A in n years, then P
is also called the present value or present worth of A due
in n years.

Since A=P(\+i)n

p_ A
p
-(i+iys-

r*

Treated logarithmically, it becomes

log P=log A—

n

log(l+i)

Note. Unless otherwise stated interest is payable yearly

9. True Discount. The true discount on a sum due
in n years is the interest on its present value.

Ex. 1. Find the compound interest on 8s. 10,000/-

4. years at 5% per annum. What will be the simple

interest in the above case ?

We have A=P(l'+i)*

Here P= 10,000. n=4, £=^=*05.

/ . A= 10,000 (1 +*05)4= 10,000 (1-05)4

= 10,000x1-215

= 12150

C. /=Compound interest

=,4-P=Rs 2150/-

• S. /=Simple interest

a=P.B.i=s 10,000X 4X
JgjJ

=Rs 2000/-
•

A-7 ,
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The compound inteiest can also be found out * without

logarithm. But its scope is lather limited.

Rs.

V^Original Principal =10 000

Add int. 1st year = 500

Principal 2nd year =10,500

Add int. 2nd year = 525

Principal 3id year =-11,025

Add int. 3rd yeai — 55] -25

Principal 4th yeai —11 *576*25

Add int. 4th yeai = 578*8125

Amount after 4th year= 12, 155*0625

Less Principal =10,000

\ C. I. = 2155*0625

-Rs 2155*06

Note 1. Logarithm calculation gives only an approximate

value.

Note 2. To obtain the remit correct to the nearest nP,

(to 2 decimal places ) calculation is to be made correct to 4

decimal places.

Ex. 2. Find the compound interest on Rs 6,950/- for

3 years, if interest is payable halfyearly, the rate for the

first two years being 6% p.a, and for the third year 9%
p.a. ( C. U. 1928

)

We have 4=p|l+gj
,

Hence P=6,950, /i=2, z=j^=*06

(

•06\ ax*

1+^J =6,95Q(1*03)4.

• Taking log,

log 4=log 6950+4 log 1*03

=3*8420+4 x 0*0128

=3*8420+0*06 12=3*8932=log 7820

.*. 4=7820, which is the principal for the third year.
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(

•09\ txl

1 +t)
’

'

(P=7820, *=
TgQ

=.09, «=l)

or ^=7820(1-045)*

Taking log,

log ,4=log 7820+2 log 1 045= 3-8932+2 x 0-0191

=3-8932+0-0382 =3-9314=log 8539

4=8539

C. 1=8539—6950= Rs 1589

Note : Instead of using logarithm in two stages, we

may use it once only. Thus

.4=6950 (P03)4(l"045) 2

log 4=log 6950-+ 4 fog 1-03+2 log 1-045

=3-8420+4x0-0128+2x0-0191
=3-8420+0-0512+0 0382=3-9314=log 8539

.4=8539

C. I=Rs 1589.

Otherwise Rs

Principal, 1sthalfyear=6950

Int. halfyear = 208;50 1% =69-50, 3% =208-50

Principal, 2nd half =7158-50

Int. halfyear = 214-7550 l%=71-585, 3% =214-7550

Principal, 3rd half =7373.2550

Int. halfyear = 221- 1978 1% =73-7326, 3% =221-1978

Principal, 4th half =7594.4528

Int. halfyear = 227-8335 1% =75-9445, 3% =227-8335

Principal, 5th half =7822.2863

Int. halfyear - 352-0032 1%= 78-2229,4*% =352-0032

Principal, 6th half =8174-2895

Int. halfvear = 367-8432 l%=81-7429,4*%=367*8432

Amountafter4thyear=8542-1327 •

Less principal _ =6950

C,"f
T

=1592-1327

1 C. I=Rs 1592*13.
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Ex. 3. Which is the better investment, siiqple interest

at 5% per annum or compound interest at 4% per annum
payable quarterly ?

J
Let principal= 1 00.

Then simple interest on 100 for 1 year=5.

Compound interest.

A=P^l+ ‘

)

4 'n
bn 100 ( 1

+-®5

)

<X1

= 100(1.0125) 4
.

Here P=100, *'=
1q0
= ,

05, «=1 ,

log i4=log 100+4 log 1-0125

=2+4 x 0-0054=2+0-0216=log 105-1

,4=105-1

C./=105-l -100=5-1.

Hence effective rate of compound interest=5-1% p.a

rate of C.I is higher than that of S.I.

Ex. 4. What is the present value of Rs 1000 due

in 2 years @ 5% p. a, C.I. according as the interest is

paid (a) yearly or (b)
half-yearly?

( P.U.1945)

(a) A=P(l+i)n
, Here .4=1000, t= ^=-05, n=2

. p_ A 1000_
• •

“
(1 +i)n_ (1 -05)*-

log P=log 1000—2 log 1-05

=3-2 x 0-0212=a-0-0424=2*9576=log 906*9

P=Rs. 906-90

[or, log ,4= log P+n log (1+i)

log 1000=log P+2 log 1-05

,
*. log P=log 1000—2 log 1-05 etc. ]

(b) i4=/»( 1+|)*". Here ,4=1000, i=‘|?=*025,

»=2
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p
(1-025)**®

log P — log 1000-4 log 1-025

=3-4 x 0 0107=3 -0-0428=2-9572=log 906 1

P=8s. 906-10.

Ex. S. If the difference between the simple and

compound interest on a certain sum invested for 8 years

at 4 p. c. p. a is Rs. 25*75, find the sum.

The simple interest on
1_X 8x4 _ 8

100 25
=•32

Amount on 1 at compound interest

= l(l+0"=(l ,

04)8=f'368

. compound interest on 1

= 1-368-1 =-368

difference between C.I, and S.I,

=•368--32

=-048

Difference Sum __

•048 1 ?=8s. 536-46.

8s. 25-75 ?

Ex. 6. What sum at compound interest will amount

to £ 1210 at the end of the second year and £ 1331

at the end of the third year ? What is the rate of interest

per cent per annum ?

We have /l=/>(l+i)*, where A=amount, P= principal,

i—rate per unit per year and «=number of years.*

from the given conditions,

1210=F)[l+t)* (1)

1331 =/»(1+0* (2)

Dividing (2) by (1), we have

1331

1210
“ 1 +*', or l-w

11

10 (3)
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from (1) 1210=P.(

10 \
a

Ilf
10 )

or P=1210x
(f?r-

1000

Since
_n
~io

l

10

The required rate per cent =100xi=10

Ex. 7. C. P. Mookherjee left Rs 20,000 to be divided

between his son Amit and daughter Arati. Arati’s share

was to amount to a certain sum of money at the

end of 5 years ; and Amit’s share was to amount to an

equal sum at the end of 7 years. Calculate the sum of

money each should receive if the interest rate was 4%
per annum.

( C. U. 1960 )

Let each receive Rs x

Then Amit could receive Rs x after 7 years.

present value of Rs x due 7

[
f
=(4o;

h'r' A =*- '“Too
='04- ”= 7

]

Arati would receive Rs x after 5 years

x
present value of Rs x due 5 years after=Rs^pp^yj

Sum of these present values=Rs 20,000

(1-04) 7 +(r^-20’
000

or x f (1
•04)“7+ ( 1 ‘04)“*] =25,000

a=(l*04)-»
!

b= (1-04)5*

loga=»-r-7 log 1*04 log b=—5 log 1*04

= -7x*0170 =—5x -0170

==-•1190 =-0880
, ‘= -1190) =-l+(l— *0850)

=1-8810 =3-9162

«=’76b8 £=*8222
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or *(-7603+-8222) =20,000

*'• 12701. (app)

or *x 1-5825=20,000

%/Ex. 8• What is the effective rate of interest corres-

ponding to the nominal rate of 5 per cent per annum
convertible (£) halfyearly («) quarterly ?

(i) Let principal =100
Add halfyearly int. = 2*5

Amount after 1st halfycar= 102*5

Add halfyearlv int. = 2*5625 l%= 1*025, 2£%=2*5625

Amount after 1 year =105*0625
Less principal =100

C.L = c
5*0625

.*. the effective rate =5*0625%

Otherwise. A=p| 1 + ^ j

5
Here ^=100, *=

]qq
= ’05> n— 1

.*. ^4= 100(1 +*025)2xl

= 100(1 *025) 2 *

= 100x1*051 =105*1

.*. C./= 105*1-100 = 5*1

.*. the effective rate= 5*1%

(if) Let principal =100

Add quarterly int. = 1*25

Amount after 1st quarter= 101*25

Add quarterly int. = 1*2656 1%=1*0125, 1J%=1*2656

Amount after 2nd quarter=102 *5 156

Add quarterly int. = 1*2815 1%= 1*0252, 1J%=1'2815

Amount after 3rd quarter= 103*7971
'

'

Add quarterly int. * = 1*2976 1%= 1'0380, 1J%= 1*29(75

Amount after 1 year ==105*0946 *

Less principal =100

C.I. = 5*0946

.*. the effective rate =»= 5*0946%

A:=(l*025) a

log 1*025=0*0107

x2

log (l^^OMWli
*=1*051
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Otherwise. A=f| l+ |j
e*

Here P=100, I=
joo
=*^’ B= ^-

.4= 100(1-1- -0125)** 1

= 100(1-0125)*

= 100x1-0511

=105-11

CL =10511-100
=5-11

.* . the effective rate =5- 1 1%
\/Ex. 9. In what time will a sum of Rs. 1234 amount

to 8s. 5678 at 8% p. a. compound interest, payable

quarterly ?

( given log 1-234=0 0913, log 56-78=1-7542, log 10-2=1*0086)

We have A=p{1+i)
4"

5678=1234( l+'?~
)

4

*=1234 (l-02)*». .

*=(1-0126)*

log 1-0125=0-00541

x4

log x=0*02164

.\ *=1-0511

Taking log,

log 5678= log 1234+4* log 1-02

or 4n log l-02=log 5678—log 1234

log 5678-log 1234 3-7542-3-0913
** 4 log1 -02

“ 4 x 0-0086

0-6629

0 0344
= 19*27 years.

Note. In finding time no antilog. table is required.

Ex. 10. Find the number of years and the fraction

of a year in which a sum of money will treble itself at

compound interest at 4 per cent per annum. (C.U'. 1935

)

•We have 4=P(l+i)n.

4
Let P= 100, then A=300, »= jq^-b-04,*

v /. 300=100(104)* or 3*(104)»*
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Taking log,

n log l'04=log3

. „_J°f 3 _-4771_4771
•• log 1-04~ 0170~ 170

_2806 years*

Ex. II. S. Sen borrowed Rs 9000 from a moneylender

but he could not repay any amount in a period of 4

years. Accordingly the money lender demands now Rsl 1,250

from him. What rate per cent per annum compound in-

terest did the later require for lending his money?

( C.U. 1957)

We have ,4=P(l+i)B .

Here ,4=11,250 1*^=9000, n=4, i=?.

11,250=9000(1+?')*.

or 1,125= 900(1 +i) 4

Taking log,

log l,125=log 900+4 log (1+i)

or 3-0512= 2-9542+4 log (1+i)

or 4 log (1+i)= 0970

•0070
log (1+ i)

=— -
= -0243=log 1058

l+i= 1058=1+ -058

i=-058

Hence the required rate per cent

= 100 X i= 100 x -058=5-8

Ex. 12. (a) What is the rate per cent per annum if

a sum doubles ifself *in 17 years at compound interest ?

(C. U. 1947)

(b) What is the nominal rate per cent per annum,

when interest is payable half yearly corresponding to the

effective rate of 6% per annum ?



Commercial Mathematics106

(a) We have A—P(\ +i)B . here A—2P, 17, 1=?.

. 2P=P{\+iY>
or 2=(1+*) 17

Taking log,

17 log (l+t')=log 2

log (l+»)=~|-
2='3

1

0

7

10
=-0177=log 1-042

/. l+i=l-042= l+-042

or i=*042

the rate per cent=100 x*= 100 X •042=4*2

(b) Let i be the nominal rate per unit per annum*

Then since interest is convertible halfyearly,

(l+ *)*='0»

1 +i= VI -06= I -0296= 1 +-0296
2

or 1=0296
2

or *='0592

the nominal rate per cent per annum
= 1 00 x 1 00 x -0592 =5-92

10. Uniform increase or growth

The formula for compound interest viz A=P(I+i)*
in equally applicable to all cases of uniform increase or

growth.

11. Uniform decrease or depreciation
>

In case of uniform decrease H* is to be substituted

by c—

V

and the formula is reduced to

A=P(i-i)*

Ex. 13* If the annual increase in the population

of a* state is 25 per thousand and the present number .of

inhabitants is 26, 24, 000, what will the population be in

tliree years* time ? What was it a year agb ?

{CiU.im)
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25 per thousand^qqq per unit =.'025 per unit

We have 4=P(1+*)".

In the first case, P=26,24,000, *=-025, n=3, 4=?
4=26,24,000 (1-025)8

Taking log,

log 4=log 26,24,000+3 log 1-025

=6-4190+3 x 0107=6-4190+ 0321 =6-451

1

4=28,26,000

In the second case, 4=26,24,000 n= 1,

26,24,000=P( 1 +i) =P(1 -025)

or P= 26,24,000

1 025
=25,60,000

*=•025, P=?

Ex. 14. If the population of a town increases every

year by 1*5 p.c. of the population at the beginning of

that year, in how many years will the total increase be

25 per cent ?

We have A=P( !+*)"•

If i»=100, then 4= 130, *=!’J4
=-015, »=?

IUU

130= 100 (1-015)".

'
/i ni C \« 130 13“ < 1 <"5>"“ 100-10

Taking log,

n log l-015=log 13—log 10.

log 13-log 10 11139-1
•

* log 1015
““

0064

. -1139 1139-
0064“ 64

= 17-8 years

Ex. IS. A machine, the life of which is estimated to*

be 10 years, costs Rs 5600. Calculate its scrap value at

the end of its life, depreciation on the reducing instalment

system being charged at 10% per annum.
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We have A-=P(\—i)n
.

Here P— 5,600, /q’ n=I°

••• ^=5,600 (l 600 (*,)”

Taking log,

log ^=log 5,600+ 10 log
J
9
0

=log 5,600+10 (log 9— log 10) .

=3-7482+10 (-9542-1)

=3-7482+9-542-10

= 13-2902- 10=3-2902

^=Rs 1951

Ex. 16. A machine becomes depreciated in such a

way that the value of the machine at the end of any year

is 90% of the value at the beginning of the year. The

cost of the machine is £20, and it was sold eventually

as waste metal for £ 7 10s. Obtain the number of years

during which the machine was in use. ( C. U. 1936 )

We have A=P(1-i)*.

Here P=20, A= 7-5, 1=^=^, «=?

or

7-5-20(l—J=5«Q-

Vioy “20

Taking log,

n(log 9—log 10) =log 7-5—log 20

»(-9542- 1) =-8751- 1 -3010

«X (—-0458)=— *4259

or

or

-•4269 4258
"“^0458"W9 3 ytm-
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Ex. 17. The machinery in a factory is valued at

£ 24537 and it is decided to reduce the estimated value at

the end of each year by 18% of the value at the begin-

ning of that year. When will the value be (a) £ 20,000,

(6) one-tenth of original value ? ( C. U. 1942

We have A=P(1— i)
n

.

(a) Here P=24537, ,4=20,000, i=^> «=?•

••• 20,000-24537 (l-j^)'_24537 Q"
/ 82 V _20,000
VlOOy ~24,537

Taking log,
C

7!(log 82— log 100)=log 20,000— log 24,537

log 20,000-log 24,537 4-3010-4-3899
'
log 82-log 100 " 1-9138-2

-•0889
-•0862

889

862
=1*03 years

(6) Here if P— 100, A—~x 100=10. (it is not nece>-

18
ssary to take P=£ 24537), t=— n=?

10_10° (m)

or
/82\»_ 10 1_

U00/ 100 10

taking log,

»(log 82—log 100) =log 1 —log 10

log 1 —log 10 _ 0—1 1

iog82^1og 100“ 1-9138—

2

—
-0862

^IWOO
862

1X0 yean.



Exercise 10

• 1. *(a) Find the compound interest on Rs 1000 for

4 years at 5% per anuum.

*(£) What will be the simple interest in the above case ?

( C. U. 1950 )

#2. Find the difference between simple and compound

interest on Rs 5,000 invested for 4 years at 5% per annum,

interest payable yearly. ( C. U. 1949 )

3, What is the difference in the amounts of interest

on a loan of Rs 11, 765 for 3 months, if interest at 7 percent

simple, and compound is reckoned. (C. U. 1946)

[ Here interest is convertible monthly ]

•4/(i) The difference between simple and compound
interest on a sum put out for 2 years at 5% p. a. was

£ 2-5s. Find the sum. (C. U. 1947)

* (ii) The difference between the simple and compound

interest on a certain sum put out for 2 years at 5% p.a.

is Rs 7. Find the sum.

y^5. The difference between the compound and simple

interest on £ 800 for 2 years is £ 1 12s 5d to the nearest

penny. Find the difference between compound and simple

interest on £ 100 for 10 years at the same rate percent, per

annum. (L. C. C)

* 0. A debt of Rs 510 is left unpaid for three years.

What amount is due to the creditor at the end of that time,

reckoning compound interest at 4J% p.a . (P. U. 1957)

\ 7. Find the compound interest on Rs 6,950 for 3 years,

if interest is payable half yearly, the rate for the first two

years being 0% p. a. and for the third year 9% p.a.

• 8. Find out the amount which will produce

£ 810 6s 9d in 4 years at 5 per cent compound interest.

(C. U. 1948)

4 9. What principal will amount to £ 720, 6s. 6d in

4 years at 3% p.a . compound intexfest ? If invested at

Sample interest, what principal would be required ?
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*.10. (t) What sum will amount to £ 520 in 6 yean

at a rate of simple interest at which Rs 1,706-6-0 will

amount to Rs 3,412-12-0 in 20 years ?

• (it) What sum at compound -interest will amount to

£ 650 at the end of the first year and to £ 676 at the

end of the second year ? (C. U. 1945)

4 11. A father left ^ 1 1067 to his two sons so that

the elder should receive his share in three years* time and

the younger in seven years’ time, the two shares being

equal when received. Reckoning compound interest at 4%
p . a, find the amount of each share. (L. C. C.)

• 12. A man left Rs 18000 with the direction that it

should be divided in such a wa^ that his 3 sons aged 9, 12
%
and

15 years should each receive the same amount when they

reached the age of 25. If the rate of interest is 3$% p.a, what

should each son receive when he is 25 years old ? (C. U. 1938)

13. A owes B Rs 1600 but it is not due for payment

till the end of 3 years from this date. How much should

A pay B if he is willing to accept now in /order to clear

off the debt (a) taking money to be worth 5% per annum
simple interest (b

)

taking it to be worth 5% per annum
compound interest, payable yearly ? (C. U. 1951)

• 14. In what time will a sum of money double itself

at 5% p. a
,
compound interest ? (C. U. 1949)

• 15. In what time will a sum of money treble itself

at3% p. a. compound interest payable halfyearly ?

given log 30=1*47712, log 103=2*01284.

• 16. What is the rate per cent per annum if a sum
doubles itself in 17 years at compound interest ? (C. U. 1947)

\ 17. What rate ofjnterest per annum does a person get

who is paid at the rate of 5 percent compound interest

payable halfyearly ? (C. U. 1941)

< 18. S. Sen borrowed Rs 6000 from a money lender

but he could not pay any amount in a period of 4 years..

Accordingly the money lender demanded now Rs 7500 from
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him. What rate per cent per annum compound interest

did the latter require for lending his money ? (C. U. 1957)

* 19. Find the effective rate of interest corresponding

to the nominal rate of 4% p. a . per annum convertible

(•) halfyearly (ii) quarterly.

, 20. What is the nominal rate per cent per annum

when interest is payable halfyearly that would give an

effective rate of 4 per cent per annum ?

• 21. • (i) If the population of a town increases every

year by 1*8% of the population at the beginning of that

year, in how many years will the total increase of population

be 30 per cent ? (C. U. 1935)

[ Hints take P= 100, then A= 130 ]

i [ii) If the population of a town increases every year by

2% of the population at the beginning of that year, in how

many years will the total increase of population be 40% ?

• 22. The population of a certain town in 1951 was

276,000 and in 1961 it was 345,120. What was tlie annu«*.

increase per thousand, assuming it to be uniform ?

• 23. A machine, the life of which is estimated to be

10 years, costs Rs 10,000. Calculate its scrap value at the

end of its life, depreciation on the reducing instalment

system being charged at 10% per annum. (C. U. 1956)

• 24. The value of a machine at the end of each year

after charging depreciation was 90% of the value at the

beginning of the year. If the cost of the machine was

Rs 12,000 and if its scrap Value was Rs 200, find out the

number of years during which it was in use. (C. U. 1948)

• 25. A machinary in a factory is valued at Rs 49,074 and it

is decided to reduce the estimated value of the end of each year

by 15 per cent of the value at the beginning of that year. When
will the value be (a) Rs 20,000 (4) 1/1 Oth of the original value ?

#26. The wear and tear of a machine is taken each

year to be one-tenth of the value at the beginning of the

year for the first ten years and one-fi%enth ^each year for

the next five years. Find the scrap value after 15 years.

(P. U. 1950)



Chapter IX
Annuities

1. Annuity. An annuity is a series of payments, or-

dinarily of a fixed amount payable regularly at equal

intervals. The intervals may be a year, a halfyear, a month
and so on.

Annuities may be divided into two classes—Annuity

Certain and Annuity Contingent.

In Annuity Certain payments are to be made uncon-

ditionally, for a certain or fixed number of years..

In Annuity Contingent the payments are to be made
I ill the happening of some contingent event such as the

Jath of a person, the marriage of a girl, the education

of a child or a person reaching a specified age.

Life Annuity is an example of Annuity Contingent.

Annuity Certain may be divided into

(1) Annuity-due (2) Annuity immediate (3) Deferred annuity.

Annuity Due is one where the first payment falls due

at the beginning of the first interval and so all payments

are made at the beginning of successive intervals.

Immediate Annuity is one where the first payment falls

due at the end of the first interval.

Deferred Annuity is that which does not begin until

the lapse of certain period. When the annuity is deferred

for it years, it is said to commence after n years, and the

first, payment is made at the end of (n+ 1) years, A deferred

annuity is also called a Reversion. An annuity left unpaid

for a certain number of years is said to be foreborne for

that number of years.

A-8
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If the annuity is to continue for ever it is called a

Perpetuity, but if it does not commence at once it is called

a Deferred Perpetuity.

2. Present Value. The present value of an annuity

is the sum of the present values of its instalments.

In finding the present value of annuity it is always

customary to reckon compound interest.

3. Present value of an Immediate Annuity.

Let A be the annuity, V the present value, i the

rate of interest per unit per year and n the number of

years to continue.

Then the present value of A due in 1 year=y^

present value of A due in 2 years

=

(1+0*

present value of A due in n years

=

(1+0*

the sum of the present values of the different

payments is given by

ya-a ".- I _
I

L _
i+«+(i+»),+ +(!+0"

-
(T^»{ (l+on

:
1+ (1 +0"-*+...+ 1 },

which is in G.P.

}•

1

The present value of an immediate annuity of per

a’Annm for ft years is usually denoted by the symbol <£"] which

stands for -T— where *•*•> agl*8 tj .Tfcf?tT

. A f(l +»)"-!
“(l+i)«t(l+i)-l

^A«l+i)^f=Ai
V

t\ (l+*> * »l
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Hence using this symbol the present value of an
. immediate annuity A may be witten as V=A.aZ~\.

4. Present value of an Annuity Due.

An annuity due for n years is equivalent to an immediate

payment of A plus an immediate annuity for (n— 1) years.

Hence present value of an annuity due is

v^+j{'-(rar4

=-f(l+i){l-(l+i)-“}-

5. Present value of a Perpetuity-

In this case the number of instalments is infinite and

by taking n indefinitely large we can make (1 +*)~n as small

as we please.

i.e. (1 +i)“n tends to zero.

V=^{1—0}=y* Symbolically, ^“1==^ ^

6- Present value of a Deferred Annuity to commence

at the end of p years and to continue for n years.

Let A be the annuity, i the rate of interest per unit

per year and V the present value.

The first payment is made at the end of (p+ 1) years,

the present values of the first, second nth

A K A A
payments are

(l+i)9+i (l+i)^

V=a
(!-H)^

+
(l+*)»+>

+ +
(l+i)**t

s3
(i^f(l+0-x+(l+0 ’t->+-.+l), whidi is in G.P.
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,

A r (1 +i)«—h
(1+»)M (1+0-1 1

i \ (1 +i)p*n *

=4_-L 1 i
*1(1 +*)* (1+0P+BJ

j&/fl7|=P,V. for {p+n) years— P.V. for p years.

7. Present value of Deferred Perpetuity.

By making n indefinitely large, we can make

tend to zero.

V=4_L_
» «!+*)»

A
i

1

(l+i)R
‘

8. .
If the interest i per unit per annum is converted

into principal p times a year, then the annual instalment

A is payable p times a year, so that the interest per

unit per period is
%- and the number of instalments in n years

becomes n.p.

Thus the present value, of an immediate annuity A
payable halfyearly for n years is given by

v=4fl—

—

k 1 (
1+

5

Other formulas undergo similar modifications.

9. Amount of an Immediate Annuity to continue for

n years.
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Let A be set aside at the end of every year for a

•years. Then at the end of n years*

the first payment will amount to ^4(l+i)B_1

the second payment will amount to •4(l+i)*“*

the nth payment will amount to d(l+i)n“n or A

the amount at the end of n years is given by

M=^(l+i)»-1+^(l +«)"-*+ A-A, which isin G.P.

=A ( 1 +«)*—!_ At

0+0—1 iV
1

The amount of an immediate annuity of 1 per annum

payable for n years is usually denoted by the symbol SiTl

cr it- g svk/c c-3
(c % l

’ Ci> Ce r '"Oti'oLd

C ro Of tA^tkc

11. The present value of a SUmv ~ana its amount sue

connected by the relation A s=P( !+»)*• Hence given P we
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can find out A and conversely. Hence to find'amount of

an annuity from its present value, we are simply to multiply .

the present value by (1 +«)*.

Thus, 5^=anx(l+>)"
Present value Amount

1. Immediate A(. 1 l

Annuity il <(l+i)BJ

2. Annuity A(l+t)f . 1 \
Due i l (l+t)*J

3. Deferred Al(l-\-i)n— h
Annuity i l (1 +i)p+n J

f
{(!+*)}-—

l}

d(l+i)
{(l+i)»— 1}

i\ (i+o* J

A Free hold Estate is an estate which yields a per-

petual annuity called rent. So the value of a freehold

estate is equal to the present value V of a perpetual annuity

A
(
perpetuity ) equal to the rent.

A Lease hold Estate is held only for a fixed time after

which it reverts to the original proprietor.

If an estate be worth P, the present value of rever-

sion after n years is equal to the present value of P.

p
present value of reversion

=

r (l+*)n

If mA is the present value of an annuity A , the

annuity is said to be worth m+ years* purchase. ,

So in the case of a perpetual annuity

; a
mA= -

i

. .
1 100

.. rn=-=—-—: —
t rate per cent.

Thus the number of years’ purchase of a perpetual

^annuity is obtained by dividing 100 by the rate per cent.



Sinking Fund 119

Conversely, given the number of year’s purchase that

a tenant pays, we get the rate of interest per cent per annum
by dividing 100 by the number of years* purchase.

The amount of money required to be paid by a lessee

for renewal of the lease is called fine.

Let the annual value of an estate be A and that a

tenant has paid for m out of m-\-p years of lease. If he now
wishes to renew the lease for a term of m+n years, the

fine is equal to the present value of deferred annuity A,

to begin after p years and to run for n years.

/, the fini* = —
i(l+i)* < i(l+i)*+n

Sinking Fund. When a sum is set aside annually

or by any other periodic contributions to accumulate at

compound interest so as to provide fund for the liquidation

of a loan, debenture stock and the like or for replacement

of an wasting asset such as plant and machinery, such a

fund is called Sinking Fund.

If A be the sum set aside at the end of each year

to accumulate for n years at % per unit per annum
compound interest, then the fund M accumulated after n

years is the amount of an' n-year annuity of A.

r
(i+i)»-i

Endowment Fond. ~ It is equal to the present value

of a perpetuity. IfA be the annual value of an endowment

held at t per unit per year, then the

endowment fond
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*Ex. 1. Find the amount and present value of an
annuity certain of Rs. 150 for 12 years, reckoning interest

at 3J% p. a. (C. U. 1927)

[Given (1*035) 12= 1-51 1066 ]

Formula for

amount

A==150, i==j~J= 035, n=12.

*

M=®s{<1+035>"- 1

}

-i|?{l-511066-l}_i5? X -51I0»6

30,000 511066 -
“ 7

X 10,00,000“^

Amount =Rs. 2190-28

Formula for
r 1 l

present value • ,* (1 _|_

V =i50
/l

1
)

•0351 (1+ -035) 1*/

=JL5°( 1 \ l
•0351 1-511066/

30,000 w 1-511066-1

7 X
1-611066

30,000^ -511066
“ 7

X
1-51 1066

_ 30,000 511066
g“ 7 1511066’

present value =Rs. 1,449*50

* Ex. 2. A person borrows £ 1500 promising to repay

the sum borrowed and the proper interest* by ten equal

yearly instalments, the first to fall due in one year's time.
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Reckoning compound interest at 5% p,a find the value

of the annual instalment.

[(1-05) 10 may be taken as 1-029] (C.U. 1940)

Let £ A = annual instalment.

Then £ 1500 is the present value of an immediate

annuity of A payable for 10 years.

Using the formula for present value

where F=1500,

.500= 4{

I I AA
100

'

1
(T05)

•05, n=10, we have

“}

100.4

{
1 rm

}

on . 1-629-1 __ . -620
=20.^x—r-^„^-=20. AX-

1-629 1-629

=20. Ax 629

1629

1500x1629
20 x 629

75x1629
629

=£ 194 4s 9d.

'Ex. 3. A man borrows Rs. 3000/- at 6% and promises

to pay off the loan in 20 annual payments beginning at

the end of the first year. What is the annual payment

necessary ? (C.U. 1954)

Let. A=annual payment.

Then Rs. 3000 is the P.V. of an immediate annuity

of A payable annually for 20 years at 6% p. a compound

interest.

from die formula for present value *
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where V- =Rs. 3000, i— jqq^ O®, »=20, we have

3ooo=4 {‘-(iw)-}

<1 Ll~ A
6 \ 3-206 J

.100 2-206

_
50 2206~ A
3
X

3206

3000x3x3206
=

50 x 2206

a=(1-06)*o

log 1 06=20. log 106

=20x0*0253
=0-506

x—antilog 0*506

=3-206

=Rs. 261-60.

% Ex. 4. A man wishes to buy a house valued at

£ 2,550. He is prepared to pay £ 1600 now and the

balance in 9 equal annual instalments. If interest is

calculated at 4$% p. a., what should he pay annually ?

The cost of the house =£ 2,550

less cash payment =£ 1,600

Balance to be paid —£ 950

£ 950 is the P. V. of an immediate annuity to

continue for 9 years.

Let A be the amount of each instalment. Then
from the formula for present value

A
•045 I

1
i-48e}

• 4.1000 *486
~ 45

X
1*486

.200 486A‘

9
X
1486

*=(1*045)»

log *=9 log 1*045

=9x0 0191

=0*1719

.*. «=antilog 0*1719

= 1*486
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. ,_950x9x 1486 ,,

y
A

200x 486 £ 13°- Hs‘

^ 950=^{l-(l-045)-»}

= ^^§9 {1-6732}

••• l6‘

Note : The above difference in the values of the amount

is because of approximation at different stages of calculation .

o
.

«. Ex. 5. A company sets aside a sum of Rs. 5000

annually for 10 years to pay off a debenture issue of

Rs. 60,000. If the fund accumulates at 6% per annum

compound, find the surplus after full redemption of the

debenture issue.

The fund accumulated after 10 years is the amount

of the annuity of Rs. 5000.

From the formula for amount

where .<4=5000,
5

t=Y^='05, n= 10, we have

{(l-05)*o_l}

{l-029-l}
5000 x 100

5000x100
X’629

5

=62900

surplus=8s. (62,900—60,000)

=Rs. 2900.

*=(l-05)10

log *=10 log 1'05

=1(1x00212
=0-212

x=antilog 0*212

= 1-629



124 Commercial Mathematics

%Ex. 6. An equal sum is set aside every year for 25

years to pay off a debenture issue of Rs. 100,000. If the

fund accumulates at 2% per annum compound, find the

value of the annual payment. Given that the amount of

an annuity of 1 per annum for 25 years at 2% p.a. is

equal to 32*03030. Answer to the nearest rupee.

(C.U.1952

)

Let A=annual payment.

Then from the formula for amount

m=4 [a +.•)»-
1}

*

2
where M= 100,000, = '02, n= 25, we have

100,000=^ j(l-02)“-lJ

But 32-03030=^2 {(1-02)“-
1}

Hence by division

100,000

32*03033

100,000x10,000

=A

320303
=Rs. 3122.

Ex• 7. A man borrows Rs. 10,000 on the under-

standing that it is to be paid back with interest of 2\%
p . a compound in 12 equal instalments paid halfyearly,

the first payment to be made six months after the money

is borrowed. Calculate the arpount of each instalment.

Let ,d=halfyearly payment.

Then Rs. 10,000 is the P. V. of the annuity A payable

halfyearly in 12 instalments (6 years).

from the formula for present value
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where V= 10,000, i=~=-025

10,000 =.qj25 I
1 — (FoI^S)5*}

_Ax 10,000 r li
“ 125 V 1*161/

=AM*vm
. t 10,000 X 1161 n Qf)i*40" A= ~80x 161

- fe * 90140

1

2
=•0126, n—6, we have

*=(1*0125)“

log *=12 log 1*0125

= 12 x 0*0054

=0*0648

*=antilog 0*0648

= 1*161

Ex. 8. A sinking fund is created for the redemption

of debentures of Rs 1 ,00,000/- at the end of 25 years. How
much money should be provided out of profits each year

for the sinking fund if ttfe investment can earn interest

@ 4% per annum ? ( C. U. 1958 )

Let A be the annual instalment. Then Rs 1,00,000 is

the amount of the annuity A to continue for 25 years.

Af=4{(1+0"— l}

where Af= 1,00,000, i=j^~=*04, n=25, we have

1,00,000= ^{(1*04)“-
1}

=^f°{2
'661 - 1

}

=4.25x1*661

1,00,000x1000
A~

25x1661

4000x1000
1661

=Rs 2408*19.

*=(1*04)“

log *=25 log 1.04

=25x0*0170
=0*4250

*=antilog 0.4250

=2*661.

Ex. 9. A machine costs the company Rs 48,500 .and

its effective life is estimated to be 12 years. If the scrap

realises Rs 1000 only, what amount should be retained out

of profits at the end of each year to accumulate at com-

pound interest at 5% per annum ?
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Let A be the annual instalment. •

Evidently the amount of the annuity A to contirfue*

for 12 years=Rs 48,500—Rs l,000=Rs 47,500.

Hence from the formula

M=4{(l+«)»-l}

g
where Af=47,500, *=—-==*05, «=12, we have

47,500=r-{(l*05)»-l}

=-4-00 (l'797-1)

=Ax 20x0-797

47,500x1000 2375000

797

. *=(1*05)“

log *=12 log T05
= 12x01212
=0.2544

.*. *=antilog 0*2544

1*797.20x797
=Rs ,2980.

• 'Ex. 10. What sum will buy an annuity of/' 60 payable

for 4 years, the rate of interest being 3\ per cent per annum ?

(C.U. 1945)

The sum is equal to the present value of an imme-

diate annuity £ 60 for 4 years at 3J% p.a.

From the formula

r=J?°fl
*0351

EH1

(l+o-}

. 3
,=

]

1

m--035’ «-

1

*

60x1000
35

12x1000

!{l-(l-035)r<}

7

12x1000
7

=£219

(1—8718)

X *1282

*=(1*036)*“

log *=—4 log 1*035

=—4x*0149
= -*0596

= -l+(l--0596)
=1*9404

*=*8710

16s
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» Ex. 11. A man retires at the age of 60 years and

his employer gives him a pension of Rs 600/- a year paid

in halfyearly instalments for the rest of his life. Reckoning

his expectation of life to be 13 years and that interest is

at 4% per annum payable halfyearly, what single sum is

equivalent to this pension ?

Clearly the single sum is the present value of an

immediate annuity of Rs 300 to continue for 13 years.

Hence from the formula

where A= halfyearly instalment=300
o

.
o

i= halfyearly rate of interest=j^= *02

n=number of halfyears=26, we have

V=—-/l -— \
•021 (1*02)“/

300xl00f 1 1

2 l i-673l

=300 x 50 x

= 16000

X

*673

1*673

673

1673

=Rs 6034. (app)

*=(l-02)“

log x=26 log 1-02

=26 x *0086

=0-2236

*=1-673

* Ex. 12. Which is better, an annuity of £ 160 to last

for 10 years or the reversion of a free-hold estate of £ 79

4s per annum to commence 7 years hence, the rate of

interest being 6 p.a.
( C.U. 1934 )

The first one is an immediate annuity and the second

one is a deferred perpetuity.

* Clearly the better one has greater present value.

The P.V. of the first

”r{
1-
<TiM "” 1#1
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150x1001. 1 \
5 l 1-629/

=3000 x
•629

1-629

=3000x
629

1629
=£ H58

* »

*=(l-06)10

log *=10 log 1-05

=10x -0212

=0-212

*=1-629.

The PV. of the second=T

79J
•06(105)7

396
v
100 1

~ 5
X

5 ' (1-051

)
7

396 x4
1-407

=£ 1125 15s

^=79|, i='05, />= 7
J

*=(1*05) 7

log *=7 log 1*05

=7 X -0212

=0-1484

*=1-407

Hence the immediate annuity is better.

* Ex. 13. What sum will buy an annuity of £ 60
payable for 4 years, rate of interest being 3$ per cent per

annum ? (C.U. 1945)

The sum is clearly the P. V. of an immediate anhuity

of £ 60 for 4 years at 3£% p.a.

Hence from the formula

v~
1 1

1

.
(i+0*}

3*6
where ^4=60, t=|Q^=-035, n=4, we have

w". h ! )
•035 \ (1*035)*/

60x1000
35

12000
X

•148

1*148

*=(1-036)*

log *=4 log 1-035

=4 x *0149

=00696
*=1:148
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12000

7
X

148

1148
=£221

'Ex. 14. A lease for 10 years is taken at Rs. 60,000.

What annual contribution should be made to raise a

sinking fund against it, if the investment can earn interest

at 4% per annum ?

The annual contribution A is given by

Af=£ {(l+«)»-l
}

where M—value of the asset to be replaced=60,000

A=annual contribution

t=rate of interest per unit per year=‘04

«=10

Mi 60,000 X -04

(l+«)"-l (1-04)10—

1

2400-
1-479-1

_2400~
-479

=Rs. 5010-44

*=(l-04)10

log *=10 log 1-04

= 10 x 0170

=0-170
'

*=1-479

•Ex. IS. Find the value of a freehold estate that

yields an annual income of Rs. 465, if money is worth

3| p.c. p.a. compound.

From the formula

where .4=455, we have

„ 466 455 X 100 - 455 X 1000 _
3-6 " 36

Rs, 13000,

100

« Ex. 16. For endowing an annual scholarship; of

Rs. 600 I made five equal annual contributions. The first

A-9
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award is to be made two years after the
p
last of my

contributions. What was the value of each contribution,

assuming interest at 3£% p,a. ?

Let the first .contribution A be made now, so that

the fifth contribution is made at the beginning of the

fifth year.

The first award of scholarship is made at the beginning

of the 7th year . So the accumulated fund must be available

at the beginning of the 6th year
(

i.e one year before

the first award ).

Clearly the amount of the fund

=amount of annuity due for 5 years

_4J1±0 {(,+,)•-!} [.=^-035, „=5]

=-^ {(»•«*>*- >}

This is the P.V. of the perpetuity of Rs. 500 and

is equal to

*=(1-035)*

log *=5 log 1-035

=5 x -0149

=0-0745

*=1-187
u

log 500=2-6990

log 1-035= -0142

log -187=1-2718

log 4=3-4130

A= 2588

Note* We may find the present value of the annuity

due and the present value, of the perpetuity, deferred

5 years and equate them. •
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Exercise 11

*!• Find the present value of an annuity ofRs. 1000

p. a. for 14 years allowing compound interest at 5% p. a.

( P.U. 1948 )

» 2. Calculate the amount and present value of an
annuity of Rs. 3000 for 15 years if the rate of interest

be 4\%p.a.
( C.U.1959 )

'3. Find the present value of an annuity—due of 1

per annum payable annually for 2 years, the rate of

interest being 5% p. a.

'4. A man borrows Rs. 6,000 at 6% and promises

to pay off the loan in 20 annual payments beginning at the

end of the first year. What is the annual payment necessary ?

\ 5. A member of a society obtains a loan of £ 400

and agrees to repay it with compound interest at 5 per cent

in five annual equal instalments, the first payment to be

made at the end of a year. What would each instalment

be?
(
C.U.1943

)

\ 6. A person borrows £ 45,00 promising to repay

the sum borrowed and the proper interest by ten equal

yearly instalments, the first to fall due in one year’s time.

Reckoning compound interest at 5% p.a ., find the value

of the annual instalment, (1’05)10 may be taken as T629

• 7. A man wishes to buy a house valued at £1750.

He is prepared to pay £800 now and the balance in nine

equal annual instalments. If interest is calculated at 4}

p.c. per annum, what should he pay annually ? ( C.U. 1939 )

% 8. A man borrows Rs. 1000 on the understanding that

it is to be paid back in four equal instalments at intervals

of six months, the first payment to be made six months

after the money was borrowed. Calculate the amount of

each instalment, reckoning compound interest at 2J% .per

half year* (C.U1931)

• 9. An overdraft of Rs. 30,000 is to be paid back

in equal annual instalments over a period of 30 years.
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Find the value of the payment reckoning compound
interest at 4% p. a. ( P. U. 1943 )

'10. A man retires at the age of 60 years and his

employer gives him a pension of Rs. 1200 a year paid in

halfyearly instalments for the rest of his life. Reckoning

his expectation of life to be 13 years and that interest

at 4% per annum payable halfyearly, what single sum is

equivalent to his pension ? ( C.U. 1954 )

• 11. S. Roy wishes to buy a Printing Machinery

valued at Rs. 17000. He is prepared to pay now Rs. 9000

and the balance in 8 annual instalments. If interest is

calculated at 3£% per annum, how much should he pay

annually ? (C.U. 1957
)

* 12. The annual subscription for the membership of

a club is Rs. 25 and a person may become a life member
by paying Rs. 1000 in a lump sum. Find the rate of

interest charged.

13. What sum should be paid for an annuity of

Rs. 2,400 for 20 years at 4\% compound interest p. a.

(
given log 1-045=0’0191 and log 4‘150=0-6180

)

* 14. A man wishes to create an endowment fund to

provide an annual prize of Rs. 500 out of its income.

If the fund is invested in 2\% p. a., find the amount of

this fund.

15. The price of a radio is Rs. 750 cash or it may
be paid for by 20 equal monthly instalments, the first

instalment to be paid at the time of purchase. Find the

value of each instalment reckoning 5% p. a. compound

interest payable monthly.

•16. How many years’ purchase should be given for

freehold estate at 2\% compound interest?

• • 17. What sum will buy an annuity of £ 60 payable

for 4 years, the rate of interest being 3£% p . a?

18. A man borrowed Rs. 20,000 at 6% compound
interest, promising to repay Rs. 5,000 at the end of each
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of the first four years to reduce principal and interest

. and to pay the balance at the end of the fifth year.

Find the amount of his final payment. ( C.U. 1950 )

19. What annuity should be paid for 10 years if

10,000 is paid now, the first payment of annuity being

made in one year’s time and the subsequent payments
in yearly instalments at the end of each subsequent

year ? Compound interest is to be taken at 5% per

annum.
( C. U. 1956)

20. If I buy a sewing machine with cash down
I pay Rs. 190. If I buy it on instalment basis I pay

Rs. 10 down and 20 monthly instalments of Rs. 10. What
rate of interest is calculated in the second case ? (

C.U. 1946 )

• 21. A limited company intends to create a depreciation

fund to replace, at the end of the 25th year, assets costing

Rs. 1,00,000. Calculate the amount to be retained out of

profits every year if interest rate is 3%. {C.U. 1961 )

* 22. At the beginning of a year Mitra decided to

deposit Rs. 45*50 nP at the end of each year in a Bank

which paid 4% interest. If the instalments were thus

allowed to accumulate, what would be the total amount

standing at his credit at the end of the 12th year ?

{C.U. 1959 )

^V23. A machine costs the company Rs. 97,000 and

its effective life is estimated to be 12 years. If the scrap

realises Rs. 2,000 only, what amount should be retained

out of profits at the end of each year to accumulate at

compound interest at 5% per annum ? {C.U. 1960 )

24. For endowing an annual scholarship of Rs. 1000,

I make five equal annual instalments. The first award

is to be made two years after the last of my contributions.

What was the value of each contribution assuming interest

at 34% per annum ? ( C. U. 1946 )



Chapter X
Bill Discounting—True & Banker’s Discount

1. Bill of Exchange

—

A bill of exchange is an uncon-

ditional order in writing signed by the maker, directing

a certain person to pay on demand, or at a fixed or

determinable future time, a certain sum of money to or to

the of order a certain person or to bearer.

Three persons are involved in a bill.

The maker of the bill is called the Drawer. The
person who is directed to pay is called the Drawee and the

person to whom or to whose order the money is to be paid is

called the Payee. The payee may be the drawer himself.

A bill is prepared by the drawer and sent to the

drawee for acceptance. After drawee has signed his consent

on the face of the bill by writing the word ‘accepted’

and putting his signature and date, it becomes legally

valid and called an acceptance. The acceptance is there

after delivered to the drawee or payee as per directions.

A bill of exchange is called a Negotiable Instrument.

By endorsement and delivery the full title of the benefit

of the bill may be transferred.

A person who has the possession of the bill is called its

Holder. The date on which the bill is due is called its Maturity.

Form of Bill of Exchange

Stamp Calcutta, 4th. May, 1962

Rs 100

Three months after date pay to D. Sen.,

or order the sum of Rupees One Thousand for

value received.

To Messrs Frank & Wood
Calcutta. K. Saraogi
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In the above case K Saraogi is the drawer, D. Sen is

* the payee and Frank & wood are the drawees, who become

the acceptors when they write the worlds

“Accepted payable at the United Bank of India Ltd. Frank

& Wood ” across the face of the bill.

The bill has now attained legal status and is called

an acceptance . An unaccepted bill has no value.

If the drawee and the payee are the same, then “pay

to me or my order” should be written instead of “pay to

D. Sen
,
or order”. After accepting the bill the drawee sends

it to the payee.

2. Inland bill—If a bill is drawn in India and also

payable in India, it is called an Inland Bill, any other bill

is called Foreign Bill.

Accomodation Bill—A bill drawn, accepted or endorsed

without receiving value in exchange for it but simply to

assist a party by negotiating it, is called an Accomodation bill.

3. Date of Drawing or Sight—The date on which a bill is

drawn is called the date of drawing ,
and the date on which

it is accepted is called the date of acceptance or sight. The date

of drawing and the date of sight may or may not be the same.

Due Date—The date on which a bill is payable or due is

called the due date. A bill drawn at 3 months is nominally

due after 3 calender months and not after 90 days. A bill

drawn at 90 days is nominally due exactly after 90 days and

not after 3 months.

Days of Grace—Every bill of exchange, unless it is

payable at sight or on presentation or on demand, is legally

due or at maturity on tfrfe third day after the nominally due

date. This practice is not followed everywhere. In U. & A
no days of grace are allowed.

When no definite date is mentioned the days of grace are

ignored.
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Days after Date—Where a bill is drawn after date,

the period begins to run from the date of drawing the bill.

Days after Sight or Acceptance—When a bill is drawn

after sight
,

the term of the bill begins to run from the

date of sighting the bill.

Illustration—A bill drawn on the 4th January, 1961

at 3 months after date and accepted on the 6th January

will be nominally due on the 4th April and legally due

on the 7th April. But if the same hill is drawn at

3 months after sight it will be nominally due on the 6th

April and legally due on the 9th April.

Counting of Days—In counting number of days from

one date to another, it is usual to exclude the day from

which the time begins to run and to include the last day

of payment.

4. Discounting of Bills s—A bill of exchange is a Bill

Receivable (B/R) to the drawer as he receives the payment
and a Bill Payable (B/P) to the acceptor as he pays the bill.

The holder of a Bill Receivable
( i.e., a bill-holder

)

may deal with a bill in any one of the ways

(1) He may keep the bill to himself till the due

date and receive payment on presentation.

(2) He may endorse the bill in payment of his own
debt.

(3) He may cash the bill before its due date . To do

so, he is to present the bill to a banker or a bill-broker.

The latter pays the bill holder not exactly the bill value

( i.e., the face value of the bill
)

but something less. The
amount deducted from the bill value is called the Banker’s

Discount and the sum of money that the holder receives

is called the Present value of the bill.

5* Commercial or Banker’s Discount :

—

After the bill

is presented, the banker calculates the unexpired period of
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the bill which is the period from the date on which the

bill is presented till the date on which it becpmes legally due.

6. The Banker’s Discount (B.D) is equal to the interest

on the face value of the bill or bill value (B.V.) for the

unexpircd period.

The Present Worth or Present Value (P.V.) or Discounted

Value of the bill is the sum paid by the banker to the

holder and is, therefore, equal to the difference of bill

value and banker’s discount.

Hence, B.D.— interest on B.V.

(Bankers) P.V.= B.V. -B.D.

Theoretical or True Discount. If a sum of money is

due after a given time, then True Discount is equal to the int.

on the Present value of the sum. The difference between the

sum due and the true discount is called the True Present

Value of the sum.

Hence, T.D. —interest on P.V.

(True) P.V.=B.V.—T.D.

To show diagramrnatically,

(True P.V.) T.P^+1\D.=B.V.

(
Banker’s P.V.

)
B.P.V.+B.D^B?V.

First bracket shows that T.D. is the interest on T.P.V.

Second bracket shows that B.D. is the interest on B.V.

Illustration—Let a person borrow Rs. 1000 to be paid

back with interest at 10% p.a after six months. Then

the interest due after six months is Rs. 50 and the amount

to be paid is Rs. 1050.

Here Rs. 1000 is the true P.V. and Rs. 1050 is the

sum due. Now if a bill for Rs. 1050 due 0 months after
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is discounted at 10% p.a., six months before it is due,

then the amount of bill discount is the interest on Rs. 1050*

for 6 months at 10% p. a.

B.D=Rs. 1050 x
,

6
n x ;~=Rs. 52*50.

1 2. 1UU

Banker’s P.V=Rs. 1050-Rs. 52*50=Rs. 997*50

Clearly, B.D. is greater than T.D and B.P.V. is less

than T.P.V.

The two present values can never be equal.

7. Banker’s Gain. The difference between B.D. and

T.D. is called the Banker's Gain (B.G.).

B.G. —B.D.— T.D.

In the above example, B.G. =B.D.—T.D.=Rs. 2*50

Further, B.D.= interest on B.V.

=interest on (true P.V.+T.D.)

= interest on true P.V.+ interest on T.D.

=T.D.+ interest on T.D.

B.D.— T.D.= interest on T.D.

Hence, B.G.=B.D.—T.D.— interest on T.D.

Ex. I. Calculate T.D., B.D., and B.G. on a bill

for Rs. 6,100 due 6 months hence at 4% p. a . Show that

the difference between B.D. and T.D. is equal to the

interest on T.D. for 6 months at 4% //. a .

Let true P.V.= 100

Then T.D. =int. on

6= l00x
T5

xm= 2 -

100 for 6 months at 4% p.a.

4

B.V.
Then B.D.

= 100+ 2= 102 .

=int. on 102 for 6 months at 4% p.a.

T.D.

2

?

= 102x~jX
1A

'

B.V.

102

Rs. 6,100

,_D„ 6,100x2
' '

' 102
4 . 119*61
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B.D. B.V.

2-04 102

? 8s. 6,100

?=Rs.
6,100x204

102
=Rs. 122

B.G.=Rs 122—Rs 1 19*61 =Rs 2*39

Interest on T.D. for 6 months at 4% p.a

=8s 119*61 XjgXjjg-Rs 2*39

y/Ex. 2. If the difference between the banker’s discount

and the true discount on a sum due 4 months hence at

3% p.a. is 4s, find the sum due, banker’s discount and

true discount.

Let true P.V.= 100
t'

Then T.D.= 100x
5
t x~=l

sum due= 100+ 1 = 101

B.D. =101Xj4
3x4-$J-

Hence B.D. -T.D.= 101

100

1”
100

*

Difference

1

100

4s

Sum

101

?

?= 101 x4xl00s=^ 2020.

Difference

1_
100

4s

Difference

1m
4s

B.D.

101

100
?

T.D.

1

? .

?= X 4 x 100s=404s=£ 20, 4s.

?=4xl00s=,£ 20.

Ex. 3. A man agrees to pay 8s 2000 for the lease

of a house, dating from January 1,1962, and to pay for
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the same on July 15, 1962 subject to a discoifnt of 5 p.c.

p.a. How much should he pay ?

The amount to be paid in advance is the true present

value of Rs 2000.

Number of days from July 15

to January 1 =170 days

Let true Present Value=100

rpi inn 170 5 170
Then T.D.= 100 x

36
3X

100= 73

the sum due

===IOo+ 170= 7i70.^ 73 73

July
Aug.
Sep.

Oct.

16 days
31

”

30 ”

31
”

Nov. 30
9 9

Dec. 31
99

Jan. 1
99

170 99

T.P.V Sum due

100
7470

j

. „ 2000x100
73

|

’ 7470
? Rs 2000

j

73

\/.Ex. 4. A owes B Rs 1600 but it is i

=Rs 1954-48

ment till the end of 3 years from this date. How much
should A pay B if he is willing to accept now in order

to clear off the debt

—

(a) taking money to be worth 5%
per annum simple interest (6) taking it to be worth 5%
per annum compound interest, payable yearly ? (C. f/. 1951)

Here we are required to find the true present value

of Rs 1600 as it does not involve payment by bill .

(a) Let true P.V.= 100.

Then T.D.=100x3x^=15.

the sum due= 100+ 15= 115

T.P.V. Sum due

100 115

? Rs 1600

* 1 Oft^

?=Rs 1600x t7£=Rs 1391-30
1 15
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(b) 'Let T. P. K= 100,

Then amount after 3 years=100 ( 1 *05)®= 1 1 5*8.

T. P. V. Sum due

100 115-8

? Rs 1600

?=Rs 1600 x t-~
0^=Rs 1381-70

1 15*8

Ex. 5. A bill of exchange for £ 713, 15s was drawn
on 3rd April and made payable 3 months after date. It

was discounted on 15th April at 4£% ;
What was the dis-

counted value of the bill ? (P. U. 1945
, C. U. 1929)

Date of maturity— 6th July, date of discounting— 15th April

unexpired period of the bill

= number of days from the 15th April to 6th July.

= 15+31+30+6=82 days*

••• B D =“• >'•=£ 7lJ
+
X S5 XTO

=£6 16s 3*5 d.

/. the discounted value of the bill

= £ 718. 15s—£6. 16s. 3*5d=£ 706.18*. 1*5 d.

Ex. 6. A bill of value Rs 1064 drawn on 23rd Septem-

ber, 1951 at 3 months after date is discounted on the 14th

October, 1951. What is the discounted value of the bill?

Answer to the nearest anna. What return does the rate

represent to the banker ? Answer to two decimal places

correct. (C. U. 1952)

Bill legally due on -Dec 26

Bill discounted on Oct 14

7. the bill has to run for 73

days. As no rate of interest is given,

assume that as 5% p. a.

Oct. 17 days

Nov. 30
»>

Dec. 26

73 39

*=(ro5)s

log *=3 log 1*05

=3 x *0212

=•0636

.\ *=1-158
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73 5
Then B. D . =Rs 1064 x^ X

100
= Rs 10-64.

discounted value of the bill=Rs 1064—Rs 10-64

=Rs 1053-36

Thus the banker pays Rs. 1053 36 and receives Rs. 1064

after 73 days.

Hence he receives an interest of Rs. 10*64 in 73

days.

Int. onRs. 1053*36 for 73 days=Rs. 10*64

„ Rs. 100 „ 365 „ =^xl00xf
— Rs. 5 05.

Hence the banker gets a return of 5*05%

Ex. 7. A bill for Rs. 12,000 was payable 60 days

after sight. If was accepted on 4th March, 1953 and

discounted on 20th March, 1953. What was the discounted

value of the bill, if the rate of discount was 4J%.

(
C.U. 1954)

Bill legally due on 63 days

after 4th March. i.e. 9 on 6th May.

Bill discounted on 20th March.

. number of days to run

=number of days from the 20th.

March to the 6th. May .

=47 days.

The number of days may be easily calculated as follows

The bill is legally due 63 days after 4th March.

It is discounted on 20th March.

Mar. 27
Apr. 30

days

57 jj

May. 6 >>

63 99

Mar. ii days
Apr. 30 99

May. 6 99

47 99

L - 16 days - -d**- -

4th 20th

Mar Mar

63 days.

47 days- 3
due

date
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From 4th to 20th March there are 20—4 or 16 days.

*. the unexpired period= 63— 16 or 47 days.

B.D.=int. on Rs. 12,000 for 47 days at 4|% p. a

47 4 4 27072
=Rs. 12,000 x 3^ X -,£«*.V=R8 ' 74,17

Hence the discounted value of the bill

=Rs. 12,000— Rs. 74-17=Rs. 11,925*83

Ex. 8. A trader unable to pay the cash price of

£ 495 of goods purchased by him makes out a bill payable

4 months after date, which will realise the amount if

immediately discounted at 3%. Find the face value of the

bill.

£ 495 is the P.V. of the new bill.

Let 100 be the face value of the new bill.
,

Then B.D. 100 X ~ X
jgjj

= 1

P.V.= 100 -1=99.
P.V. B.V.

;

"• !00 ?=£ 495 x
l^=£ 500

£ 495 ?

v/foe. 9. A banker discounts a bill for a certain amount

which has 32 days to run before it matures at 5%. The

discounted value of the bill is Rs. 995—9 as — 10 P. Find

the face value of the bill. ( C. U. 1953 )

Let the bill value= 100.
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^Ex• 10. A holds a bill of exchange from B for

Rs. 1000 payable 6 months hence and B holds a bill for

Rs. 1,750 payable 4 months hence. They agree to cancel

their bills and A pays Rs. 125 in cash to B and gives

a new bill payable 3 months hence.

Determine the amount of the new bill if the rate

of discount is 5% per annum.

B.D. on the 1st. bill =Rs. 1000 x ^ X r~=Rs. 25.
1 ju 1UU

.-. P.V. of the 1st. bill =Rs. (1000-25) =Rs. 975

B.D. on the 2nd. bill =Rs. 1 ,750xix JL=Rs. ij5

J.UU O

1751

6 )

=Rs.I°P5 ==Rs j 720*83
6

After cancellation of the bills the amount outstanding

=Rs. 1720*83— Rs. 975=Rs. 745*83

As A pays Rs. 125 cash down, the outstanding

balance=Rs. 745*83—Rs. 125=Rs. 620*83, which is the Present

Value of the new bill to be drawn at 3 months.

Let now the amount of the new bill =100

Th“ B.D.-100XjjXjj
5=j.

P.V. of the new bill, of 100= 100— p
P.V. B.V.

395 100
4

Rs. 620*83 ?

?=Rs. 620-83 X 100

=Rs. 628-69

P.V. of the 2nd. bill =Rs.(l,750



Exercise 12

1. Find the Banker's Discount and Present Value oi

a bill for

(i) £ 2020 due 4 months hence and discounted

at 3-f% p. a.

(ii) £ 1427. 10s drawn on April 5 at 3 months

and discounted on April 17 at 4| p. c. p.a.

(Hi) £ 202 which lias 25 days to run and discounted

at 5^ p. c. p. a

.

2. Find the true discount and true P.V. on a bill for

(i) £ 1407 for 73 days and discounted at 2{% per

annum.

(ii) Rs 2518*75 drawn on Oth. March for 4 months and

discounted on April 30 at 3J per cent per annum.

3. Find B.D. and T.D. on a bill for

(*) Rs 9000 due in C months and discounted at 5% p.a .

(ii) £ 812 payable 90 days after sight and accepted

on May 10 and discounted on May 30 at l\"f0 p.a.

4. Calculate

of £ 75. 13s. 8d.

commercial discount at 1\% on a bill

(
(,\ U. 1952 )

5. Calculate Banker’s Gain on £ 4040 due 4 months

hence and discounted at 3% per annum. Show that this

gain is equal to the interest on true discount for 4 months

at 3% p. a .

6. A bill for Rs 4,500 is due in 6 months. Find

the difference in the amount between the Banker’s Discount

and True Discount, the rate of interest being 5%.

(
C. U. 1950 )

7. A bill of exchange drawn at 3 months on 11th.

October, 1934 was discounted at 5J per cent on 19th.

November 1934. Find the discount. ( C. U. 1936)

’

8. (a) What do you understand by banker’s discount

and true discount ? If the difference between true and

banker’s discount on a sum due in 4 months at 3 p.c.

is Rs 10, find the amount of the bill.
( C.U. 1957)

A—10
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(b) The difference between Commercial and True

Discount on a bill due alter 71 months at 5% p.a. is Rs 9.

J7ind the amount of the bill.

9. If the difference between True and Commercial

Discount on a bill due 6 months hence at 5% p.a. is

Rs 2'75, find the True Discount, Commercial Discount and

the amount of the bill.

10. A banker discounts a bill which has 25 days to

run before it is legally due at 5T^% Per annum. This

discount amounts to /. 1. Os. 3d. For what sum was the

bill drawn ? (
C.U. 1935

)

11. A bill for Rs 12000 was payable 60 days after

sight. It was accepted on 4th. March 1953 and discounted

on 20th. March 1953. What was the discounted value it

the rate of disc ount be p. a. ?

12. (
a

)
A merchant has a four months 7

Dill for Rs 2,000

which the broker discounts at 2|% per annum. Find

what rate per cent per annum he should earn on the

discounted value so that he may not suffer any loss on

discounting the bill.
( C.U. 1958)

(b

)

What is the actual rate of interest which a banker

gets for the money when he discounts a bill legally due

in 0 months at 4% p. a. ? ( P.U. 1950 )

13. At the rate of 4% p.a., find the Banker’s dis-

count, the true discount and the Banker’s gain on a bill

of exchange for Rs 650 due four months hence.

(C.U. 1960)

14. If the true discount on a bill for 3 months is

Rs 40 and the banker’s discount for the same time and at

the same rate is Rs 40’50, find the rate of discount and

the amount of the bill.

15. The true discount on a *
bill for 5628 was Rs 28

at 2\% per annum. When was the bill due ?
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16. The Banker’s Discount on a bill discounted at

\% p. a. was one-twentieth of the bill value. Find the

linexpired term of the bill.

17. A bill for £ 228. 2s. 6d. drawn at 6 months

was discounted by a banker at on 1 5th. January,

1036. If the banker paid £ 225. 18s. lid., on what date

was the bill drawn? (/.Af.C)

18. On 4th. February 11)61, A drew and B accepted a

bill at 4 months for Rs 1600. On 15th. February A dis-

counted the bill at 5%. How much did he receive ?

19. On 7th. January, I960 A drew a bill on B at

8 months and discounted the acceptance with the Bank

receiving Rs 2,475 in cash. For what amount was the bill

drawn, if the rate of discount was 4% p. a.?

20. A owes B Rs 1800 due one month hence. But

A finds that he would have funds after 2 months, accepts

a Hill drawn by B for such an amount as would fetch Rs 1800

if discounted after one month at 6%. Find the amount.

21. A owes B £ 600 and wishes to pay him in nine

months. B demands bill at 9 months for an amount that,

il immediately discounted at 4 per cent, would yield £ 600

due. For how much must the bill be drawn ?

22. A holds a bill of exchange from B for Rs 2000

payable 6 months hence and B holds a bill from A for Rs 3500

payable 4 months lienee. They agree to cancel their bills

and A pays Rs 250 in cash to B and gives a new bill

payable 3 months hence. Determine the amount of the

new bill accepted by A if the rate of discount be 5%
pet' annum. ( C\ U. 1956

)



Chapter XI

Average Due Date and Equation of Payments

1. Average Due Date. When different payments are due

on different dates to the same person by the same party

it is found convenient by businessmen to settle the accounts

by one single payment on one single date. Clearly this

date should be such that neither p&rty loses or gains in

the transaction.

2. Method of ascertaining the average due date

1. Take a suitable date, say, the first due date of

payment as the starting point or zero date.

2. Calculate the number of days from the zero date

to the due date of each payment.

3. Multiply the amount of each payment by the

corresponding number of days from the zero date.

4. Divide the total of these products by the total

amount of the payments.

5. The quotient gives the number of days of the

average due date from the zero date.

The number of days of the average due date from

the zero date is called the Equated time or Equaled period.

Hence, zero time+equated time= average due date

Note 1 . The average due date lies between the two

due dates of first and last payments.

Note 2. The zero date is an arbitrarily chosen date.

3. Equation of Payments.

Let Pi, P2, be the amounts* of payments due

after «a days calculated from the zero date.
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Let the average due date be N from the zero date.

Then clearly JV will be greater than some n and less than

the rest.

Let N be greater than n l9 ti2
and less than «3 ,

nx

There will be loss of interest in respect of payments

1\, P2 for (N—tii), (..V—w2 ) days and gain of interest

in respect of payments /J4 for (n3 - jV), (;/ 4 — JV)...days.

But hy hypothesis there is neither loss nor gain.

Hence equalising loss and gain, we have

('V

—

fl\)P
| + (./V ;/2 )

/**+ r”~
(
W3— 3 4" (

W 4
— )P 4-+ • • •

or A7/V+P2+jP3+ n
x
P

x+ nj\+ /i*/
>

a+

Hence tw __
tllP\ tl2^2+ W3^3+

1

Note 1. When the principle of average due date is

applied to payments by bills, by interest we mean banker’s

discount.

Note 2. The average due date is independent of the

rale of interest.

y Ex. 1. X buys goods from 7\ the due dates for payment

being as follows

1. Due Jan. 10, 1962 Rs 850

2. Due Mar. 13, 1962 Rs 1200

3. Due Apr. 1, 1962 Rs 580

Find the average due date.

Take Jan 10 as the zero date.

The number of days of each payment from the zero

point is as under

1. Jan 10 to Jan 10 =0

2. Jan 10 to Mar 13 -=21+28+13-62

3. Jan 10 to Apr 1 =21+28+31 + 1=81
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Amount period

(days)

product,

850 0 0

1200 62 74,40o

580 81 46,980

2,630 1,21,380

,
121380 _

,

.

. . equated time=
2630

-46+ days

Ignoring fraction of days in favour of the creditor

the average due date is 46 days from zero date •«>., the

25th Feb, 1962.

• Ex. 2. A merchant has purchased goods and has

accepted the following bills drawn at 3 months each

Rs 800 drawn on March 10

Rs 350 drawn on April 15

Rs 625 drawn on May 4

Rs 275 drawn on June 8

He wishes payment to be made by one bill, payable

one month after the average due date. Find this date.

The first bill is due on the 13th June.

Choose June 13 as the average due date

Bill due date period product

(days)

800 June 1

3

0 0

350 July 18 ' 35 12250

625 Aug 7 55 34375

275 Sep 1

1

90 24750

2050 71375

equated time=
2050

h " ....days

Ignoring fraction of days the average due date is

17th June.

the required date is the 17th July,
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% Ex. 3. Henry has accepted the following bills

1. £ 450 drawn on 1st. Sept. 1961 at 3 months after date

2. £ 700 drawn on 3rd. Oct. 1961 at 2 months after date

3. / 325 drawn on 1 1th. Nov. 1961 at 1 month afterdate

4. £ 800 drawn on 1 7 rh . Nov. 1961 at 4 months after date

He wants to retire the bills under rebate at 5% P* (1

on 15th. Oct. 1961. What funds does lie require for the

purpose ?

Take I5lli Oct. as the zero date.

Bill due on period (days) product

I. 450 4th. Dec. 1061 50 22500

2. 700 6th. Dec. 196L; 52 36400

3. 325 14th. Dec. 1061 60 ‘ 10500

4. 800 20th. Mar. 1962 156 124800

2,275 2,03,200

. . 203200
,, . Qfl ,

equated time — oo— — S9\3 days or 89 days.

amount of rebate

— interest on £ 2275 for 89 days at 5% p . a.

=/' 2275 x --- v ---L 365 100

27. 14s. 9d.

necessary funds =£ 2275 -£ 27. 14s. 9d

=£ 2247. 5s. 3d.

t Ex. 4.

Bills Playable

KsJ/,000 due on Jan 12,1961.

Rs. 800 ... Feb I*

Rs. 650 ... Mar 4

Bills Receivable

Rs. 600 due on Jan 28

Rs. 350 Mar 3

Rs. 100 Mar 15

On which date may the accounts be settled without

loss or gain to either party ?

Take Jan 12 as zero date.
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Debits

Bill Period Product

1,000 0 0

800 37 29,600

650 51 33,150

2,450 62,750

Credits

Bill Period Product

16 9,600

17,500

6,200

33,300

21+ ...days.

days after Jan 12 i.e..

600

350 50

100 62

1,050

. . 62,750-33,300 29450
. . equated time-

2 45Q_ j 050 — 140()

the date of settlement 21

Feb 2.

• • Ex. 5. One dealer offers to sell a radio on the following

terms : Rs. 200 cash down and Rs. 20 per mensem for 15

months following. Another offers
;

the terms : Rs. 250 down

and Rs. 25 per mensem for 10 months following.

Which offer is cheaper to the customer and by how

much, if money is worth 0% per annum?

Take the day of cash payment as zero date :

—

First dealer

Equivalent amount

=200x0+15 payments each

1,2, 15 months

=200x0+15(1+2+. I 1

Rs. 20 due after

due after 1 month

=0+15.
15x 16

2

= 1800

>» j>

>« 99 J 9

Second dealer

Equivalent amount

=250x0+10 payments each Rs. 25 due after

1,2, 10 months

=250x0+25 (1+2+ ...+ 10) due after 1 month

=0 +25.
10 * 11

,
”

9C 99 9= 1375 .
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Although, the first series of payments is equal to

the second series, the customer by accepting the second

offer gains interest on Rs. (1800—1375) or Rs. 425 for 1 month.

.*. the second offer is cheaper to him and his gain

in respect of interest

=interest on Rs. 425 for 1 month at 6% p. a .

=Rs. 425 X~ x
j

™ Rs. 1*12

Ex. 6. A man borrowed Rs 5000 on 15th. ofJanuary,

1959 and agreed to pay Rs 1500 after 1 month, Rs 1600

after 3 months, Rs 2000 after 4 months and Rs 500 after

5 months in full redemption of his debts. Find the rate

of interest charged.

Take 15th Jan. as zero date.

The average due date

1 500 x 1 + 1 600 x 3+2000 x 4+ 500 x 5

1500+ 1600+2000+ 500

16800

5600
months.

Hence the equivalent amount is Rs 5600 payable

8 months after the 15th January.

,\ interest on Rs 5000 for 3 months

=Rs 5600-Rs 5000=Rs 600.

Hence the rate of interest per cent per annum

4. Interest on Instalment sale.

Ex• 7. If I buy a sewing machine with cash down
I pay Rs 190. If I buy it on instalment basis I pay R4 10

cash down and 20 monthly instalments of Rs 10. What
rate of interest is calculated in the second case ?

(C.U.1946)
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Take date of purchase as zero date.
#

Then average due date of 20 instalments of Rs 10 each

10x1 + 10x2+ 1 0 + . .
. + 1 0 x 20

lo+io+io+ .
.
+ 1 O'

10(1 +2+3+ .. .+20) 10x20x21
10x20 10 x 20x2

IOf months.

Rs 190 cash down is equivalent to Rs 10 cash

down+Rs 10x20(=Rs 200) payable after I Of months.

^
interest on Rs 180 for 10J months

— Rs 200 - Rs 180= Rs 20

the rate of interest per cent per annum

20 „ inn 12 800 in ^
-
18()

a 100 x
10 J 63

-= 12’

7

5. The average rate of interest charged can be found

from the following formula

Rate of interest per unit per period
n+l C-h

where w = number of equal periodical instalments

D — difference between instalment and cash price

and C— h ^outstanding balance after the first instalment

is paid (c=cash price, //= first instalment)

In the foregoing example,

20, 25—20, C-h= 1 90—10=180

2 20
rate per unit per month —

j
x

rate per cent per annum

=H xMi xl00xl2
- 12 '7

The problem of (rue rate of interest is, however, very

complicated and beyond the scope of this elementary book.



Exercise 13

1, Find the average due date for the following pay-

ments :

Rs. 500 payable on 1st Jan; Rs. 1500 on 18th Jan;
Rs. 700 on 11th March

;
Rs. 1100 payable on 3rd May and

Rs. 1800 payable on 30th June. (
C. U. 1931 )

• 2, What is the average due date for the following

instalments payable under a contract

June 1st Rs 3200

July 1st Rs 49OO

3Aug 3-*st Rs 1800 (
C. U. B. Com

)

„ 3. Find the average due date for the following pay-

ments :

Rs. 300 payable on 10th Nov, 1056 ;
Rs. 700 payable

on 21st Nov. 1956; Rs. 1200 payable on 4th Dec, 1956;

Rs. 650 payable on 22nd Dec, 1956
;

Rs. 2100 payable on

6th Jan. 1957 and Rs 8.50 payable on 20th Jan r 1957

(
C. U. 1957 )

• 4. An up-country merchant requests his suppliers to

to make out a single bill in lieu of the following -

Bill for Rs. 2585 payable 6th Jan. 1944
?5 ” 3860 ” 13th Feb. 1944
” ” 5000 ” 26th Feb. 1944

” 1650 ” 6th Mar. 1944

What would be the due date of the new bill ?

( P. U. 1949 )

• 5. What do you understand by “Average Due Date” ?

How is it calculated ? Determine the Average Due Date
of the following :

—
Rs. 500 due on 6th July

Rs. 800 due on 9th August

Rs. 1,000 due on 2nd September

Rs. 700 due on 21st November
Rs. 3,400 due on 31st December

( C. IL 1955 )
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• 6. Calculate the date on which the total amount of

the following bills of exchange may be paid by a single

cheque without any loss to any one of the parties :

—

Date of the Period Amount

Bill ofExchange of the bill Rs

1.1.61 2 months 250

15.1.61 3 months ‘300

30.1.61 2 months 600

2.2.61 3 months 300

15.2.61 2 months 400

( C. U. 1961 )

« 7. A man has purchased goods, the due dates for

payments are as follows :

—

Date Amount Due Date

Jan. 5 &00/- Mar. 8

Jan. 17 300/- Apr. 20

Jan. 29 700/- Feb. 1

Feb. 10 1,800/- Mar. 13

Mar. 23 - 2,000/- July. 26

Apr. 3 200/- May. 6

Apr. 29 600/- July. 2

:he average due date. ( C. U. B. Com

- 8. A trader accepted the following bills due on different

dates, but he desired to have the bills cancelled and to

accept a new bill for the whole amount payable on a single

date. Find this date.

The bills were

Jan. 4 Rs. 200 due Apr 7, 1958

Feb. 2 Rs. 300 due Mar 5,
99

Feb. 10 Rs. 700 due Mar 13,
”

Mar. 5 Rs. 250 due May 8,
5 5

• Apr. 14 Rs. 500 due June 17,
”

9. A trader accepted the followii\g bills. But he

desired to retire the bills under rebate at 5% p. a . on 17th.

Jan, 1961. What funds did he require for the purpose ?
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The bills were

Bill for Rs. 400 payable 1st Jan. 1961
))

Rs. 650 ” 10th Feb. 1961
» 55

Rs. 825 ” 4th Mar. 1961
55 55

Rs. 525 ” 12th Mar. 1961

On June 15, 1962 a merchant had the following

bills due as under

Bills Payable Bills Receivable

Rs. 600 after 10 days Rs. 950 after 1 5 days

Rs. 750 ” 25 ”
Rs. 300 5, 19 „

Rs. 1000 5, ,5
Rs. 700 CMCM

On which date the balance might be paid in a lump

sum so that neither party .would gain or lose ?

*11. The price of a gramophone is Rs. 1150 cash or 5

equal monthly instalments of Rs. 115 each, the first instal-

ment is due 1 month after purchase. Find the rate of

interest charged.
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Foreign Exchange

1. Mint Par of Exchange. Gold is the international

medium of exchange. The monetary units of different countries

having gold standard are compared by the intrinsic values

of their gold contents. The relation between monetary units

of two gold standard countries is known as rate of exchange.

This is also called mint par of exchange as the rate of exchange

depends on the weight and fineness of the standard

gold the countries might use. A Pound Sterling contains

128*27447 grains of (British) standard gold fine
>

the British standard gold, an alloy of pure gold and a

base metal, contains 11 parts of pure gold to 12 parts of

alloy. Similarly, $ 10 (
10 dollars

)
contained 258 grains

of ( U. S. A )
standard gold -

f
9
(Tths fine.

2. In case of paper currencies the rate of exchange

depends on their Purchasing power parity. By purchasing

power parity is meant a parity point of exchange where

the respective paper currencies have the same purchasing

power in their own countries. For this purpose a base year

with normal index numbers at 100 for both the countries

is selected. Then the relative values of the two currencies

would be inversely proportional to their current index numbers.

For example, considering 1929 as base year
( i.e ., with

index number 100 ) when the rate of exchange between India

and Germany was Rs. 100=153*22 R.M., we may determine

the purchasing power parity in any subsequent year when the

respective index numbers were 180 and 130.

The rate of exchange was

Rs. 100

x

153-22 R. 10*61 R M
or Re. 1« 1*1087 R. M.
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3. Specie Points*

The actual rate of exchange is. however, variable be-

ing subject to the conditions of parity and the demand
and supply of bills of exchange or drafts and transmission of

coin (specie) or metal bars (bullions). Normally the rate

ol exchange does not fluctuate beyond two well-defined points.

For in contrary case, actual flow of specie or bullion would

take place.

Theoretically, the rate of exchange in buying and selling

foreign bills varies between mint par of exchange plus cost of

freight and insurance and mint par of exchange minus cost of

freight and insurance. These two limits are called gold exporting

or upper specie point and gold importing or lower specie point

respectively.

4. Arbitrated Rate of Exchange. Sometimes it is cheaper

to have exchange between two countries through the medium of

one or more other countries. Indirect rate of exchange arrived

through one or more intermediate countries is known as

arbitrated rate of exchange
,
whereas the direct rate of exchange

between two countries is called the aoss rate.

Ex. I. Find, which method is cheaper for a Calcutta

merchant to pay 1000 fiances

by (a) direct exchange at Rs 100=201.5 fr.

or
(
b
)

payment through London, Rel=ls6d and

£ 1=27 fr ?

Under the indirect method of payment

Re A=Ax 27 fr=|‘ IY-2'025 fr.

/. Rs 100=202*5 fr.

Thus by paying 'Rs 100 in India the merchant can

settle a debt of 201*5 fr in France by direct exchange and

202*5 fr. by indirect exchange.

Hence the second method is cheaper and >|iis saving

= 1 fr. for every Rs 100 & K
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5. The arbitrated rate of exchange can* be calculated

by a suitable method, called the Chain Rule, which has been

fully discussed in Chapter VII, Part I. The following example

illustrates the method.

Ex. 2. An Indian merchant ordered silk in France

at 50 francs per metre. If the import duty is 20% ad valorem,

find the cost of silk in rupees per yard, given

Re 1 = Is 6d, £ 1 = 120 fr and 1 metre=39-37 inches

Let Rs. *=cost of 1 yard. Then

Rs. x — 1 yard

1 yard = 36 inch

39'37 inch = 1 metre

1 metre = 50 fr

120 fr = £ 1

£ 1 = 20s

1$ s = Re 1

*x 1x39*37x1 x 120x1x 1$

--=1x36x1x50x1x20x1

or, x=Rs 36x50x20
39-37 x 120x1$

= Rs
200

39-37
= Rs 5-08.

Ex. 3. Express 3s 6d per yard in francs per metres

given 1 metre= 39-37 inch, £ 1=20-25 R. M.„

Re 1 = 6-25 fr, 150 R. M. = Rs. 100.

Let x fr=cost of I metre. Then

x fr = 1 metre

1 metre = 39*37 inch

36 inch = 1 yard

1 yard = 3$ s

20 s = £ 1

£ 1 - 20-25 R.M.

150 R.M. = Rs. 100

Re 1 = 6-25 fr.
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*xlx36xlx20x 1= 1 x39-37xlx3$x 1x20-25

39-37x3| x20-25
' 36 x 20

~
’

=5»_06?7? fr, 3.88 fr.

144

The chain rule may also be expressed as in the
following example.

Ex. 4m Determine the par of exchange between London
and New York from the following data. £ 1 contains

123*27447 grains of standard gold which is j^ths fine

and £ 10 contain 258 grains of standard gold (U.S.A)

which is ityhs fine. (C.U. 1944)

The chain may be arranged thus

£ Br. St. gold Pure gold U. S. St. gold $
1 >-123-27447

12 >-11

9 >-10

258 5-10

123-27447x11x10x10
£ * fx 12x9x258

" = =| 4*867

6. Short and long rates. The term ‘Short Exchange

denotes cheques and bills payable at sight and the rate

quoted for them is called Short Rate. The term ‘Long

Exchange’ denotes bills which have a term to run before

maturity. The rate for the latter bills is known as Long

Rate. The difference between the two rates is due to various

factors, such as, cost of stamps, discount and risk.

7. Foreign bills are generally tenor bills and hence for

spot exchange the rate must include the effect of discount.

Ex. S. A 6 months’ bill on Paris is sold at Calcutta

at Rs. 100= 165 fr. If the rate of discount for a 6 months’

bill in Paris be 5%, find the rate for spot exchange. •

Rate of 6 months’ bill for Rs. 100— 165 fr.

Less discount at 5% * 4’13 fr.

Spot exchange** 160*87 fr.

A— II .

:
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Ex. 6. IF the exchange in Glasgow on Paris be 124*2

1

and the rate of banker’s discount in Glasgow be 4 per cent

per annum, what debt can be discharged in Paris by a

person who holds a 3 months’ bill in Glasgow for £ 1 ,
000 ?

( C.U. 1941 )

The bill is a tenor bill.

Banker’s discount — int. on £ 1,000 for 3 months at 4% p. a .

-fiooox^Xj^-rio
*

discounted value of bill—/' 1,000—£ 10 —£ 090

Now, rate of exchange is £ 1 = 124-21 fr.

^990- 124-21x990 fr- 122967 9 fr.

Ex. 7. An Indian trader buys 22000 Swiss francs worth

of machinery. He buys Sterling bills of value just sufficient

to meet the cost of machinery. If exchange stands at

Re l = ls6d and £ 1 -35-20 Swiss francs, find the value of

bills in rupees. Neglect charges. Answer to the nearest pie.

( C.U\ 1952 )

£ 1 =35*20 fr., Rel = lls=£l-

'*• 1 fr,==^35T20
=Rs

35 20
X

3
~Rs

66

22,000 fr.=Rs ?|x22,000=Rs. 8333 5a 4p.
bo

8. Sometimes speculators borrow money and speculate

in foreign exchange. In such a case interest on the loan

is to be calculated. The exchange profit less interest is the

net profit.

Ex. 8. A broker wishing to buy a bill for 3,500

dollars drawn on New York borrowed £ 1 ,250 from a money

lender for 15 days at 5|%. Hebought the bill at 3^
exchange and' sold it 15 days latif at

*^ exchange and

repaid the’ lbAnr; How- much : did he gain or lose ?
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The cost of a bill for 3-=^ dollars =£ 1,
16

the cost of a bill for 3,500 dollars =£ . * X 3,500
3 fa

3,500 o

The selling price of the bill =£ x 3,500=^^ x 3,500

. his gain =£ Jq x 3,500—£~~ X 3,500

-^(io-sD
x3 -s00

=£ j*_x3,500=£ 31 16s 4-4d

Interest paid to money lender

=int. on £ 1,250 for 15 days at 5|% p . a .

-C 1 '26°x^xg
i
=f2 1 9. Id.

his net gain =£ 31 16s 4-4d—£ 2 19s Id

—£ 28 17s 3'4d

9. Remittance to a Foreign Country.

There are various methods of remittance or transfer

of money from one country to another of which the

following are the most important.

(1). Bill of Exchange. It is the most convenient

instrument for foreign payment. A bill is ‘an unconditional

order in writing signed by the maker, directing a certain

person to pay on demand, or at a* fixed or determinable

future time, a certain sum of money to or to the order

of a certain person or to bearer’

Usance. It is the Tisual time allowed at which Fbreign

Bills are made payabte in a particular country. The usance

between London and Bombay is 30 days after sight.

Function# of a kill of Exchange. Remittance and acco-

modation are the two main functions ofa bill of exchange*
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As already stated three persons are involved in a bill—the

drawer who writes out and signs the bill, the drawee on

whom it is drawn and the payee to whom or to whose

order, the money is payable.

Bill Brokers. They buy and sell bills of exchange

and act as a connecting link between the traders who
hold foreign bills and require cash and those who wish to

remit money to foreign countries and require bills as

such. Thus bill brokers reduce transfer of specie or bullion

between different countries to a minimum and render

invaluable service in international trade.

(2)

. Telegraphic Transfers (T. T). It is the prompt

method of remittance. Under this arrangement, the foreign

branch of an Exchange Bank is advised by cable or telegraph

for payment of an equivalent sum of money already received

to some specified person. The charge for T.T. is higher than

ordinary remittance.

(3)

. Bank Draft or Demand Draft. These are issued

by local banks on foreign banks after receiving money
locally and forwarded to the payee.

10. Quotations. The rates at which foreign bills can

be bought and sold are subject to daily fluctuations. Long

Rate includes (a) cost of stamps, (b) discount for the time

between the dates of quotation and maturity, and (c) the

risk that the bill may pot be paid when due. This is the

cause for difference between Short and Long Rates. These

rates are daily published by Exchange Banks and called

quotations.

Generally, currencies of foreign countries are quoted

for a unit of the Standard currencies of the country of

quotation.

In England the unit of exchange* is £ f&r most European

countries.
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Thus/* 1*124*21 franc. ( London— Paris )

£ 1= 25*225 franc ( London— Geneva )

£ 1= 92*46 Lira ( London - Rome ) etc.

Quotations are made for the most important trade

centres of the world, where foreign bills can be bought and

sold.

For Eastern Countries, the foreign monetary unit is

generally expressed in British money.

Thus Re 1 = Is 6 d (India), $ = 2s. 4d. (Singapore) etc.

In New York the unit of exchange is dollar ($) except

that on London which is quoted at so many dollars to £.

The rates are different for different classes of remi-

ttance.

The T. T. Rate sometimes includes cost of cable.

The rate for cheques or D. D. is calculated fi om T. T.

Rate by deducting the interest on it for the term between

the date of cheque and date of payment.

Two rates are usually quotedfor each class—one for buying

and another for selling. If the quotation be in foreign

currency the lower rate is the selling rate for banks or the

buying rate for customers, the higher rate is the buying

rate for banks or the selling rate for customers.

Thus on a certain day Calcutta Market, quoted T. T.

rates Calcutta—London as l/5|d—5|d. This means that

the bank’s selling rate on that day at Calcutta on London

was Is 5|d per rupee and bank’s buying rate was Is 5|d

per rupee.

If the quotations are in the country’s own currency,

the rule is reversed.

Thus for the quotation Bombay-New York 475—476
, a

Bombay merchant can buy bills on New York at 476

rupees to 100 dollars.

J

The rate for T. T, is highest, that for D. D. is

lower and that for usance bills still lower.
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11. 'The following is a list of some inportant countries

arranged in alphabetical order with respective monetary

units.

Country Monetary Unit

Argentina Peso ( = 100 centavos)

Austria Schilling (
= 100 groschen)

Australia (£) Pound (
= 20 shilings)

Belgium Belga ( = 5 francs)

Brazil Milreis ( = 1000 reis)

Canada (*) Dollar (== 100 cents)

Ceylon Rupee ( = 100 cents)

Chile Peso (
= 100 centavos)

China Dollar or yuan (
= 100 cents)

Denmark Krone (
= 100 ore)

Egypt Pound (=100 piastres)

France (fr) Franc
(
= centimes)

Germany (R. M.) Reichsmark ( = 100 pfennige)

Great Britain GO Pound ( = 20 shillings)

Greece Drachma (=100 lepta)

Holland • Florin
(
= 100 cents)

Hungary Pengo (=100 filler)

India (Re) Rupee ( = 100 nP)

Italy Lira (=100 centesimi)

Japan Yen (= 100 sen)

Korea Won ( = 100 chon)

Norway Krone (=100 ore)

Poland Zloty (=100 grosz)

Portugal i > Escudo ( = 100 centavos)

Russia Roubles

South Africa GO Pound (
= 20 shillings)

Switzerland (fr) Franc (
= 100 centimes)

U. S. A. (1) Dollar ( = 100 cents)

Yugoslavia
-

«

Dinar (=100 paras)

12. Bunk’s profit. If the bank desires to make a

margin of profit that
:

must be deducted TFrom bank’s selling

rate*
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la the previous example the bank was selling at Is 5|d.

If it desired to keep a margin of Jd as profit,

Bank’s actual selling rate - 1 s 5|d — Jd or Is 5£d per

rupee.

The Bank’s golden rule is “buy high, sell low”.

Ex. 9. Calculate 2 months Bank’s rate for buying

bills in London,

given T.T. London—Bombay buying rate Is 6d

T.T. Bombay—London buying rate Is 6/srd

Discount rate in London 2%
Discount rate in Bombay 2J%
Risk plus stamp £d in the rate.

T.T. London—Bombay band’s rate on London
^
= 18d.

Deduct (1) discount for 2 m at 2% *06

(2) risk plus stamp *125 ' 185d

17-815d;

= Is (app)

Ex. 10. A Calcutta merchant has to pay $ 300 dollars

at New York at the , end of 3 months. If the T.T. rates

are 20 cents—20J cents and discount rate in New york

is 4%, find the cost of a 3 months’ bill if the banker

keeps a margin of \ cent.

T. T. selling rate = 20 cents

Less Bank’s margin

£ cent = 0*5 cents

19*5 cents

Add 3 months’ int. = *2

Bank’s rate * = 19*7 cents

Cost of | 300=Rs.
300x100

19*7
'

=Rs. 1622*84

dollar

19^7
’

100

300
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Ex. 11. A merchant in New York has * to pay for

goods bought in London valued at 5000 dollars, a dollar

being equal to 4s 6d. For how much in English money
should he draw a bill when bills on London are at a

premium of 9£ per cent? ( C.U. 1945
)

1 dollar =4£s

/. 5000 dollars =5000 x4|s =£ 1125

To pay £ 1 125 the merchant requires a bill for £ 1 125

Cost of £100 bill on Londoq =£ 109£.

„ ,,£1125 „ „ „ =£-J-§gXl0'iI

=£ 1231-875

=£1231 17s 6d

Ex. 12. A Calcutta merchant has to remit $ 4,000 to

New York. T.T. are selling at Rs. 4-75 per dollar and sight

drafts at $*215 per rupee. Which is the cheaper method

of remittance and how much does he gain by adopting

the cheaper method ?

T.T. 1 dollar =Rs. 4*75

S.D. 1 dollar =Rs. gJ^Rs. (4 65)

Sight draft is cheaper costing less rupees

Gain on 1 dollar=sRs. ^4‘75— = Rs.

gain on 4000 dollars=lts. |^~gX4000=Rs. 395-35.

Ex. 13. On 20th Jan. 1959, Indo British Traders advised

their Bankers to remit £ 25 to their Agent in London by

T.T. and to debit their account current with them. On that

date Calcutta Market quoted T.T. rates Calcutta—London

to be Is 5|d—5Jd. Calculate the amount that would be

debited by the Bank who kept a margin of Jd only.

( C.U. I960 )
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The Banker’s buying rate is

Re l = ls-5$d

Less gain £d

Aa“a' R' ,- l! l
S
d ='4'- ~£

8518X20
the amount to be debited

=amount to be paid in rupees

=Rs. 25

=Rs.

133

8 x 12x20
25 x8 X 12 X 20

133

=Rs. 360-90.

Rs. £

. 133

8 x 12 x 20

? 25

Ex. 14. Which is more advantageous of the.following

methods which a London merchant might adopt to settle

a debt in Paris ?

(a) Buying French 4 months’ bills at 25-76

(b) Buying Vienna bills at 24*30 and selling these

at Paris at 1-05 (brokerage 1 per mille, discount 3 per cent

per annum)? ( C.U. 1943

)

mille =1 thousand.

(a) Let amount of 4 months’ French Bill =100 fr.

4 3
Then bill discount = 100x j^X fr*

discounted value of bill =100—1 fr =99 fr.

To buy 100 fr bill, cost =100 fr + brokerage 1 fr per thousand

= 100 fr + ‘1 per hundred

=100-1 fr.

100*1
Hence cost of paying a debt of 99 fr —£ jgjvyg ( * * =25-76 fr

)

t =£ 3-886

(b) To buy 100 sch bill, the cost

. =100 sch+brokerage 1 per thousand..

= 100+1 sch
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Sale proceeds of the 100 sch bill .

9

= 100 sch- brokerage at 1 per thousand

= 100 sch - ^1 sch= 99*9 sch

=99-9 x 1-05 fr
( 1 sch=l-05 fr

)

Hence the cost of discharging a debt of 99*9 X I “05 fr

100-1

24-30

cost of discharging a

= £

=£

debt of 99 fr.

100“lx99
24-30 x 99 9x1 05

1001x11x200
243 x 111 x200

=£ 3 888

Hence the first method is cheaper.

Exercise 14

1 . Calculata the par exchange between lire and dollars,

expressing 1 dollar in lire and 1 lire in dollors, given

4*85 dollars=92’50 lire.

2. Given that an Indian rupee contained standard

Silver T
5
7ths fine, find the bullion value of an Indian

rupee, given that the value of standard silver is Rs. 160 per

100 tolas. Neglect cost of alloy.

3. Find the cost of remitting £ 240 from Bombay to

London if the rate of exchange Re I = Is 6 d.

4. Determine the par of exchange between London

and Berlin, assuming £ 1 = 123*27 grains of gold fjs fine

and 10 marks =61*4 grains of gold ^s fine. ( P. U. 1949 )

5. If 16*1 Marks=100 francs, 19 dollars=80 Marks,

25 francs=£ 1 and Is 4d=Re 1, find how many rupees are

equivalent to 6118 dollars?

t 6. Coal is sold in England f. O: b. for 17s a ton and

in France the ! price realised is 30 francs per tonneau

( 1000 Kg ). What is the total amount in francs per ton-

neau of freight and profit?
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7. Safety razor blades are quoted at German ports

at RM 175 per Kg. Find the imported cost of blades per

gross, being given £ 1 = 19*50 RM
;
Re 1= Is 6d

;
1 Kg=2*2 lb :

weight of a blade=2*20 grains
;
average cost of transport*

insurance etc.=8as 7*4 p per gross.

8. A man gives 25 twenty-franc pieces in exchange

for 20 sovereigns. Calculate his gain in English money
and in French money. What is his percentage gain ?

( assume £ 1=25*22 fr ) ( CM. 1930 )

9. An Indian trader buys 25000 Swiss francs worth

of machinery. He buys Sterling bills of value just sufficient

to meet the cost ofmachinery. If exchange stands at Re l = ls

6d and £ 1=35*20 Swiss francs, find the value Qf bills in

rupees. Neglect charges. Answer to the nearest pie.

( C.U.1952

)

10. An Indian importer ordered 2000 yds of Linen

at 2s 6d a yard. He paid for freight £ 2. 3s, insurance

£1 7s 6d and dock charges Rs, 26 4 as. If exchange stands

at Is 4d, at what price per yard should the importer sell

to earn 17£% profit on his cost ? ( CM. 1954 )

11. A person has to remit $ 10,000 to New York.

Telegraphic Transfers are selling at Rs. 4*76 per dollar and

sight drafts at $ *213 to the rupee. Which is the cheaper

method of remittance and how much does he gain by

adopting the cheaper method ? {CM. 1955 )

12. A merchant in New York has to pay for goods bought

in London valued at 15,000 dollars, a dollar being equal

to 4s 6d. For how much £ should he draw a bill when

bills on london are at a premium of 8^ per cent?

13. If the exchange in Glasgow on Paris be 124*21

and the rate of banker’s discount in Glasgow be 4%»p* a,

what debt can be discharged in Paris by a person in Glasgow

who holds a 3 months’ bill in Glasgow for £ 1000?

( CM. 1941

}
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14. A merchant in New York buys goods in Geneva

to the value of 4,004 fr. Find the value of the goods in

dollars, when the rate of exchange between London and

New York is $ 4*865 to the £, and between London and

Geneva 25*48 francs to the £ (CM. 1938,42)

15. The rate of exchange between London and New
York is 5s 2d per dollar, between London and Calcutta

Is 5d per rupee and between Calcutta and New York

Rs. 4/12 nP. per dollar. If a merchant of Calcutta remits

a debt of 720 dollars to New York through London, instead

of direct, does he gain or lose thereby ? And by how

much? (C.U. 1958)

16. A broker wishing to buy a bill for 7000 dollars drawn

•on New York borrowed £ 2,500 from a money lender for

15 days at 5|%. He bought the bill at 3T
7
* exchange

and sold it 15 days later at exchange and repaid the

loan. How much did he gain or lose? (CM. 1959)

17.

On 1st March, 1962 Anglo-Indian Traders remit-

ted £ 150 to British Exporters Corporation by Telegraphic

Transfer through their Bankers who debited their account

with them. On that day the market quotation for T. T.

rates to London was 1/5J d—55 d. Calculate the amount

the Bank should debit to keep a margin of |d only.

(CM. B.Com.I, 1962)



Chapter XIII
Elementary Notions of Probability and

Chance Calculation

1. Definition. If an event can happen in a ways
and fail (to happen) in b ways, and if all these ways are

equally likely, then the probability or chance of its happening

is -r-r and that
a+b of its failing or non-happening is

a+b
For clearly the ratio of the chance of happening to

that of failing is a : b.

/. the chance of happening is Ka, and* that of

failing is Kb
y
where K is some constant.

But the event must either happen or fail and there

is no third alternative.

Therefore, the sum of the chance of happening and
chance of failing must represent certainty. If we take

unity to represent certainty, we have

chance of happening + chanee of failing =1
Ka+Kb= 1 or K(a+b)=l

Hence /T=——r*

a+b

Thus the chance of happening

and the chance of failings?
b

a+b*

Note. The probability is thus represented by a frequency

ratio of which the numerator represents the number of cases

favourable to the event and the denominator represents

the total number of possible rases.

2. Another way of saying that ‘the probability* of

happening* of an event is is that the odds are « to b

in favour of the event or jb to o ogaintt it.
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3. The probability of happening of an event is

generally denoted by p and probability of failing by q.

Th“ >+«-4,+*r'-
Hence if p is the chance of happening of an event,

the chance of its failing is 1 —p.

4. Mutually exclusive events.

Two events are said to be mutually exclusive when
they do not concur, if one happens the other can not

happen.

When a coin is tossed, either the head or the tail

will turn up. They can not turn up together, *.<?., they

are two mutually exclusive events.

5. Alternative definition of probability.

If an event can occur in n mutually exclusive ways

all equally likely to happen, and if of these a are favour-

able to the event, then the probability or chance of it happen-

ing is ~ and probability or chance of its failing or not

happening is 1 — *.

6. Alternative method of proof p+q—1.

Let n be the totality of cases of which a represents

the number favourable to an event and b the number
unfavourable to it. Then the sum of favourable and un-

favourable cases is equal to the total number of cases.

h-\*b~n

Dividing both sides by we have

M=i
- nn

v «•«., \ P+q= 1
•

7. It is obvious that if the probability p is impossible,

•the ratio is zero, and.if the probability is a certainty,

<the ratio/is unity. 'In the formercaie tfasQ, in’ the latter
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Thus the scale of probability ranges from 0 representing

impossibility to 1 representing certainty

.

Mathematical probability is an abstract conception.

If we toss a coin either head or tail will turn up. These

are the only two possibilities and if they are equally likely

we should get probability of head or tail turning up =£.

But this does not mean that out of every 2 tossings, one

will be head and the other tail, or in 4 tossings, 2 will

be head and 2 tail. But what we mean is that if a very

large numbers of tossings is taken, we should have the

probability of a head approaching £, and that of a tail

approaching

dearly p+q= 1.

Ex. 1. If a die (a cube of six faces marked 1 to 6)

is rolled without bias, it may show up any one of the

six spots 1 to 6.

the total number of ways in which the spots

can show up =6

But any one spot can show up only in 1 way
the probability of showing up 1=J
the probability of showing up 2= £

the probability of showing up 3= J etc.

Hence the probability of not showing up 1 = 1 —£=$
the probability of not showing up 2=1—
the probability of not showing up 3=1—|=£ etc.

Ex. 2. From a pack of 52 cards 1 card is drawn

at random. Find the chance of drawing or drawing not

a spade, drawing or drawing not an ace.

Since a full pack consists of 13 hearts, 13 diamonds, 13

spades and 13 clubs and there are only one ace of hearts, one

ace of diamonds, one ace of spades and one ace of clubs

(i) the chance of drawing a spade =£$. •

(«>
” ” ** drawing not ... . =1—

{Hi) ” ;
” ‘ J,

drawirig in ace ^ y\

>(u>).
* ' ,c

..

’^^drAwing^ndt'aict^^
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Similarly

(e) the chance of drawing an ace of spades=/*
(8i)

” ” ” drawing not
”

(wi)
” ” ” an ace not of spades =ts> etc.

Ex. 3, From a pack of 52 cards, 4 cards are drawn

at random. What is the probability that

(a) all of them are spades

(b) one is of each suit ?

(a) The total number of ways m which 4 cards are

drawn is
81C4 and the number of ways of drawing 4 spades

is “C4 .

Hence the required probability

»C4 13.12.11.10 11~
8,C4 52.51.50.49 4165

(b) The total number of ways of drawing 4 cards =MC4

But 1 card of each suit can be drawn in 13CX or 13

ways

.*. 4 cards, one of each suit, can be drawn in

13x13x13x13 or 134 ways

13< 2197
Hence the required probability=

=20825

Ex. 4. From a bag containing 5 white and 4 blank balls,

4 balls are drawn at random, (a) What are the odds

against these all white ? (b) What is the chance that 2
are white and 2 black ?

The total number of ways in which 4 balls can be

drawn out of 5+4 or 9 balls is *C4.

The number of ways of drawing 4 white balls

=

8C4

Hence the probability of drawing 4 white balls

»C4 5.4.3,2 5_—
*C4
—

9.8.7.6
—

126

the odds against the particular event are 121 to 5.

(b) 2 white balls can be drawn in tCt ways and 2
blade balls can be drawn in *Ct ways.
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• • 2 white and 2 black balls can be drawn in
SC2X 4C2 ways.

Hence the required chance
9Ca 9x7x2 21

Ex. 5. What is the chance of throwing a number
greater than 3 in a single throw with a die ?

There are 6 ways in which the die can fall. It

may show up 1 to 6. Of these 3 are favourable to the

event.

.*. the required chance =§=J.

Ex. 6. What is the chance of throwing (i) a double-

four (ii) a four-five in a single throw with two dice ?

The total number of cases =6x6=36
(i) Out of these four-four can turn up in 1 way

the required chance

(ii) There are two ways of showing a four-five, viz-

(4,6) and (5,4)

die A die B

4 6

5 4

•\ the required chance =^=T
J
¥ .

Ex. 7. What is the chance of showing at least one
ace in a single throw with two dice ?

Two dice can fall in 6x6 or 36 ways.

Each die can fall in 5 ways so as not to show an
ace. Hence 25 falls of the two dice will not show any
ace.

*«

the chance of showing at least an ace

Ex. 8. In a single throw with 3 dice, find the chance
of showing (i) three aces (ii) two aces (iff) an aee, and
(iv) no ace. -V’: *v

Ar—12.-'.

.
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Three dice can be thrown*n 6 x 6 x 8 or 216 ways.

(i) the three aces can turn up in 1 way

,\ the required chance**

(ii) Two aces and any other particular number, say

€ can turn up in 3 ways, for this is clearly equal to the

number of permutations of 3 things of which 2 are alike,

I 3
taken all together=j*~=

3

Since two aces of two dice can occur with each of

the 5 numbers 2, 3, 4, 5, 6, of the third, the total number

of ways in which two aces may occur

=5x3= 15.

the required chance

=

?¥V= T
5
V .

(Hi) An ace on one die can be associated with any

of the 5 numbers on each of the other two dice, so this

can happen in 5x5 ways.

the total number of favourable cases=3x 5x5=75

Hence the required chance=*Vs=?4*

(iv) There are 5 ways in which each die can be thrown

so as not to give an ace. Hence 5x5x5 or 125 throws

of the three dice will exclude aces.

the required chance=£f§.
Note. Clearly the sum of all the four chances is a

certainty.

1 5 25 125 1+ 15+75+125 216

216 +72
+
7!T 21IT“ 216 “216 l ’

8. Addition Law of Probability. If several events are

mutually exclusive the probability that one or more of them

will happen is the sum of their separate probabilities.

For example, when a die is thrown, any of the six

numbers may turn up. If these cases are equally likely, die

probability that 1 will turn ..up**^
99 99 2

** M *» = 1
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Hence the probability that either 1 or 2 or 3 will

turn up

-i+t+s-*

Ex. 9

.

What is the chance of picking a spade or an

ace not of spade from a pack of 52 cards ?

The chance of picking a spade=$$

The chance of picking an ace, not of spade=A
the chance of picking a spade or an ace, not of

spade

= 13
,
3 = 16= 4

52 .52 52 13
*

<*'

Ex. 10. Find the chance of picking an even number

or a number ending with 0 from the series of natural

numbers 1 to 100.

The number of even numbers in the series 1 to 100

=number of odd numbers=50.

the chance of picking an even number=^j=i

But every number ending with 0 is even.

Hence the required chance=£

Alternative Method.

The chance of picking a number ending with 0

_ 10 _ 1

100 10

But all numbers ending with 0 are even.

/, the events are not mutually exclusive and so Addition

law of Probability is not applicable.

But we can avoid overlapping cases as follows:

.The chance of picking an even number, not endiifg

with 0
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•\ the chance of picking an even number or a

number ending with 0

_2, 1 _ 5 _ 1

Note* But the chance of picking up an odd number or a

number ending with 0

L 1 = 6 __3
2^10 10 5

Ex. 11. What is the chance of , throwing 15 in a

single throw with 3 dice f

15 can be made up as follows :

(6, 6, 3) which can occur is 3 ways, viz,. (6, 6, 3),

(6,3,0), (3,6,6)

(0, 5, 4) which can occur in 6 ways, viz

.

(6, 5, 4),

(0,4,5), (5,0,4), (5,4,6), (4,5,0) (4,6,5)

(5, 5, 5) which can occur in 1 way.

Threfore, the number of favourable cases

=3+6+1= 10.

But total number of cases =68=216.

10 fj

Hence the required chance =-_=-^g.

Ex. 12. What is the chance of throwing not less

than 15 in a single throw with three dice ?

The number of points may be 15, 16, 17 or 18.

(i) 15 can occur in 10 ways, (see Ex. 11)
•»

(it) 16 can occur in 3 ways, viz (6,6,4), (6,4,6,), (4,6,6)

and also in 3 ways, viz (6,6,5), (5,6,5), (5,5,6)

(tit) 17 can occur in 3 ways, viz (6, 0,5), (6,5,6),

(5,0,6)

(tv) 18 can occur in 1 way (0, 0, 6)

the total number of favourable cases

= 10+3+3+3+1*20 *

20 5
Hence the required chance=gjg==ig|‘
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9. Compound Event. When two or more events can
occur together, their concurrence is called a compound event.

Thus the throw of a dice does the affect the result of
the next throw. These two events form a compound event.

Two Events are said to be independent or dependent

according as the occurence of one does not or does affect

the occurence of the other. Dependents events are also

called contingent events. •

10. Multiplication Law of Probability.

r

Ihe probability of a compound event is equal to the

product of the probabilities of the separate events, i.e. 9 if

two or more events are independent of one another, then

the probability of their concurrence is the product of their

separate probabilities.

Ex. 13. Find the chance of throwing head and tail

alternately in 3 successive tossing of a coin.

The first toss must give either head or tail

The chance that the second toss gives opposite to the first==£
” ” ” ” third

” ” 55 ” second

As the two events are independent ,

the chance of the compound event=£xi=l.

Ex. 14. A die is rolled twice. Find the chance that

the first throw gives an ace and the second a 3-spot.

The chance that the first throw gives an ace=2
” 55 ” #i second ” ” a 3-spot=*

the chance of the compound event==Ix~==g5'

6 6 36

Ex. IS. Find the chance of getting exactly 6 in the

toss of two dice.

Die ‘A Die B
I. 1 5

II. 2 4
III. 3 3

IV. 4 2
V. 5 1
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The chancce of securing an ace with>4-i
9 ) » ” a 5 ” if n 1B

$

the chance of the compound event
i

6 d 36

Similarly, the chance of the second compound event =~L
36

9 ) ” third ll

” fourth
*

„ i

36

” fifth ll

Hence the chance of getting 6 points

1

36

, 1,1,1 ,1_5+
36
+
36
+
S6
+
36 36

Note. The above example shows that in finding the

probability of a compound event it may be necessary to

multiply and add probabilities.

Ex. 16. Two balls are drawn at random from a

bag containing 6 white and 4 black balls. Find the chance

that one is white and the other black.

We may regard the occurence as a simple event.

1 white ball can be drawn from 6 in •Gj or 6 ways

1 black
95 ” 99 99 4 ”

«Ci or 4 ways

the chance of drawing 1 white and 1 black ball

_6X4_ 8

-'oc
2 ~T6

We may regard the occurence as a compound event.

1 white ball can be drawn from 6 in *Ct or 6 ways
a

the chance of drawing
1

a while ball =jg’

• When 1 ball has been drawn and not replaced, a black

ball can be drawn in *C1 or 4 wavs.

/. the chance of drawing a black ball=|*
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Hence the chance of drawing a white ball and then

a black ball

_6 4 4—
I0

X
0
—

15

Similarly, the chance of drawing a black ball and

then a white ball

- 4-x 6- 4-
10 9~l5

These events being mutually exclusive, we have, by the

Addition Law of Probability, the required chance

=±4-JL=J?
IS*

1”
15 15

Ex. 17. What is the chance of drawing without bias

four aces successively from 3., pack of 52 cards ?

A pack of 52 cards contains 4 aces.

The chance of drawing an ace at the first drawing
o2

When 1 ace is drawn, 3 aces and 51 cards are left,

the chance of drawing an ace at the second

drawing*^

Now 2 aces and 50 cards are left.

the chance of drawing a third ace at the third

drawing = 2

50

Now 1 ace and 49 cards are left.

the chance of drawing the fourth ace at the last

drawing

Hence by the Multiplication Law of Probability,

the chance of the compound event

_ 4 „ 3 w 2 w 1 1

52
X

51
X
50
X 49“270725

. Ex. 18. Find the probability that out of 10
tossed, exactly 3 will be tails.

The total number of cases

=

210.
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Number of favourable cases is evidently 'equal to the

number of arrangements of 10 things of which 3 are alike

of one kind, 7 are alike of a different kind as shown

below

TTT HHHHHHH
number of favourable cases 120

Hence the required probability= =j^'

11. If the chance of two independent events A and

B happening be fi1 and pt and their failing be qx and qt

respectively, the

the chance that A and B will happen =/»1 . p2
” ” ” fail =qxqt
” ” ” A will happen and B will fai^/^.i?,

” ” ” ” ” fail and B will happen=?1.p2

It is easy to verify that the sum of the four chances

is a certainty

For pi+qx=l and pa+qt
= 1

ft—1—A and ft- 1-A
Hence the sum of the chances

=PiA+

(

1 -Pi) ( 1 -A)+A( 1 ~P%)+ (1 -A)A- 1

The above principle may be generalised.

If pv p%, . . ,pn be the chances of happenings of n

independent events,

The chance that they \yill all happen =pt p%-^pn

” ” ” ” ” all ftfl-(l-A)O-A)-a-A)
Hence the chance that at least one will happen

—1—(l—A)(*—A)—(l—A)
. 12. If is interesting to note that the probabilities

of different combinations of independent events can be

measured directly from Binomial Distribution, if we know
the probabilities of the different independent events.
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For example, if two coins are tossed

the chance of throwing two heads in a single throw

” ” one head, one tail
” ”

two tails
99 99 _1

“I
Now the chance of the two independent events, viz*

the chance of throwing a head =£, that of throwing a

tail =£.

The chances of the compound events are given by

the following successive terms of the binomial expansion.

The above process can be generalised.

Exercise

1. A die is cast. Find the chance of throwing an ace ?

2. From a pack of 52 cards, thoroughly shuffled, a

card is drawn at random. Find the chance of drawing

(i) a spade
(
ii) the ace of spade (Hi) a spade or a king

not of spade^ (iv) an ace, not of spade.

%
3. From a pack of 52 cards two are drawn at random.

What is the probability that one is a spade and the other

is a club ?

4. (i) A bag contains 3 green and 8 white balls. If

one ball is drawn from it, find the chance that the ball drawn

is green. (C. U. B. Coml 1962)

(tt) From a bag containing 7 white and 5 black balls

two balls are drawn at random. What is the probability

that one is white and another black ?

5. Find the probability of throwing (if 9, («) 10,

(lit) #11 , (iv) 12 in a single throw with two dice.

Hence find the chance of throwing at least 9 points

in a single throw with two dice.
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6. What is the chance of throwing (i) a 'double-two

(ii) a three-four in a single throw with two dice ?

7. What is the chance of showing at least one ace

in a single throw with two dice ?

8. Three dice are rolled. Find the chance of throwing

a three-three-six.

9. In three throws with 2 dice, find the chance of

throwing doublets at least once.

10. In a single throw with 3 dicfe, find the chance

that the dice fall all different,

11. Find the chance of picking a vowel and conso-

nant x from the 26 English alphabets.

12. Find the chance of thi owing 13 in a single throw

with three dice.

13. (a) Three cards are drawn at landom from an

ordinary pack. What is the chance that they will consist

of an ace, a king, and a queen.

[ •C.X^x'C, / “Cs= ]

(b

)

A bag contains 5 white, 6 black and 7 green

balls. Find the chance that thief* balls drawn at random

are one of each colour.

14. Find the chance that out of 9 coins tossed, exactly

4 will be heads.

15. 9 coins are tossed once. Find the probability of

getting 3 tails.

16. 10 coins are tossed once. Show that the probability

of getting 7 heads is equal to the probability of getting

3 heads.

17. In a throw with three dice, the player desires at

least' 1 to turn up. Find his chance.

18. Show that the probabilities "of throwing six with

2, 3 or 4 dice respectively are 18 : 6 : 1.
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19. An urn contains 4 white and 5 black balls. One
ball is ^rawil at random and replaced before a second ball

is drawn. What is the chance that each time a black ball

is drawn ?

20. Two drawings, each of 4 balls are made from a

bag containing 6 white and 7 green balls being replaced

before the second draw. What is the chance that the first

drawing will give 4 white, and the second 4 green balls ?

21. Two drawings, each of 4 balls, are made from a

bag containing 6 white and 7 green balls, the balls not being

replaced before the second trial. What is the chance that the

fiist drawing will give 4 white and the second 4 green balls ?

22. (a) A bag contains 1 1 counters marked with the

numbers 1 to 1 1 . A counter is drawn and replaced ;
a

second drawing is then made. What is the chance that the

first number is even and the second odd ?

(6) There are 11 tickets marked with the numbers

1 to 11. One is drawn at random. Find the chance that

it is a multiple of 3 or 5 ?

23. If 4 whole numbers taken at random are multi-

plied together show that the chance that the last digit in

the product is 1 , 3, 7 or 9 is 7VV
24. One purse contains 1 rupee and . 3 half-rupees, a

second contains 2 rupees and 4 half-rupees, and a third contains

3 rupees and one half-rupee. If a coin is taken out of any

one purse at random^ find the chance that it is a rupee.

[ Out of 3 purses, the chance of selecting the first=$.
The first purse contains 4 coins and the chance of drawing

a rupee= Hence the chance of drawing a rupee from

the first purse=$ X J. The chance of drawing a rupee from

the second purse=Jx| and from the third purse=£xf.

The required chance is the sum of the chances. ]



Chapter XIV
Stocks and Shares

Share. It is an individual portion of the capital of

a Joint Stock Company. A Joint Stock Company generally

issues different classes of shares of different denominations

to suit the capacity of various classes of investors. Persons

who buy shares are called Shareholders.

Kinds of Shares. Under Section 85 of the new Com-
panies Act, 1956 only two kinds of shares—Preference shares

and Ordinary shares—can be issued in India.

Preference Shares. These are entitled to a fixed divi-

dend only out of profits in preference to the other shares. The
preference may be in respect of dividend or capital or

both. Preference shares are cumulative as regards dividend,

unless otherwise specified.

Ordinary Shares. The holders of such shares are en-

titled to surplus profits after the preference shareholders

are fully paid. Ordinary shares are also called Equity Capital.

Cumulative Preference Shares. These are a class of

shares entitled to a fixed yearly dividend out of profits,

present or future. The right to dividend, if not paid in

any year or years, accumulates till all arrears of their claims

are fully met.

Redeemable Preference Shares. These shares are fully

paid up and their repayment is assured.

Deferred and Founders’ shares are now made obsolete in

India by law.

Cum-divident and ex-dividend Prices. Shares as well as

stocks and debentures are transferable assets. The right to

receive the next dividend is sometimes transferred to the next
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holder with the share. A share may be sold ex-dividend or

cum-dividend according as the seller or the buyer has the right

to receive the next dividend.

The cum—dividend price includes the price of the

share plus the next expected dividend. This extra amount
which the seller pays may be looked upon as a temporary

advance which he later realises as dividend.

Hence Cum—dividend (cum-div) price—ex-dividend (ex-div).

price+dividend
.'

2. Stock. Fully paid up shares may be converted

into stock. Stock certificates; are sometimes issued by Joint

Stock Companies in lieu of shares.

Debentures. These are documents by which a company

borrows money. They are dealt with in the similar way

as stock.

Dividend. It is the amount of annual or periodic

profits distributed to the shareholders according to their

holdings. Dividend is paid only out of profits.

A stock-holder or Preference shareholder is entitled

to a fixed dividend but an ordinary share-holder can claim

no such fixed dividend. The latter dividend is variable

from year to year. The dividend on a share is paid on its

paid-up value. Dividend on stock is the income on 100 stock.

Brokerage. Stocks and shares are dealt with on the

Stock Exchange by brokers who act on behalf of the sellers

and buyers. The remuneration or commission charged by

the brokers for their "services in selling and buying stocks

and shares is called brokerage.

Brokerage raises the cost price and lowers the selling price.

Brokerage is charged on the face value or amount of stocks or

shares and not on their market value.
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For example, if Rs. 100 stock is quoted at 102 and

brokerage is £%, then

Cost price of Rs. 100 stock=market value+brokerage

=Rs. 102+Rs. £

=Rs. 102|

Sale proceeds of Rs. 100 stock=market value—brokerage

=Rs. 102—Rs. £
=Rs. 101 J.

The difference between these two prices represents

broker’s margin of profit on Rs. 100 stock.

The distinction between face value and market value of

a share or stock must be clearly understood.

While face or nominal value represents the amount of

share or stock, the market value is the price at which it

is offered for sale. Market value is also called cash value .

The prices of shares and stocks are always changing.

Shares are quoted on their paid-up values.

A share is said to be at par when its market value

is equal to its face value.

It is below par or at a discount when the market value

is lower than its face value.

It is above par or at a premium when the market value

is higher than its face value.

Newspapers daily publish the prices of Government

stocks and shares issued by important companies.

Quotation* Stocks are qucfted at so much per Rs. 100

stock, but shares are quoted at so much on their paid-up

values.

Dividends are usually declared as a percentage of

the face value of Rs. 100 stock or as a certain amount

per ;hare.

Example. 3% Rs. 5000 stock at 102 means

(1) face value or amount of stock is Rs. 5000

(2) market value or price of Rs. 100 stock is Rs. 102
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(3) dividend on Rs. 100 stock is Rs. 3 per annum

(4) income on Rs 102 for 1 year=Rs. 3

2$%, Rs. 300 stock at a discount of 2 means, among
other things, that the market price of Rs. 100 stock

=Rs. 100—2=Rs. 98. etc.

YieU. It is the actual percentage return on cash

invested.

• • Yield

=

Rate of dividend

Price of stock
X100

Distinction between Stock and Share. Stock of a any

amount (face value) can be bought or sold. But shares

can be bought and sold Only in complete units.

•

Distinction between stock-holder and share-holder

(1) A stock-holder is a loan creditor of the company,

whereas a share-holder is a part-proprietor or a partner

in the company.

(2) A stock-holder is entitled to agreed interest, but

a shareholder can not claim any such dividend and this

is payable only out of profits, if sanctioned by the general

meeting.

Income-tax. Incometax is deducted at the source on

income from dividends and other securities unless they are

declared tax-free.

Ex.,1. How much 3% stock at 98| can be bought

by investing Rs. 392’50 ?

Stock Cash

100 98£

?. * Rs. 392-50

? = Rs.
39-^~ 10? =Rs. 400 stock.

Note. To guard against error, the word ‘stock' should

be written after stock.
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Ex. 2. How much money should I invest to buy £ 320

Stock in the 3 per cents at 101| ?

Stock Cash

?

100 101|

£ 320 ?

£ 320 x lOlf

100

320x811
100x8

=£ 324.4=£ 324 8s

Ex. 3. What stock should I sell out at 974 to realise

£ 1,300 ?

Stock Cash

100 97J
? £ 1,300

? -£l,300xJ00 =£ 4(K)0=£ 1333istock

Ex. 4. How much will be realised by selling Rs. 10,000

Railway stock at 133* ?

Stock Cash

100 1334

Rs. 10,000 ?

? =Rs 13|333i .

3

Ex. S. A man sells out £ 6,450 India 34% stock at

644. Find the amount realised and the income from original

investment ? ( brokerage 4% )

£ 100 stock produces on sale £ ( 644 — \ ). or £ 644.

Stock Gash (sale)
| , £ 6,460 X 644

100100 64J

£ 6,450 ? =£ 4,144| 4,144 2s 6d,

Stock Income

34

?

0 £ 6,450 X 34
*“

100
100

£ 6,450
=£??-=£ 225 15s

4

'Note; Addition $nd subtraction of brokerage can be

easily effected as follows : . %

644+4=64+ (4+4) —(54+1=644

644—4=64+(4— 4)=64+4=644
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Ex. 6. Find which is more profitable investment, the

3 per cents at 98£ or the 4 per cents at 105 ? Assume

brokerage at £ per cent. ~ (C.U. 1944)

First investment

Rs ( 98J+4 ) produces Rs 3

^ 3 QAA
/. Rs 100 „ Rs-p x 100 or Rs~g or Rs 3*04

/. yield=3’04

Second investment

Rs ( 105+b ) produces Rs 4

Rs 100 „ Rsj^i x 100 or Rs^p

^ or Rs 3*80

yield=3’80

Hence second investment is better.

Ex. 7. A man earns Rs 375 by investing a sum of

money in 4£% papers when they are at 2% premium.
How much money should he invest in 3% papers at 96 in

order that his income may be doubled ? (C.U. 1950 )
*

Income from 4£% stock=Rs 375
” ” 3% ” =Rs 375 x2=Rs 750

Cash Income

96 3

? Rs 750
? =Rs 750x96

3
Rs 24,000

Ex. 8. Which is the more paying investment ?

4% Improvement Trust Debentures at 120 or Bank of

Bengal shares of Rs 100 each, half paid-up paying 6%
dividend and quoted at 80. ( Brokerage £% for debenture

and 12 n.p. for Rs 100 share ).

By investing Rs (120+4) *n 4% debentures, income=Rs. 4
” Rs 100 ’* ” ” ?

’Investment Income

120* 4

Rs. 100 ?

A—18

? =Rs~
i
=Rs 3’33.
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Yield = 3.33%

Paid-np value of a share=Rs.50

Dividend at 6% =Rs.3

Price =Rs.80’12

Yield=g^
12
x 100=3*74

the more paying investment is 3% Bank of Bengal

shares.

Ex. 9. Calculate brokerage at *% on a sale of stock

at 97|, if the total money realised was £ 2,440 12s 6d

after paying brokerage.

£ 2,440 12s 6d=£ 2440f

Sale proceeds from £ 100 stock=£ ( 97|—^ )=£ 97|

Net sale brokerage

97|

£ 2,440*

i
s

P _£ M40*x*
• - “

97*
-

=V-=f3|

Ex. 10. How fnuch stock at 97* mnst I sell in order

to realise £ 1,300? If by investing this £ 1,300 in 4* per

cent stock at 102, I increase my income by £ 8 6s 8d per

annum, what rate of interest was I receiving on the former

stock ? ( C.U. 1936, 40 )

Stock Cash

100 97*

? £ 1,300

From 4*% stock

Cash Income

102 4*

£ 1,330 ?

£1,300x100
~

97*
£ 1,333* stock.

£1,300 x 4* 325

102 6

325
income from former stock =£-g—£8 6s 8d
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Former Stock Income

£1333j £
2

g

5

£100 ?

.’. dividend on former

.100 x 276 7

'6xl333j~
W

16

stock =3jg%

Ex. 11. A person sells Rs. 3,500 stock in the 4 per cents

at 102| and invests the proceeds in the 3 per cents at 744.

Find the alteration in income, brokerage being 4% in each

case.
( P.U. 1943 )

Stock

100

Rs. 3,500

Cash (sale)

102f-£
?

r

I

?
Rs. 3,500 x 1024

•“
100

,

„ 36 x 205
-ks. -

2
-

Cash (costl

744+4
35x205

Rs.
2

Income
3

?

0 „ 35 X 205 X 3
?=RS

- 2X75

=Rs. 143-50.

Income from the 4% stock

Stock

100

Income
|

4
- j-, 3,500x4
• 100

Rs. 3,500 ?
|

=Rs. 140.

.'. gain in income =Rs. ( 143'50— 140) =Rs. 3'50

Ex. 12. A man sells out £6,450 India 34% stock at

644 and with the proceeds bought as many Dunlop Rubber

Co’s 5%. Preference £1 share at 16s 3d as he could. What

was his gain in income derived by this change of investnent ?

(Brokerage 4% for India stock and 3d for £1 share)

( C.U.J927 )

Stock Cash (sale)

100 644-4
• £6,450 ?

, *6,450 X 644
t~t

100 "

=£4,1444.

The sale proceeds are invested in shares which can

be purchased in complete units (whole numbers) only.
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Now cost of each share= 16s 3d-f-3d=16*s=£f§

4- 144 1 2
number of shares= ’ 53*^=5,023, . =5,023

tu 11

(the fractional share, whatever it be, is neglected)

face value of shares=5,023 x £1 =£5,023.

Share Income

100 5

£5,023 ?

Income from stock

Stock Income

100 3*

£6,450 r>

i ?—£5,023x5
100

=£251 3s

6,450x3*
1

100

|

=£225 15s

gain in income=£251 3s—£225 15s=£25 8s

Ex. 13. A man had £2,100 stock in the 3 per cents

which he transferred to the 3*% stock at £87*, thus increasing

his income by £7. What was the price of the 3% stock ?

Income from 3% stock=£jggX2,100=£63,

income from 3*% stock=£63+£7=£70

Income

3*

£70

Cash

87* £_£70^
7
1=£Ij750

This amount of £1,750 invested in 3^% stock must

have been realised by selling 3% stock.

Sale proceeds of £2,100 stock=£l,750.

” ” ” £100 ” =£
2l50

X 100=£83£

which is the price of 3% stock.

«

Ex. 14. A man invests £ 2665 in 3* per cent stock at

97| and when it has risen to 102* he «ells out and rein-

vests the proceeds in 3 per cent Railway shares at 91.

What is the change in his income and what rate of interest
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does he now get for the money originally invested ? (Assume
brokerage at £ per cent on each transaction).

( C.U. 1944 )

Cash (cost) Stock ' £ 2665x100

97|+| 100
i

~97

£ 2665 ?

Stock

100

8200
i

3

Income

3|‘

„8200
* t=£ —g— stock

8200 3i
3 100

=£95f

Again, he sells the stock at 102|—^=102

Cash (sale) Stock

102 100.,

- 8200

, „8200 102
1

3 * 100

=£ 82 X 34

Reinvesting the sale proceeds at 91 +£ or 91|, the

number of Railway Shares he buys

£82 X 34 434
~ £91| 729

Neglecting fractional shares, he can buy 30 shares of

£ 100 each

. total share value= 30 x£ 100=£ 3,000.

Share

100

£3,000

Income

3

?

£3000x3
100

=£90

.*. loss in income=£ (95J—90)=£ 5 13s 4d.

Ex. IS. The Imperial Bank of India fully paid-up

shares are selling at Rs 1 ,054*50 and 4% Calcutta Port Trust

Debenture (1901 —38) at Rs. 83*75. An investor has Rs. 9,307*75

at his disposal and*he purchases a total number of 30

units of the above two securities. Calculate how many
securities of each class he buys ?

Cost of 1 I.B.share=Rs 1,054*50

” 1 Port Trust Debenture=Rs 83*76,
.
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9

The shares and debentures are purchased in 30 com-

plete units of Rs 100.

Let At=number of shares, then

30—*=number of units of Rs 100 deventure each.

By the question,

*xl,054-50+(30-*)x 83-75= 9307-75

or *(1,054-50-83-75) =9307-75-30 X 83-75

=9307-75-2512-50

=6795-25 .

6795-25 _
• v— - . — 7

970-75

Hence I.B. shares are 7 and Port Trust devebentures

arc 23 units of Rs. 100 each.

Ex. 16. A man has Rs 2600 which he instructs his

agent to invest in 3 per cent stock standing at Rs. 101.

The agent buys in lots of Rs. 500 and as each deal is

completed the price of the stock rises by TVth per cent.

If the agent buys -5 lots and if his charge amounts to Rs 10,

how much should he returm to his employer ?

Successive prices of Rs. 100 stock are

101, ioi a, \ ibi'A l,
10 101A

average price of Rs. 100 stock=Rs. 101

Amount of stock purchased in 5 lots

=Rs. 500 X 5=Rs. 2500 stock

the cost of stock=Rs. 101 T\ x 25=Rs. 2528-J

Add ,
Agent’s charge =Rs. 10

.’. total cost. =Rs. 2538|

.’. amount to be tefunded=Rs. 2600—2538£=Rs. 61*87

Ex. 17. Having a sum to invest a man puts half of it

in 5 p. c. stock at 105 and the other half in p.c. stock

at* par, the price in each case includes borkerage. If he

had invested ;§ of it in the 5 per^centswand the rest in

4} per cents, his annual returns would have been £2 15s

more. How much did he invest 7
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Let his total investment=£100.

First case, investment in 5% stock =£50,
” ” 4£% ” =£50

Income from 5% stock=£_gg x 50 = £~

Income from 4J% stock=£j^x50= £ j-

. . total income=£ (gj+jH £ -gj

Second case, investment in 5% stock=|x£100=£60
” ” H% ” =£40

Income from 5% stock=£~jg x 60= £—

Income from 4£% stock=£^|j x 40= £ ~

*’• total income =£
(ir
+

I)
= £

log

gain in income in the second case

n 1489 389V 11~ i
\lD5“84)-

1
I§0

Gain Investment
£2?x 100

i

‘ 11
11

420
100

< !
?20.

i
=£10,500.

Ex* 18. An investor desired to put Rs. 50,000 in gilt-

edged stocks, so that he might make an average income

of 4%. He decided to invest in 4% Port Debentures of

Rs. 10,000 at Rs. 1 15£ and the balance in 3% Government

stock. What would be the maximum price he could

afford to pay for the latter ?

(Brokerage |% for each transaction)

Total investment=Rs. 50,000. •

Estimated income from investment =Rs. x 50,000=Rs.2,000

Cost of Rs. 10,000 stocks=Rs. 1 16x 100=Re.l 1,600.
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Income from this stock=Rs. 4x 100=Rs. 400

.*. balance investment in 3% stock

=Rs. (50,000-1 1,600) =Rs. 38,400

and balance income from 3% stock

=Rs. (2,000-400) =Rs. 1,600

Income

1,600

3

Gash (cost)

38,400

?

?— 3x38,400

1,600

= 72.

Hence price of 3% stock=72—|=71J.

Ex. 19. X invests equal sums in 6% Preference shares

and 6% Debenture stock of Rs. 100 each and obtains equal

incomes. If the 6% Debentures are at a premium of 8%,
find the price of Preference shares.

Let his investment=Rs. 100 in each.

The price of 6% stock= 100+8=108
.*. by investing Rs. 108 in 6 per cents, income=Rs. 6

” ” Rs. 100 ”

^xlOO-fe.f

Hence Rs. is also the income from 5% Preference

shares.

Gash Income

100 Sfi

? 5

5x100
so

•V

=90

Hence 5% Preference shares are at a discount of(100—90)

or 10%.

Ex. 29. A person bought per cent G.P. Notes of

thp face value of Rs. 10,000 at 99$. He sells Rs. 5,000 at

98f and purchases further Rs. 6,000 at 9&§. Show what

profit or loss he made on the deaT allowing brokerage at

$ per cent. ( C.U. 1945 )
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Cost price of Rs 100 G. P. Notes==Rs (99}+})—Rs 99}
” ” 8s 10,000 ” =Rs 99} xl00=8s 9,925

Sale proceeds of 8s 100 ” =Rs (98|—}) =Rs 98}

” ” Rs 5,000 ” =Rs 98} x 50 =Rs 4,925

Hence the remaining stock =Rs 5,000.

His actual investment is now 8s (9,925—4,925) or Bs 5,000.

Cost price of Bs 100 G. P. Notes=Rs 98}+}=Rs 98}
” 8s 6000 ” =fe 98}x60=Rs 5,895

Hence total cost of Rs 11,000 G. P. Notes

=Rs 5,000+Rs 5,895=Rs 10,895

But cost of 8s 11,000 G. P. Notes at the initial price

=Rs^9}x 110=Bs 10917-50

his gain on the deal=Bs (10917-50—10,895)

=Rs 22-50

Ex. 21. A company decides to pay off 6% debentures,

one of Rs 1 lakh at 103 and another of Rs 2 lakhs at 102.

To do this, new debentures are issued, one of 8s 2 lakhs

at 99 and another of Rs 2 lakhs at par, the rates of interest

being 4 and 4} per cents respectively. Find the annual saving

in interest and the amount in hand after redemption of

the debentures.

Sum required to pay off the debentures

=Rs 103 x 1000+Rs 102 X 2000=8s 307,000,

Sum realised by issuing new debentures

=Rs 99 x 2000+Rs 100x2000=Rs 398,000.

amount in hand after redemption

=Rs(398,000-307,000) =Rs 91,000

Annual interest on former debentures

= 6 x 1000+6 x 2000=8s 18,000

Annual interest on new debentures ^

=4 x 2000+4} x 2000=sRs 17,000

annual saving in interest=Rs (18,000—17,000)

=Rs 1,000.
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Ex. 22. Dividends on 4J% Govt, stock are payable

halfyearly on 1st April and 1st. October. On June 15

the cum-div. price was quoted at Rs 96£. What price

should be quoted ex-div. ?

Halfyearly dividend=Rs 2£

Ex-div. price=cum-div. price— halfyearly dividend

=Rs (96|-2£)=Rs 94*

Ex. 23. B. Banerjee purchased ,2%, Rs 10,000 stock

at 106 cum-div. Immediately after receiving the dividend

he sold out the stock. At what minimum price should he

sell them so as not to suffer any loss on the deal ?

Cum—div. quoted price=106

Add brokerage i

Cum-div. price (cost) =106£

Less dividend 2

Ex— div. price (cost)= 104| v
- . VS

Ex-div. price (sale) must be quoted at 104^+|
or 104J, so that he may recover his purchase price

104 1 after deducting brokerage.

Ex. 24. A person desires to earn a minimum income

of Rs 380 a year by investing Rs 10,200 in the following

3% Govt, paper at 79|

4% Preference stock at 109J

Distribute the investments, brokerage being |%.

Yield from 3% Govt, paper X 100=

>9 99 4% Pref. stock— 100 s

40
IT

380

10,200
X 100= 190

51
Average yield
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by the method of mixture

yield difference proportion

3% Stock
^ lTx6l

40

\90
'/

Axerage
gj

/ \
4% Stock

11 4>?5i

investments in 3% and 4% stocks are distributed

in the ratio 40 : 1

1

40 _
Hence investment in 3% paper=^Q~y-j

j
X Rs 10,200=Rs 8,000'

11

11
4% stock—40

xRs 10,200=Rs 2,200

Ex. 25. X invests £ 27,900 partly in 4% stock at 1 141

and partly in 3% stock at 961- If the resulting income

is £ 873, find how much is invested in each stock allowing

as brokerage 2s 6d for each £ 100 stock and £ 3 for stamp

on the total amount invested. (
C.U. 1943 )

- Total investment in stock=£ (27,900—3)=£ 27,897

Brokerage=2s 6d=£|=l%

(In the previous example the method of mixture was employed.

Here we propose to use algebraical method. )

Let £ *=investment in 4% stock at 1141+1 or 115

Then £(27,897-x)= ” ”3% ” ” 96f+* or 06{

Income from 4% stock

Cash Income

115 4 > __4*‘

“IIS

Income from 3% stock

Cash Income

901 3

27,897—x ?

3 (27,897 -x)
“ 961 ”

6(27,897—x>
' 193

~
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by the question,

4*_ 6(27,897—*)

115
+

193
= 873

or
4* 6* Q ,0 6x27,897
115 193" 193

or
82* _ 1107

115x 193 " 193

1107x115 3105

82 2

investment in 4 p.c stock=£ 1,552 10s
” ” 3 " =£ 26,344 10s.

x— = 1552*

Exercise 16

1. Find the cost of

(t) Rs 5,000 Govt. 5% stock at 98J

(«) £ 2,600 Debentures at 99£, brokerage £%
(iii) Rs 5,200 Municipal stock at a premium of 2%,

brokerage |%
2. Calculate income from following investments

( t ) 8s 9,000 stock in the 3$ per cents

(it) £ 5,210 stock in 4 per cents

3. Compare the yields of

(«) 4% Debentures at 110

(i») 3% Govt, stock at a discount of3%
4. Which is the better investment

(i) 4% stock at 120 or 3% stock at 93 ?

V(«) 5% Govt, stock at a discount of5% or

6^ Port Trust Debentures at a premium of 8% ?

5. How much stock can be bought by investing

(<) Rs 5,390 in Railway ’5% stock at 98 ?

Rs 2045 in 3|% stock at 102|, brokerage |% ?
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6. How much
(i) stock in the 3 per cents at 98 should be sold

to realise Rs. 4900/-

(ii) India 4£% stock at 64 brokerage £% to

realise Rs. 1290/- ?

7. How much will be realised by selling

(i) Rs 12,000 Railway stock in 2^ p.c at 105 ?

(«) Rs 3,500, 3% consols at discount of 3, broker-

ase i% ?

8. If the 4% stock is quoted at 99, what should

be the price of 3% stock?

9. If 4 per cent stock pay interest at the rate of

3 per cent . on investment,1' what is the price of the stock ?

10.

A man invests Rs 2 1 ,000 in 4% G. P. Notes at 105.

Find the rate of his yield. Ignore Income Tax.

Alternatively, he can invest in 8% Preference shares at

1 12 -50 for every Rs 100 shares. What sum must he invest in

these shares in order to obtain a yield equal to what he

gets on the G. P. Notes ? Ignore Income Tax. ( C.U. 1962 )

11. (t) X buys 1000 shares of Rs 25 each at a premium

of Rs 5 and was forced by circumstances to sell them when

they were at a discount of Rs 2*50. Find out the loss of X,

( C.U. 1949)

(«) What must be the price of 5% stock to be as

good an investment as 3% at 95} ? ( C.U. 1949 )

12. A man derived an annual income of£253 6s 8d

from money invested in 2£% consols. He sold out at 77|

and with the proceeds bought 3}% stock, thereby increasing

his annual income by £ 36. At what price did he buy the

3$% itock ?
' (C.U. 1948 )

. 13. A person has £ 10,000 in the 3%, which he<sells

and reinvests the proceeds in the 3}% at 87} and increases

his income by £ 10. Find the price of the 3 per cents.

Brokerage is }% on each transaction.
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14. (i) A person invests equal sums in the 4 per cents

and in the per cents and obtains equal incomes. If the

4 per cents are at a discount of 4, find the quoted price

of the 4J per cents ? ( C.U. 1947
)

(ii) Y invests equal sums in 5% Debentures and

6% Preference shares of a company and obtains equal

income. If the 5% debentures are issued at a discount of

2£%, find the issue price of the Preference shares. Ignore

Income Tax, Stamp charges etc. ( C.U. 1958
)

15. A person invests a certain ‘sum in the 2\% at

90 and an equal sum in the 4% at 120. If his income

from the latter source exceeds the income from the former

by Rs 124, how much does he invest ? ( C.U. 1947

)

16. By selling out Railway 3£% stock at 96 and buying

Tramway 4J% stock at 108 with the money obtained, a

man increased his annual income by Rs 25. What amount

of stock did he sell ?

17. A person finds that if he invests his money
in the 6 per cents at 126, his income will be £ 22 10s greater

than if he invests it in the 9 per cents at 210. Find the

sum invested ?

18. Having a certain sum to invest, a man puts half

of it in 4% at par and the other half in 3% at 93£. Had
he invested §ths of the sum in the first stock and fths in

the second, his income would have been 80 nP. less. What

sum did he invest i

19. On retirement from ' service, A received Rs 50,000

as his provident fund nkoney. He wanted to invest this

amount so that he might make an average income of 3J%.
If it was decided to invest in 4% Improvement Trust Loan

of Rs 10,000 at Rs 115 and the balance in 3% Govt, stock,

calculate at what price he could afford to buy the Govt,

stock. ( C.U. 1955)

20. How much stock must I sell a? Rs 96 4 as 0 p
in order to collect Rs 15400? If this amount war invested
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in 3£% stock at Rs 101—2—0 my income increased by

Rs 120 per annum. What was the rate of interest on my
fust stock? ( C.U.1948

)

21. Money is invested in buying 3|% debentures of

Rs 6,400 at 102. Assuming brokerage to be £% and income

tax at 5as in the Re., calculate the annual net amount

received. What percentage is it of the money invested ?

( C.U.1950

)

22. Bimalendu Banerjee, on retirement from service,

chew his provident fund accumulations and invested them

in Rs 50,000 ( lace value ) 3% conversion loans of 1946.

If he now sells them at Rs 74/40 nP. and invests the amount

in Rs 100 (
face value

)
equity shares of Bengal Investments

Ltd at Rs 124, he estimates fliat his income would, increase

by Rs 450 annually. What is the rate of annual dividend

on the shares of Bengal Investments Ltd ? ( C.U. 1961
)

23. A Sarker sold Rs 10,000 2£% G. P. Notes at 99£,

and with the proceeds bought as many 4% camulative

preference shares of Rs 100 each in Bharat Industry Limited

at 102 as he could. What is the gain in income derived

by this change of investment ? Ignore brokerage and income

tax. Also, ignore the balance of the sale proceeds that

cannot be invested in the above shares. {C.U. 1951)

24. B. Mukherjee sold Rs 6500, 3£. Govt, stock £t

Rn 64*75 and with the proceeds he bought as many 6%
Preference shares of Rs 15 each of a public limited company

as he could. What was the gain or loss of income derived

by this change of investment ?

Brokerage was charged for the Govt, stock at \%
and for Preference shares at 25 nP. per share.

( C.U. 1950 )

( Preference shares are to be taken at par )

25. H. Bose sold Rs 10,000, 3£% Govt. Loan ^t

Rs 8l and with the proceeds bought as many Indian minerals

Co. shares of Rs 10 each as was possible @ Rs 7/25 nP.

each. If the brokerage on Govt paper is \% and that
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on company shares is 12 nP. each ; find the
9change in his

income if the company declares a dividend of 5%. Ignore

Income Tax in either case.
( C.U. 1958)

26. A company decides to pay of 6% debentures, one

of Rs 6 lakhs at 103 and another of Rs 5 lakhs at 102. To
do this new debentures are issued, one of Rs 6 lakhs at 99

and another of Rs 6 lakhs at par, the rate of interest

being 4% and 4$% respectively. Find the annual saving in

interest and the amount in hand after redemption of the

debentures. No brokerage.
# {C.U. 1949 )

27. A man has £ 5,000 which he instructs his agent

to invest in 3 per cent stock standing at £ 102. The agent

buys in lots of £ 500 and as each deal is completed the

price of the stock rises by T
x*th per cent. The agent buy*

9 lots, when he is asked to cease buying. If his charge

amounts to £ 10, how much money should he return to his

employer ? ( C.U. 1941

)

28. (i) A man wishes to sell 6% Preference shares

just before the company is about to pay dividend. The

shares are quoted at 109 ‘ex—div\ What should be their

price cum—div* ? (C.U. 1943 )

(ii) X wishes to sell 7% Preference shares of

Rs 100/- in a company before the declaration of a dividend

by the company. These shares are quoted at Rs 102/25 nP.

‘ex—div\ What should be their price ‘cum—div’ ?

( C.U. 1958 )

29. S. Ray purchased^ some 4% stock at 105 cum-

div. Immediately after receiving this dividend he was

forced to sell them on account of financial difficulties. At

what minimum price should he sell them so that he might

not suffer any loss on the whole ? The brokerage in both

the cases was charged at £%• Calculate also the amount

of dividend received by him in case he originally invested

Rs SO^OOO. Ignore income-tax.
^ ( C.U. i960)

30. A shareholder in a mining company obtains from

his dividends an income of £ 200 per annum after paying
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income tax at the iate of 4s in the £. The shares are

5s shares, upon which were paid two dividends in the year

of Is and Is 6d respectively. How many shares does he

hold in the company, and what money would he realise

by their sale if the present market quotaiions is 1 7s 6d ?

( C.U. 1938, 42 )

A person invested Rs 10,200 partly in 3% stock at

79-f and partly in 4% stock at 109|, the brokerage being £%
in each case. The aggregate income was Rs 380. How much
did he invest in 3% and how much in 4% ?

'

(
C.U, 1953

)

32. A person desiies to invest Rs 1,26000. Find the

income he might obtain ifj^e purchased (i) 3% Govt, stock

at 81, or (n) 6% Jute Debentures at 150. It 'Should be

observed that these stocks aie available in units of Rs. 100

only.

If he desires an annual income of Rs 4,800, how should

he distribute his investments in the two kinds of stock ?

( C.U. 1952)

33. A company’s capital is divided into 10,000 6%
Preference shares of Rs 10 each, and 20,000 ordinary shares

of Rs 10 each, all fully paid up. The profits for the three

consecutive years were Rs 9,000, Rs 18,000 and Rs 36,000 distri-

buted to share holders. How much dividend was paid to

the ordinary shares each year ?

34. The capital of a company is made up as follows :

—

Share capital

5% Preference shares Rs 5,00,000

Ordinary shares Rs 25,00,000

Debenture Capital

4% First Debenture Rs 3,75,000

4$% Second Debenture Rs 3,25,000

The net trading profit for the year before charging

debenture interest was 91,20,000. If all is distributed, find

the rate of dividend for ordinary shares.

v
A—14



Plane Figure

Chapter XV

Simple Mensuration

1. Rectangle

Area — base x height

or =* (length x breadth)

— a x b.

Fig. 1

Perimeter - Bum of the bounding Bides

= 2 (length + breadth)

“ 2(«+ b)

Fig. 2

Perimeter = sum of the bounding sides

= 2 (length + breadth)

- 2(a + b).

3. Square is a rectangle whose sides are equal *6*0 = 6.

Area =(side)* = o*.

Penmeter m 4 x side = ia.

4. Triangle

Area ** i base x height

* i a.h.

or- Jt{e - oX«- 6)(« - e)

where a, b. e are its sides and t* Ko+ 6 + c)

Perimeterm 2s—a+b+c.
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Particular oases (a) for equilateral triangle of side a

Area-^a. yJ§ wm

/J\
«**

Vertmeter " 3a.

(b) for a right angled triangle whose sides are a and b sub-

tending the right angle.

Area ” hab.

Perimeter—

a

+ b + Ja* + b*.

5. Trapezium.

Fig. 4

Area** AABC + AACD
™ \AB h + i.CD.h

— iah+ ibh

-i(a + b)li

* i(surn of parallel sides) * height.

Fig A

7. Annulus (Circular Bing) is the portion between two

ooneentrio circles.

Area-«£* - sy* - n(B‘ -r*W-R + rXS * f)
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8. Path round 8 rectangle (inside or outside)

Area = greater area - smaller area

or — (length of the path) x width.

9. Path round a circular plot.

Area - greater area - smaller area.

10. Four walla of a room.

Area “ 2(Iength+ breadth) x height

— (perimeter of floor) x height. *

Ex. 1. A room is 19' 6" by 16' 7*. It is 11' 5" high.

Ascertain the cost of painting it at Rs. 2-11 as. per sq. yd.,

assuming that there are four windows each measuring 5' by 4'.

( c. u. me

)

Area of 4 walls — 2 x (length + breadth) x height

= 2 x (19* 6" + 15' 7") x ll' 5"

= 2x35' 3" x ll'
5''

= 2 x35j x ll^j sq. ft. = sq. yds.

Area of 4 windows = 4 x 5' x 4' = sq. yds.

area to be painted “ ~ — -73- sq. yds.

required cost = * Rs. 2H - Rs. 2167 ad. 3 p.

Ex. 2. The correct measurements of a rectangular area

are 4*3 yds. and 3*2 yds. But unfortunately these were recorded

in the register as 4*3 metres by 3*2 metre Find the error in

recording those measurements in square yds., and also the

percentage error ( given 1 metre- 39*87 in ). (C. U. 1961)

Correct area -4*3 ydi x 8*2 yd. -13*76 sq. yd;

Recorded area— 4*3 m x 8*2 w— 13*76 sq. m.

* 13*76 X (1*094)* Sq. yds.

: - 18*76 x 1*197 sq; %



Simple Mensuration 313

required error - 13*76 * 1'197 - 13*76 sq. yd.

= 13*76(l‘197 - 1) Eq. yd.

= 13’76 x ‘197 sq. yd,

™ 2*7 11 sq. yd.
o*7 1

1

percentage error -^7^ x 100 — 197

Ex. 3. A rectangular grass plot, the length of whose aides

are in the ratio 5 • 6 costs £ 16 11 s. 6f d. for turfing at the

late of 5 d. per square yard. Find the length of its sides.

£16 11s. 6| d. = 39781 d.

The area of the grass plot — sq. yd. — sq yd
5 4

Clearly the plot can he divided into 3 x 6 or 30 equal

* squares,

area of each square = 30 = 26‘525 sq. yd.

«ude of each square = J26*5 25 }d - .5*15 yds.

Flence length of the plot = 5*15 yds. x 6 - 30*90 yds.

and breadth of the plot - 5*15 yds. x 5 = 25*75 yds.

Ex. 4. The area of a circular pond is one acre. Find the

cost of gravelling a path 4 ft wide around it at Be. 1 per square

foot. ( C. U. 1953 )

1 acre — 4840 sq. yds.

area of circular pond = 4840 sq. yds.

Let r yds. be the radius of the water surface.

Then jrr
a — 4840

or, \V - 4840. Hence r* * 1540

•*• r m Jib40 yds. -39 243 yds. *117*73 ft.

.*. the area of the path * area of pond & path - area of

pond

« *(12173)* -*.(11778)*. sq. ft.

— *(121*78* - 117*78*) sq. ft

• YU2173 + 11778)

x (12178- 11773) sq, ft.

*V *239*46x4 sq.ft.

-3010*86 sq* ft,
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Hence the required coat « 3010’35 x Re. 1 = Rs. 3010 35.

Ex. 5. Find the coat of covering with carpet 32 inches

wide costing Rs. 6 per yd. a room 22 ft. long and 18 ft. wide,

reckoning the cost of any fraction of a width of carpet as of

whole width.

Let The carpet be laid lengthwise.

Length of each strip *22 ft.

Number of such strips = -- -—== - -—

^

= fii 0r 7.
32 in. 32

total length of carpet required * 7 x 22 ft. * J54 ft.

Let the carpet be laid breadthwise

Length of each strip* 18 ft.

Number of such strips = ~ ----- = 8J or 9
32 in. 32

total length of carpet required = 9 * 18 ft .

= 1G2 ft.

/. minimum requirement of carpet is 154 ft.

Its cost = x
f
A x Rs. 6 * R3. 308.

Ex. 6. A plot of land has the shape formed by a square

having a semi-circle described on the outside about each -of

the four sides as diameter. If the length of the side of the

square is 60 ft., calculate the amount of rent realisable when

the plot is let out at Rs. 1, 100 an acre per annum.

(C. U. 1955)

The area of the square = 60 ft. x 60 ft. * 3600 sq. ft.

The area of 4 semi-circles = 4 x | rr.30
fl

. sq. ft.

= x 1800 sq. ft.

.’
. total area = 3600 + V * 1800 - “ sq. ft.

8 0 0 x
’ 1 ' oftvoq

7 11X48*8 aCrGS *

= hIt acres.

Hence the required rent — Bs. VSt x 1< 100 -Bs 233*77.

Solid Figures

11. Rectangular Solid or
*

Rectangular Parallelopiped or Cuboid

—

a body
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bounded by six rectangular faoes, opposite faces being equal a nd

parallel.

Volume 83 length x breadth * height

= a x 7; x o

or, "s* area of base < height

= (a x b) x a

Surface area

— area of six faces

= 2[ah + b'z + ca)

Leanth of a dkwon il

= Ja* + b
u + e" Fig. (i

1 . Cube -cuboid whose sides are equal, i.r., a - b ** c.

Volume = a
3

Surface = (j <7

8

Length of a diagonal ~ aj:

d*

13. Right Prism—a solid bounded by plane faces.

The side of faces are rectangles. The two end faces are

similar, equal and parallel figures.

Volume — (area of base) x height

Lateral surface

= (perimeter of base) x height

Whole surface

=* lateral surface + area of two ends.

15. Pyramid—a solid bounded by

plane faces, of which the base is a

rectilinear figure and the rest are

rectangles having a common vertex.

14. Right Circular Cylinder—a solid

described by the revolution of a rect-

angle about one of its aides which remains

fixed. It is a prism with circular base.

* Volume area of base) x height = nr*Ji,

Curved surfcice = (perimeter of base) x height

*2Trr.h.
Kg. 8
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Whole surface - curved surface* area of two qpds
= 27Trh + 27rr

2

= 27rr(/i + r)

Volume — £ ( area of base )
x height

Slant Surface = i ( perimeter of base ) x ( slant height )

16. Tetrahedon

—

a pyramid on a triangular base.

17. Right Circular Con©— a solid described by the revolu-

tion of a right angled triangle about nne of its sides, containing

the right angle, which remains fixed.

Volume— area of base )
x height

j
= |tTr*h.

\
Carved surface = ? ( circui ference of

base )
x

( slant height )

/ A

\= 2 . 2nrxl^nrl. /-—
Whole surface = curved surface + area

of base jijg g

= tTyl + nr* = nr{ l + r )

18. Sphere—a solid described by the revolution of a semi

—

circle about its diameter, which remains fhred.

Volume * — Jir
3

Surface = 4«r
a

.

Ex 7. A hollow rectangular, vessel formed of material 1 inch

thick has external dimensions 13 ft Gin, 6 ft 8 in, and 6 ft 11 in.

respectively. It weighs 1 cwt. 1 qr. 10 lb . Find the weight

of a solid mass of the same material and of the same dimensions.

External dimensions are 162 in, 10 in, and 83 in.

.
' . External volume

162 x 80 x 83

12 x 12 x 12
cu. ft

15x83
cu. ft.

Internal dimensions are 162 - 2 in, 80 - 2 in. and 83 — 2 in.



Simplk Mbnstjbation 217

Internal volume = ^ - ^3 cu. It. - 15 x 39 on. ft.
12 x 12 x 12

Volume of material

= external volume—internal volume

=
(

— - 15 x
39j cu. ft.

75- cu. ft.
• 2

Hence weight of cu. ft. =1 cwfc. 1 qr. 10 lbs = 150 lt>s.

J

. f
15x83 rAv 2 ^ 15 x S3 1Vweight of cu. ft. = loO x - x lbg

2 75 2

= 2490 lbs.

= 1 ton 2 cwt 0 qr 26 lbs.

Kr S. A wall 120 ft. long G ft high and 9 inch thick cost

Ks. 1,638 - 12 - 0. Find the cost at the same rate of a wall of

the same thickness and 8 ft. high, which encloses a garden 50 ft.

long and 39 ft 6 inch wide, if a gap of 8 ft wide is left for the

gate. {C.U. 1951)

Length of the wall measured outside the garden

= [
2(89*6" + 9" + 9")+ 2 x 50' ]

- 8'

= [
2x41' + 2x50' ]

-8'

= 182'-8' = 174'

volume of wall = length x breadth

x height. ( a rectangular solid )

= 174' x^-x8'
12

=* 1044 cu. ft.

Volume of the given wall = 120 x 6 * £

540 cu. ft. cost Rs. 1698*75

* Hence cost of 1044 cu. ft. = Rs. .1698*75 x

50' ^

cu. ft =540 cu. ft.



218 Commercial Mathematics

Exercise

Plane Figures

1. A rectangular garden 4 times *as long as it is broad con-

tains 2 acres. Find its length and breadh.

2. A room is 19’ 2" by lo' It is 11’ 5
W
high. Ascertain

the cost of painting it at Rs. 2 - lias per sq. yd, assuming that

there are four windows measuring 5 ft. by 4 ft. (C U. 1940)

3. A court-yard 50 ft. long by 42 ft broad contains a

rectangular lawn surrounded by a gravel -path of uniform width.

If the width of the path is O', find the area of fcho lown and area

of the ]>ath.

4. A rectangular grass plot, the length of whose sides are

in the ratio of 5 : 6 cost £ 16 11 s 6 £ d, for turfing at the rate

of 5d. per square yard. Find the length of its sides.

5. Find the cost of covering with carpet, 32 in. wide, costing

4 s. 6 d. a yard, a room 20 ft. long, 18 ft. wide, reckoning the

cost of any fraction of width of carpet as of a whole width.

6. A triangular plot of land with a perpendicular height of

60 yds. 1 ft. and the base measuring 135 yds. 2 ft. is to he

paved. Given the co3t of Rs. 2. 4as. 6p per sp. yard, find the

total expense for paving the entire area. 0. U. 1944

7. A circular pond 70 ft. across has a path 7 ft, wide three

quarters of the way round. Find the cost to gravel the path at

7£ d, per sq. yd.

8 A wrall 50 yds. long, 8 ft. high and 9 inches thick cost

Rs. 134 75. Find the cost, at the same rate, of a wall of the

same thickness and 6 ft. height which encloses a garden 45 ft.

long, 33 ft, 6in, wide with a gap of 9 ft, wide left.

9
#
. A plot of land has the shape formed by a square having

a semi-circle described on each side as diameter. If the length

of the sides of the square is 54 ft., what, ought the rent of the

land to be at Rs. 750 per acre ?
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10. Calculate the area of a figure consisting cf an equilateral

triangle ( side 4 ft. ) with a square superimposed on each Bide.

(C. U. 1955)

11. A circular track 10 ft. wide has an outer radius of

G1 ft. Find the cost of paving it at as per square foot.

What is the average length of the track ? (C . U. 1952)

Solid Figures

12. Find as accurately as possible the weight of a cubical

piece of metal, the edge of which is 3 yds. 2 ft. 3\l inches long,

while a cubic foot of metal weighs 8*8764 cwt. (C. U. 1943)

13. Find the number of gallons of water a cistern measur-

ing inside 3 ft. by 3 ft. G inch, by 7 ft. in height will hold when
bill

; find also the weight 'of the contents, having given 1 pint

equals 34*7 cubic inches and that the weight of 1 gallon of water

13 10 lbs. (c U 1944)

[ Hints : The cross-section of the wall is a trapezium,

volume = area of cross-section x length. J

14. The great wall of China is said to be 2400 k.m. long,

01 d.m. high and 4/57* 5 c.m. thick at the top and 7G25 m.m.

thick at the bottom. How many cubic metres of building

materials does it contain ? (C. U. 1940 )

15 . A cistern 12 ft. long, 8 ft. deep and and 5 ft. 6 inches

broad is filled with water. If the waste pipe has a cross-section

of three-fourths of square inch and water flows out througli it

at the rate of 14 ft. 6* in per minute, in what time will it be

emptied ? (C . U. 1938)

[Hint6 : Vol of water flowing out per minute = volume of the

waste pipe I4j ft. long = area of cross section * length *£ sq.

in x 174 in 5®*2** cu. ft.]

16. A cubical box of external dimensions 17 inch each way,

would contain crushed are of the value of £ 421 17s 6d, if it was

made of material 1 inch thick. But by mistake it lias been

made of thicker material and the difference in the value of or©
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which it will hold is consequently £ 78 17s 6d less. What !s the

real thickness of the material ? (C. Lh 1931, JO)

[Hints : Since the ore is powdered, the volume of ore

“internal volume of the box.

Value of 15 >' 15 x 15 cu. ft. of ore = £ 421§.

“£ 421 £ - C 78£ =£ 343

Real volume of ore “ -
J = 14

8
]

42.U

17. A cylindrical shell of height 12 ft. is open at, both ends,

and its external and internal radii are 1 ft. and 10 inches respec-

tively. Find the surface of the shell and its weight if the

material composing it weighs 3% lbs per cu. ft. (C. U. 1953)

18. Two cylindrical tanks of diameters 8 ft. and 10 ft. are

partly filled with water, the former to a depth of 5 ft. and the

latter to a depth of 9 ft. If they are connected so that water

conies to the same depth each, what will that depth ho ?

(C. U. 196%)

19. One Follow metal pipe $ inch thick and 3 ft. long has an

outer diameter of 4’5 inches Calculate the cost of the pipe

at Rs. 3*20 nP. per lb., if one cubic foot of metal weighs 756 li>.

(C. U. 1961)

20. A weir is 1600 yds. wide. If the water rises 3 inches

her minute while the stream is flowing at 5 miles per hour how

many additional tons of water will pass over the weir per

minute ? Given one cubic yarci of water weighs -} ton.

(C. U. 1902)

21. Find the whole surface and volume of the cone whose

height is 1 foot, and diameter of whose base is 5 ft. 10 inch.

22. An electric punp has to fill a petrol tank. The tank is

cylindrical with hemispherical ends. The height of the cylindri-

cal portion is 6 ft. and the hemispheres hav^radius of 3 ft. The

pump has plunger of diameter 3 inches making 90 strokes each
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of length 9 inches overy minute. How long the pump will take

to fill the tank. (0. U. 2958)

[Hints: Volume of tank = ^3*6 + 5-, ir.'d
3 ^90*. c. ft.

The volume of plunger = x
|

c. ft. = c. ft.]

23. Three solid balls of radii 3 in, 4 in, and 5 in are melted

and moulded into a single solid ball. Find the diameter of this

hall.

24. A swimming hath is 30 yds long, 12 yds. wide and its

depth ranges from 3 4" to 6 V'. Find the cost of filiing the bath

if 100 gallows cost Es. 150 nP. (1 cu. ft. of water weighs

0:1* gallons). (C. U. 1959)



Exerciso 1

Pages 5—

6

I. (i) 8 (ii) ss

2. (i) 1-a* (i0 l (iii) 1

3. (i) (ii) 8 (iii) 4

4. (0 1 (ii) 1 (iii) 1

9.
(9

13. (i) 9* (ii) 1

14. (i) x ~ 1, !/
=v (ii) x- - 1, y
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Exrrcise 3 Pages 23—25

1. ft) 37=3, 4 (ii) a =11. -8 (iii) ai=6>

y =- 4. 3 V
~

8,
- n 0 - 5 ,

2. (i) ic- 2 , 3 (ii) .c — 4, 3

V = 3 , 2 y = 3 , 4

3. (i) a; “ 5
, 1 (ii) i? = 6, 4

l/
= 1, 5 0 = 10, J.5

4. (i) z 1, 4 (ii) * = 4,y (iii) .c — (i

y *4, 1 0 = ,4
H

y —

5. x « 8, 2 6. * - 7 7. r — - 1,
-

V “ a. 8 0 = 1 0-1,

8. z = *, £ 9 . x = 1. 2 10 a: — 3 .'(i

?y
- 5 , 20i l/=2, 1 0 = 6.3

11. (i) a: = ct, i(« + /j) (ii) a: — «

V = 4 (<* i />) u = /<

12. (i) Z = Jl ,

-
1, 3 ,

-3 (ii) ,t = 8,4

1/
“ 2,

-
2, 1, -1 0 = 4, 8

13. (i) (E = 1 (ii) a; = 4 (iii) r - ?/
= (i

?y
= 2 0“ 1

14. (i> z = 2,
- 2 (ii) a: — 2 (iii) a: - 3

1/- ±2. + 4 0 = 3 0=2

15. z = 2, 3/
= 6, 2 = 6.

16. z = ± 3, 0 = ±5. 2“ ±4.

17. z** + 3 , 0 = ±1. 2= ±2.

18. & ** 2, 3 19. *- 3.8 20 a- = 2, -

:

1/-3, 2 0 - 4 ,
4 0 = o, 0

**
II z = 8,2 2= -1, 1

21. (i) x= ±6, 0= ± 12, 2 = ±5.

(ii) ® = 5. -7 22. sc = 0 = 2 = ±1.

0 = 8 ,
-5

2 = 6 ,
-8
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23. - = .

s

„ .
h*

* ±
Ja aTb*-Tc*' v ±

~ja
a + b*~+ c

a
'

~~ Ja*
r+ 6

s+o*

24. x-2, -2

I/“ 1 ,
-1

2 “ — 1 , 1 .

Equationul P)vblem-s Paj;es 25—27.

1 . 24 2. 08 miles 3. - 8 days

4. 3

3

7 , m.p. h. ; 200 miles 6 . Rs OcO, Es 1000

7. i.~i miles 8 . 210 9. 10, 9 10 . 14, 10,

1 J.

PART IT

Exercise Pilf'OS 3:i—38

1.

(0 23. 130 (ii) 35, 321 (iii) 20, 000

(iv) - 7. - 67i (v) 39 - h 3ft)

, fl + 29 ?> loft + 155)
(vi) -

a -T b a + b
(vii) 197. 2040

2. (i) 2n, n{n+ l) (ii) 4n — 3, n{2n - 1),

(iii) 13 - 3n, §(23 - 3n)

(iv) n(2x-y)-x, n*x - §n[n + 1)</

(v) »(« - 1>) + 2b, hn(a + 3b)+ - b)

(vi) (x + v)
a ~ 2(n - l)#!/, n(a: + y)® - »/» - l)xy

(vii) 0, J(»~l)

3. (i) 952 (ii) 125320 4. 24, 23, 22

6. 24, 55 7. 2815

A (i) 2. 4,6,8 (ii) 5,5, 7, 9

11. (a) 18 (5) 4» + l;5, 9, 13

13. (i)
' -p~ q 14. (i) - 1950 (») - 160 (iii) 0

15. 47,86 -18. (a) n(n + l)\ (b) in(n + l)(»» + 2)
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39. (i)

sirrr 00
»tt'

<iiU
iishir

(iv)

21. Rs. 51'76

23. 15 months

25. 31 min.

1. (*)

(ii

(v)

x(x + ny)

22. Rs 150

24. 1140 yds.

26. Rs 82 50, Rs ST'SO. Rs 92
-

50

Exercise 5 Pages 45 - 49

4096, 8191 (it) rV, 2047*1

-16384,-10920 (iv) 729/16384,58975/196608

81^/3,121(^3 + 1) (vi) -36,-4.31^2-72)
(vii) 6561,4 9841(3 + 73.

2. (i) 2" - 1 (tt) jjl-j
1

.) (m) |{l +(-!)"«.-}

1 5B±2B
14" 5«~»(iv) 7,'. as n is add or even.

(v)
2j/(a;-j/) l

f(g + l/)
w -(g-y)” 1

>«)"-»“

7

(*+»)"

3. (a) 54(3^ + 3* + l) (6) 6 4. (a) 7448/3125

5. (t) 16/81 («) 4
6. (i) 4,6,9 (ii) 9,6,4 (Hi) 1,5,25.

7. (i) 2
n+s

, 16(2“ -1) (it) 3‘2”/*
;
3(2“/* - 1)(2 + 72).

“ 1
57 .8. (t) in (ii)
1

9. (i) 20
,
50 (ii) 3

6
/ \3*/*, 3

7
/'‘ (iii)

10. 16, 8 ,
4 .

11. (i) 1 (ii) 3/ 10 (m) 4(4 + 3^/2)

12 a)
Vi.

- X
(ii) (!+*)/(!- («*)

13. d)
10

27
(10

B - D-n
3

(ii)
50
81

(10
B - 1)

(Hi)
5

ST
(10” - U-n

18
(**) n -

if
1
"ii

r = (^l/
B+1

(t») 373/2.

*7(1 - x)(l - for)

_ 5n
~

9

(ii) 20I1 -(i'05)-B f14. (i) ^S* U‘03)
B - If

an) ?n-(i+*r”h

16. (nth term = 2B - 1), 2
n+

1

- m - 2.

17. (i) 4,9,14 or 19,1,9-1 (u) 1.3,9.

22. 28,25,761 5 25,60000.

24. 400 ft. 25. Rs. 26,84 ,353'56

26. 5 ft. 24 in.

Exercise 6 Page 50

1. 15t
8
t. 3. 24,64.
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Exercise 7 Pages 61—64

1. 20. 2. 6720. 3. 576. 4. 2450.
5. 3024. 6. 60. 7. 96.

8. 720, 120, 24. 9. 576.
10. 8*. 11. 1023.
12 . (a) 5

10
. (ft) 2 8

. j3. 3600
14. 2903040. 15. (»-2)L»-l.
16. 48. 17. 1440.
18. L_39/L_5(L.4)®(L_6)

8
.

19. (i) 5040 (ii) 8+0 (ii) % | 11. (iv) 126

(v) 4989600. (vii) 34650.

20 . 144. 21. Lw/I n - to.

22 . (i) 2016 (ii) 3021 . 23. 154.

24. 360. 25. 2520.

26. 5040. 27. 60.

28. (1) 4320. 1(2) 720. 29. (L7)
a

.

Exercise 8 Page 74—77

1. 56, 210, n{n ~- l)(n ~ 2) 2 (i) 13. (ii) 120.

4. 84, 28, 35. 5. 220. 6. 560.

7. (i) 20 (ii) 10 8. 20 J

9. (i) 12i
, 35 (ii) 163, 1084

11 868224 12. 441

13. (a)(i) 196 (i) 252 ift) 186

14. 180 15. 3090
16. 12 17. 255
18. 7 19. 59

20 . 816000 22. 127 23. 63
25. 68 27. 1 22/1 2(| 11)*

28 L18/«_6) 8
. 29. 2047. 30j L_52/(L_13)*.

Exercise 9 Pages 91—93

1. 8,1, 0,-8. 2. 2 9523, 1.8756, 0 4879. 0 0447, 1.8957.

3. 74470, 0 04831, 2*389 4. 1
,

6532126.
5. (i) 4, (ii) 6, (iii) 3. . 9. (i) 2, (ii) 3v/
10. (i) i. (ii) 3. 'll. (i) 1386, (ii) 2 083
12. (a) 0*5988 (ft) 20*10.2?>0 (iii) 1*37.

14. (i) *0042 (ii) 2 063. (iii) 1*37.

15. (i) 8. (ii) 1. 16.(0 5*427

17.(0 14*22. (ii) 1*03. 18 (0 0*056 (ii) 0*057.

]£. 12640.

part n
Exercise 10.

1. (a) R*. 215.51 (b) Rs. 200 2. 78
3. Rs. 1*20 4 (i) £ 900 (ii) Rs 2800
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5. £ 19 12 s 6. Rs. 581’99
7. Rg. 159212 8. £ 3769
9. £ 640 ; £ 643 38 10. (i) £ 400 (ii) £ 625

11 £ 6711, 14 s 12. Rs. 9341
13. (a) Rs. 1891*30 (b) Rs. 1382 14. 14' 2 years
15. 18*6 years 16. 4*16

17. 5 063 18. 5 7

19. (i) 4*04% (ii) 4 9604% 20. 3*94

21. (i) 15 years (i!) 17 years 22. 23.
23. Rg. 3483 24. 39 years
25. 4*52 years

;
11*6 years 26. 24*7% of original value.

Exercise 11.

1. Rs. 9839, 2. Rs. 62183 53, 33070.
3. 1*9524. 4. Rs. 5 3*19.

5. £92 8s. 6. Rs. £582 14s 3d.

7. £ 130 16s. 8. Rg. 266* ‘5
9. Rg. 1735. 10. Rs. 12075

11. Rs. 1166*66. 12. Rs. 2*5%.

13. Rs. 31, 203*32. 14. Rg. 20,000.
15. Rs. 39*46. 16. 40 years.

17. £ 220. 18. £ 3580.

19. Rs. 1234*88 20. 1 ljr%.
21. Rs. 2755. 22 Rs. 682 50
23. Rs. 5960. 24. Rg. 5176.

Exercise 12

1. (i) Rs. 255, Rg 12495. (ii) £ 25 5s £ 1994 15s

(ii) £ 13 12s Id, £ 1413 17s bd
(iv) £ 1 Os 3d, £ 290 i9s 9rf.

2. (i) £ 71. £ 1400 (ii) Rg. IS 75, Rs. 2500
(Hi Rg. 10’47, Rg. 198/53

3. (i) Rs. 225, Rs. 219.50. Oi) £ 12 3s T2d, £ 12.

4. £ 5 17s 4d. 5 <iS.

6. Rs. 2*75. 7. 81% of bill value.

8. (a) Rs. 101,000 (b) Rs. 9, 504.

9. Rg. 109*45, Rs 112 50, Rs 4,500.

10. £ 292. 11 Rs 11,925 83 nP.

12. (a) 2 27% W 4*08%
13 Rs 8 67, Rs 8*55, Rs O' 12.

14. 5%, Rs 3,240. 15. 73 days after date.

16. 15 months. 17. Sept. 19, 1935.

18. Rs 1575*23. 19 Rs 2,500.

20. Rs 180/U5. 21. Rs £ 618 11s.

22. Rs 1257*37.

Exercise 13

1 . 6th Apr. 2. 27 th June1 . 3. 22nd Dec, 1956.

4. 14th Feb. 1944. 5. 6bh Nov. 6. 9th Apr.

7. 6th May. 8. 15bh Apr. 9 Rs. 2393 42

10. 21st June. 11. 46*%
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Exercise 14 W

1 . 19*07 lire, *052 dollar. 2. Rs b
3. Rs 3200. 4. £ 1 = 20*45 mark.
5. Rs 96,000 6. 8*90 fr. 7. Rs 3.

8. 3s 6|d, *9% 9. Rs 8333 5aa 4p. 10. Rs 2 25
11. Rs 651*64. 12. 3661 17s 6d.

13. 122967*9 fr. 14. S 764*5

15. Gain Rs 3l0 52. 16. £ 197 14s 7d. 17. Rs 9,600.

Exercise i5
1 .

1
W' 2. J, A, A, tV 3,

1 3

4. irS. 5 4, tV. r
l
s> h ; iV 6.

• l 1
!¥•

7. aff- 8* A. 9. TT
l
ff

10. it

Tf 11. iV 12. x
7
s.

13. 16 a a
TiTtf. 14. flV 15.

*63
s tsg •

17. 91
STff* 19. «. 20. siW-

21. A
22. x%,A. 24.

4-

«•

Exercise 16
1. (i) Rs. 4,925. (ii) £ 2,500. (iii) Rs. 5310.50.

2. (i) Rs. 315. (ii) & 208 8s.

3. (i) 3 64. (ii) 3 09.

4. (i) 4/6 stock. (ii) 6% debenture.

5. (i) Rs. 5,500 stock, (ii) 1,990*26 stock.

6. (i) Rs. 5,000 stock, (ii) Rs. 1004 stock.

7. (i) Rs 12,600. (ii) Rs. 3386*25.

8. 74i. (9) 133i.
11. (i) Rs. 7500. (ii) 1584|.
12. 95. 13. 771 14. (i) 108. (ii) 117.

15. Rs. 44640. 16. Rs. 9000 stock.

17 . £ 4,725 18 Rs. 1000.
19 Rs. 85|. 20. 2i§!4.
21. Rs. 154, 2*36%. 22. 6*5%.

23. Rs. 138. 24. gain Rs. 20.

25. gain Rs. 196. 26 Rs. 15,000 ; Rs. 66,000.

27 £ 388 15s. 28. (i) 115. (ii) Rs. 109/25.

29. Rs. 101/25, Rs. 1920. 30. 2000, £ 1750.

31. Rs. 8000, Rs 2200. •

32 . Rs 4665, Rs. 5040 ; Rs. 81000, Rs. 45000.

33. 14%, 6%, 15%. 34. 2 616%.

Exrrcise 17

I. 19676 yds, 49*19 yds. 2. Rs. 216—7—3p.

3. 1140 sq. ft, 960 sq. ft. 4. 30*y yds, 25*75 yds.
J5. £ 11. lls. 6. Rs. 9836*23

7. £ 4 8s. 2|d. 8. Rs. 103.

9. Rs 129 2 as. 10. 54 92 sq ft.

II. Rs. 825. 325 ft, 12. * 12668*2 cwt.

13. 3268 tbs 14. 8,93,04,000.



Commercial Mathematics
Part III

ELEMENTARY STATISTICAL CONCEPTS AND5

GRAPHICAL REPRESENTATIONS.

Chapter I

ST ATISTICS — its meaning and use.

1. The word c
statistics' in the plural sense is now

used to mean (a) numerical data or figures and
(b

)

the^

statistical methods for handling these numerical data. But
the word c<

statistic” in the singular sense is used to 'mean the

statistical methods only.

c Ancient states used to collect data of population and
resources to assess their manpower and wealth. Gradually

more and more data relating to birth, death, disease etc.

were collected. To-day such data are numerous and easily

available to research workers.

/ Modern statistics is not merely a collection of data.

It is a scientific method and widely applied to every

branch of human knowledge—sociology, agriculture, trader

and commerce and even to physical sciences, t. e. to all the

ways of man and nature.

Statistics does not deal with individual or isolated.

things. It deals with aggregates—that is, a large number
of similar things taken collectively and attempts to bring

out certain uniformities in group behaviour. The inference* or
relationship in mass behaviour is not exact but only approxi-

mate and holds only for a large group of observations.

By applying statistical principles it is now possible

to obtain necessary information regarding a group of data

to- make correct estimates or forecasts; The policy decisions?

of Coitimtrcial Firms, Manufacttinng Industries- and 1 Govdti-
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ments rest on accurate and detailed statistical information.
9

Thorough statistical study makes budgetary and quality control

possible at every stage of production of a modern industry.

Statistics is now defined as the (a) collection
,

(b) classification

<and tabulation y (c) analysis and (d) interpretation of numerical data .

2. Statistical collection

The statistician may be regarded as an architect with

quantitative data as raw material and statistical methods

as tools to deal with;

These data may be obtained by himself or from

Government and private sources, such as various business firms,

chambers of commerce, newspapers, journals etc. Majority

of these collections has been obtained by non-random

observations. These data are not truly representative, but yet

they furnish much information. However, data so obtained,

when interpreted and generalised, may lead to quite wrong

conclusions, and they must be taken with their limitations.

To yield any satisfactory result, the data must be

trustworthy and accurate . Reliability and accuracy are the two

essential requirements in statistical collection.

Before the data are collected, the aim and object must

be clearly understood. Unsuitable data are worse than useless.

Further, the data must be sufficient. A few data are

useless. The sample must be representative of the popu-

lation from which it is drawn.

3. Unit.

Statistical data must be capable of numerical expression.

Units are quantitative measures.

The units must be clearly mentioned, otherwise the

data will convey no meaning. The rainfall data may be

expressed in inches, or centimetres or millimetres. If the

rainfall at a place is entered as 200, we can not say if

itcis 200 inches, 200 cm. or 200 mm.

Secondly, the same data may be expressed in different

units. A rainfall of 200 inches may be expressed as 200, 20, 2 or

.1 according as the unit chosen is 1, 10, 100 or 200 in.
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Thirdly, the same unit may have different values. Thus
a ton is supposed to have many values. A long ton is equal to

2240 lbs., a short ton is equal to 2000 lbs. In shipping business,

tonnage means space available for cargo and its value varies

from port to port and from one cargo to another.

Fourthly, the monetary units—such as rupees, francs,

dollars are subject to fluctuations and are unsatisfactory.

As a measure of value they change with the rise or fall

of price level.

4. Classification and Tabulation

The collected data are without any form or structure.

They arc called raw data. The raw data are next re*

arranged or classified in groups on the basis of some
common characteristics.

There are four bases of classification—quality
,
quantity,

time and location. The four types of classification are :

1. Qualitative—Qualitative classification is on the basis of

kind or quality. When inhabitants are classified according to

sex—into male or female, or according to religion into Hindus,

Moslems, Christians, we have a qualitative classification.

Rice may be classified as hill rice or swamp rice
;

silk may be classified as natural or artificial.

2. Quantitative—It is on the basis of quantity. In-

habitants may be classified according to height, weight,

age or income. Colleges may be classified according to

the number of students. Families may be classified accor-

ding to the number of members.

3. Chronological—Here the basis is time. When data

are classified in relation to time, we have a chronological

classification. Chronological data form a time series. Popu-
lation of a country, rainfall, crop production of an area,

when classified according to years form time series. The
time series exhibits certain patterns—cyclic, seasonal or

irregular. The incidence of small-pox in Calcutta shown
by monthly data forms a monthly time series.
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4. Geographical. When the basis is regional or loca-

tion, for example, when population of West Bengal ig

shown by districts or by subdivisions or by smaller village

units, we have a geographical classification.

Quantitative, chronological and geographical classifi-

cations are sometimes put into the form of frequency

distribution which will be discussed in the next chapter.

5. Presentation. Statistical data are presented in any

of the following three methods.

(1) Text presentation

—

i.e ., by means of figures and des-

cription (called text). This method is less effective. It is impo-

ssible to grasp the matter without going through the paragraph.

(2) Tabular presentation—It is a shorter but more

effective method than the text.

High Density Sub-Regions of India, 1951 ( TITLE )

CAPTION
- A

Name of Sub-regions
Popula-
tion

(lakhs)

Density
(Number per

sq. mile)

Land area
(Lakhs of

acres)

Lower Gangetic Plains 700 832 538

Upper Gangetic Plains 389 681 366

Malabar-Konkan 238 638 239
South Madras

North Madras and*

307
|

554
i

i

355

Orissa Coastal 211 461
| 293

Total 5 Sub-regions 1,845 660
|

1,791

<
(grand total)

Foot note

—

Source note—Data from Census Report of India, 1951, Vol. 1.

A table consists of four parts—the title, the stub, the

caption or box-head, and the body.

The title is- self—descriptive and is at the head of thc.-

table. It shows what the data are, where they

taken, how they are classified and when.
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The stub is the extreme left hand column with its

heading.

The caption is the row of headings of all the

columns excepting that of the stub.

The body contains the other rows and columns. Often

there are one or more footnotes at the bottom of the table

to explain some points.

A source note if required is appended at the end indi-

cating the source from which the table is taken.

The advantage of tabular presentation is that use of

rows and columns makes comparison of data easier.

Types of table s There are two types of tables—the

general and summary. General tables are very large and
contain much more information than summary tables. The
summary tables, as the name implies, are short and con-

tain grouped data.

When data are large, ratios, percentages, averages are

used.

A simple table contains only a few data.

If the figures are only roughly accurate, they are

rounded. In rounding they are taken in hundreds, thou-

sands, or millions etc. Thus Rs. 4896 would be Rs. 4900, or

Rs. 5000 when rounded to the nearest hundred or thousand.

Size : Usually a table is of the size of a page or
pamphlet. The length and breadth of a table should be
proportionate. It should neither be too short and broad,

nor too long and narrow.

Totals : Sometimes cross totals and long totals are xnade

to show the grand total. Although it is not a positive check, it

affords a check to the correctness of the row and column totals.

(3) Charts and graphs are more effective than the

text and table. They present a quick picture even Jto a
casual observer. But these are not without limitations.

Firstly, they lack in details and exhibit only a limited informa*

*ion. Secondly, such limited information is only approximate.
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for even accurate figures such as 5231, 1390, can only be

shown in hundreds as 52, 14 or in thousands as 5, 1.

6. Charts are of different types—line chart, barchart,

picchart, pictograph etc.

7. Analysis and Interpretation : After presentation the data

are analysed and interpreted. The analysis may discover certain

common characteristics and explain their significance by

which a fair estimate or forecast can be made.

Chapter II

METHODS OF COLLECTING STATISTICAL DATA
(including elementary notions of sampling)

8.

As already pointed out statistical data are obtain-

able from various sources. They may be divided into two
broad groups (a) Primary and (b) Secondary.

Primary Data are collected and compiled by original

inquiry and published by the agency responsible for collection.

The census of India is published by the Government of India

who are also responsible for collecting the data. Such data

collected by the issuing authority are primary.

Secondary Data—Data originally collected by other

than the Publishing authority are called secondary. Secon-

dary data must have some purpose for their original

collection. They are reprinted from the primary data.

It is preferable to use primary data, because (a)

primary data are given in greater details,
(b )

they are

more reliable than the secondary, for the latter may
contain mistakes and misprints due to transcription, (c)

usually primary data contain a schedule and method of collec-

tion, and
(d) the primary source defines terms and units used.

9.

Principal Sources of Primary Data

* Official Publications

—

• (a) The Census of India (Decennial)

(4) Agricultural Situation in India (Monthly)

(c) Reserve Bank of India Bulletin (Monthly) etc..
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Principal Sources of Secondary Data

(a) Official Publications e.g. Statistical Abstract of

India (Annual), The Indian Trade Journal*

( weekly ), Monthly Statistical Digest.

(b) Publications by Stock Exchanges, Trade Asso-

ciations, Chambers of Commerce, etc.

(c) Publications by Research Associations

(d) Individual collections.

10* Methods of Collection

(1) The complete enumeration method. (2) Postal

method. (3) Method of sample survey.

The first two methods are also known as questionnaire

method.

(1) The Complete Enumeration Method.

By this method, statistics are collected by complete

coverage of the entire field of inquiry.

For such a study the layout is made in advance.

A set of questions—called a questionnaire— is framed and a

schedule is prepared so that the replies received by the enume-

rators may be entered. The schedule is edited and the data

are classified. The method is popularly known as census.

Preparation of Questionnaire

1 . The questions should be simple and clear.

2. Offending, lengthy and leading questions should

be avoided.

3. Questions should be such that the answers may be

given in a short form
:

yes or no or in round figures

as 15 or 20 etc.

This method has several drawbacks

1. It is very costly. 2. It requires much time for planning

and execution.3. It is not always feasible without a huge orga-

nisation. But it has one particular advantage that the trained

enumerators interview the informants and explain the questions.
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(2) Postal Method
0

A list of questions called the questionnaire is sent

to individuals either by post or by person to be filled up at

convenience and sent back by post. There are no enumerators

meant for any personal contact with the individuals.

The drawbacks of the system are

1. Some individuals may not understand the ques-

tions and so their entries are misleading.

2. Some may not return the forms at all. But this

method spares time and money.

Complete or quasi-completc census is very expen-

sive and time-absorbing. Moreover, for a statistical study

of any assigned problem such complete coverage of popu-

lation is not always necessary. Modern statisticians have

developed techniques of drawing a representative sample

from a large population.

One of the most important statistical laws is the Law
of Statistical Regularity which states that if out of a larger

population a small group is drawn at random , the random sample

will exhibit the characteristics of the larger group .

Hence, the essential point in statistical enumeration

is to collect a sample as representative as possible.

(3) Method of Sample Survey

Definition : Population
(
or Universe

)
—This word is

|ised to mean the aggregate or totality of all persons,

or objects under study.

When we study the problem of marks received

by candidates in an examination, our population consists

of marks and not of candidates. Thus population may
mean population of heights, population of age, population

of dwellings, population of bricks or factories, etc.

Again, population may be finite or infinite.

A finite population has a finite number of yalpQ?

between any tvyo fixed yalnw. Tfiqs, popnlatipn pf
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students is finite for, between any two limits, say 50 and 100, it

can take up only limited integral values. The heights, age,

weights of the students each from an infinite population.

Sample—A portion of the population under study is

called a sample of the parent population.

Random Sample—A sample is called random, if every

item in the parent population has an equal chance of

being included in it.

There are several types of Sampling.

(a) Random Sampling—In a random sample, a group

of specified number of items will have the same probability

of selection.

The principle of randeim sampling is applied in drawing

lotteries. Tickets alike in all respects—size, shape, weight and

colour—arc each given a number of sold tickets. These are

mixed together and one is drawn from them. After the first

ticket is drawn, all other tickets are again mixed together

and again one ticket is drawn. This process is continued

till the requisite tickets are drawn*.

( b

)

Systematic Sampling—If a sample is obtained by

drawing every 10th or any other fixed item in an ordered

arrangement the sample is called systematic. In such a

sample the first item is selected at random. The list must

represent the entire population. It is practically a simple

random sample. Such a sample may be drawn from a list of

names arranged alphabetically.

(c) Stratified Sampling—In stratified sampling, the

parent population is divided into distinctive classes—called

strata before any sample is drawn. Each stratum is then

subdivided into sampling units and from them a sample

of desired size is selected at random.

* A random sample may be conveniently and most reliably drawn

hy moans of random numbers. Tables, of random numbers arc av

*b C Apr ready Vsc * ( See Appendix )
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Other types of sampling are

(d) Area or Cluster Sampling
(e) Quota-Sampling

(/) Purposive Sampling (g) Sequential Sampling etc.

Samples must not be biased. Bias may be introduced

in different ways. Biased samples lead to misleading results.

^ Chapter III

FREQUENCY DISTRIBUTION

11. Raw Data—After the filled up schedules are received,

a huge mass of data is at hand. These are in a raw state-

without any shape or form and form an un-classified mass.

The raw data are then rearranged in groups. This

process is called classification.

12 Variable—A characteristic of the data such as

height, weight, wages, income which can be expressed

numerically is called a variable or variate.

A variable may be continuous or discrete. A continuous vari-

able is that which is capable of assuming any numerical value

within a given range. Age, height, weight are continuous vari-

ables. A discrete variable can take only a limited number of

values. Numbers of boys, houses, books are discrete variables,

for they can assume only positive integral values.

13* Frequency—The number of times a particular

value of a variable occurs is called frequency of the value

and the table showing different values of the variable

with their respective frequencies is called frequency table .

Classification or distribution of the frequency of the vari-

able is called frequency distribution .

The variate is usually denoted by x andfrequency by f
14. Array—When the raw data are arranged in ascending

or descending order of magnitude, we get an array tabulation.

15. Glass-interval—The difference between the maxi-

mum and minimum value of a variable is called the

range. Each sub-range into which a large range of the
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variable is divided is called a class-interval. The class*

interval may be made narrower or wider according to

requirement. Too many or two few classes are unsuit-

able. The end limits of each class interval are called

class * limits. The number of classes should be 8 to 20.

Usually the mid-value or central-value or class-mark

is taken to represent the value of the class. The mid-

value of any class interval is the arithmetic mean of its

lower and upper limits. - -

Thus if the classes be 10— 15, 15—20, 20—25 etc.

the class limits are 10, 15, 20, 25 The mid-value of the

class 10-15 is
10+ 15

=. 12'5, that of 1 5-20 is j 7.5 etc.

The class-interval is 5 (being 10 and under 15 i.e. from

10 to 14 only), similarly from 15 to 19 etc.

The mid-value of any class can also be found thus

The mid-value of any class

=lower limit+ £ x class-interval.

Thus the mid-value of clasiT"lO-15= 10+£x 5

= 10+2-5=12*5, that of 15—20=15+£x 5= 15+2*5= 17*5 etc.

The number of items falling in any class-interval is

called class frequency .

Class-interval when equal, can easily be found by

mid-values of classes. Thus 12’5, 17*5, 22*5 being the

mid values of classes, the size of the class interval

= 17*5— 12*5=5 or 22-5-17*5=5.

Raw Data TABLE 1-A

Marks obtained by SO students in a Test Examination

February 21, 1962.

80 25 25 40 30 29 34 44 42 45

44 20 48 44 44 48 36 46 46 46

36 60 32 48 32 60 65 75 35 10

60 20 46 48 50 38 48 34 50 60

34 80 75 20 15 70 68 38 62 48
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TABLE 1-B

10 32 42 48 60 Tabic 1-B shows the marks

15 34 44 48 60 in ascending order. It is

20 34 44 48 62 called an array. An array has

20 34 44 48 65 troublesome form. It, however.

20 35 44 48 68 shows the maximum and

25 36 45 48 70 minimum marks and the

25 36 46 50 75 frequency of the data. But

29 38 46 50 75 some charactertics of the

30 38 46 60 80 data are not yet discernable

32 40 46 60 80 so easily and something yet

remains to be done.

FREQUENCY DISTRIBUTION OF STUDENTS

( Classified on the basis of marks )

TABLE 1-C TABLE 1-D

( Class-interval=5 ) ( Class-interval=10 )

Marks Frequency Marks Frequency

10—14 1 10—19 2

15—19 1 20—29 6

20—24 3 30—39 11

25—29 3 40—49 17

30—34 6 50—59 2

35—39 5 60—69 7

40—44 6 70—79 3

45—49 11 80—89 2

50—54 2 50

55—59 0

60—64 5

65—69 2

70—74 1

7*5—89 2

80—84 2

50
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Tables 1-G and 1-D represent two different degrees

of condensation* Table 1-C presents a condensed summary

of 1-B and shows a classification with class-intervals of 5

marks. There are 15 classes in all. Table 1-D shows a

decrease in classes and an increase in the size of class-

interval. There is a further loss of details.

In the case of continuous variables such as heights,

weights, wages, the . class-limits sometimes appear to be

overlapping. In such a case, we may specify the class-

limits as follows :

—

TABLE 2

Frequency distribution of workers in a Machine

Tools workshop at Calcutta

( classified according to daily wages ).

Daily wages Frequency

Rs 5*00 but less than Rs. 5*50 4

5-50 „ „ 6-00 7

6-00 „ „ 6-50 13

6-50 „ „ 7-00 22

7-00 „ „ 7-50 30

7-50 „ „ 8-00 18

8-00 „ „ 8-50 10

8-50 or over 6

Total 110

16. Tally or Score Sheet—It is hazardous to con*

sttuct an array table. The table of frequency distribu-

tion can be made directly from Raw Data by the follow-

ing device.
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Let us take the Table 1-A. From this we can
directly construct Table 1-C without forming the array

Table 1-B.

The classes are written down vertically.

In the first class-interval 10— 14, there is 1 item.

Put 1 small vertical line against this class. Similarly for

the second class-interval.

There will be as many small vertical lines against

each class as there are items falling within that ‘class.

For convenience, put four such lines side by side

and for the fifth strike a diagonal across them. Thus the

counting is arranged in groups of five.

a group of 5 is shown by Wf
a „ „ 12 „ „ M WJ }l

Similarly, we can construct Table 1-D with a class-

interval of 10 marks as follows :

Frequency table 1-D compiled from

Rato Data Table 1-A

Class-intervals
1

Frequency

10—19 II 2

20—29 mi j
6

30—39 MM I H
40—49 mmm ii 17

50—59 II 2

60—69 Mil 7

70—79 III
j

3

80—89 // 2
1

1 Total 50 |
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17. Cumulative Frequency

For certain purposes cumulative frequency distribu-
tion is useful—particularly when we want to know how
many of the items are above cr below a certain level.

It is prepared by adding up frequencies from either end.
Thus it is possible to cumulate a frequency series in two
ways—from above or from below.

The following is the cumulative frequency distribu-

tion from Table 1-D.

TABLE 1-E

Cumulative Distribution of 50 candidates,

( classified according to marks.
)

Cumulative frequency

Marks number of students

class-interval Below the upper Equal or greater
= 10 limit of each than the lower

class limit of each class

10— 19 2 50
20—29 8 48

30—39
! 19 42

40—49 36 31

50—59 ! 38 14

60—69 45 12

o>1o 48
;

5

80—89 50 1 2

From the above table we can readily say that

number of students getting 50 marks and above is 14,

number of those getting below 40 marks is 19 etc.
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Exercise 1

A. Define statistics and state its use.

2. How are statistical data classified? Give suitable

examples.

^3r. Distinguish between Primary and Secondary data

and name their principal sources.

^4. What arc the different methods of collection of

statistical data ? Enumerate their relative advantages and

disadvantages.

5. What do you mean by sample survey ? What ar<S

the different types of sampling ? Give Suitable examples.

6. Distinguish between continuous and discrete variables.

How do their graphs differ ? Illustrate your answer.

7. Attempt a tabular representation of the information

contained in the following extract relating to industrial

accidents :

—

In 1929 there were 19,077 non-fatal compensated cases

which might be classed as permanent injury whereas there were

80,107 which might be classed as temporary injury. For 1930,

these figures respectively were 22,434 and 86,106 ; and for 1931

they were 21,761 and 70,000. The total accidents for the

three years were 523,604 ; 471,510 ;
419,072 respectively.

The tbtal deaths (included in the former accident totals)

vc:: 2j093 ; 2,006 ; 1,793 respectively of which totals compensa-

tions were paid for 1,217, 1,308, 1,241 respectively. The
number of total accidents for which compensation was paid

was 100,401 in 1929 ; 109,848 in 1930 and 102,985 in 1931.

(CU. B. Com. 1955).

8.

Make a cumulative frequency distribution from the

following series of values in rupees.

(a) 40. 20, 5, 7, 3, 8, 9, 15, 20, 25, 17, 28, 40, 20,

18, 10, 15, 30, 35, 50, 26, 28, 46, 29, 30, 5, 50, 28, 10, 5,

8, 2S, 35, 7, 20, 18 with a class-interval of 5.

•(b) 2-15, 8-00, 3-75, 4*25, 7-00, 3*20, 5*00, 6*75, 4*30,.

1-50, 7-80, 9-15 7;
25, 6*95, 8*75, 7'20, 185, 7'30, 8 75, 1 -85„

6-00 with a class-interval of 2*50.



Chapter IV
MEASURES OF CENTRAL TENDENCY

Mean, Mode, Median and Quantiles

18. Most Frequency Distribution of quantitative data

collected from different fields show some common characteris-

tics—some uniformity in their mass behaviour, firstly, the

individual items in the distribution take up different values

and no single value can represent them and secondly, there

is a marked tendency to cluster towards the middle or

about a central value. ( This tendency of massing in the

central part of the distribution is called central tendency
.

J)

If the different values in a distribution be spread over a

scale there seems to exist a value at which the clustering of values

appears to be greatest. This value at which the massing is

maximum, is taken to represent the measure of central tendency.

19. Several are the measures of central tendency. All

such measures are called averages . Sometimes averages are

termed measures of location , because they locate the position

of concentration of values. The average is a single value

which typifies the whole group.

The measures of central tendency are the three types

of averages : (1) Mean (2) Mode and (3) Median.

Again, Mean is of three kinds :

(a) Arithmetic Mean (b) Geometric Mean and

(c) Harmonic Mean
Arithmetic Mean is commonly written as A. M or A.

The arithmetic mean A of a series of n values x 19 x9i ...xn

A rr=
xi’\~x%+ .-. +*« __ 27* / __ Sum of the values \

1S
* n n \ Number of values /

#

where the symbol 27(pronounced as sigma) denotes summation.

This is called simple arithmetic mean .

Evidently, 27*=«. A.

S—

2
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Thus, the arithmetic mean of 5 numbers 8, 26, 40, 7, 19

is A —8+26+40+7+19 _ 100 _20
5 5

There is another arithmetic mean called weighted

arithmetic mean .

If *i, *2 , xn be the different values whose fre-

quencies are fi,f2 then the totality of the items is given by

fiXi+fzXz and the weighted arithmetic mean

- a _flXl “h/**®+ • • • "\-fnXn __%fx

/1+/2+ s/’

Thus, if there are 5 boys of height 4' each, 8 boys

of height 4'9" each and 7 boys of height 4'4" each :

their weighted average is

4' x 5+4'9* x 8+4'4* x 7 20'+ 38'+ 30'4 88'4"
~ 5+8+ 7 20 20

= 4 '

5\

y’+o. Computation of Arithmetic Mean by deviation (devia-

tion of x from A— x—A )

Vo--.
One property of arithmetic mean is that the algebraic-

sum of the deviations of the different items from the mean is

zero .

The proof of this important property is very simple.

for, since
Xl ^~ X2 **\

n

We have, #i+*a+--- +*« =^wA= (A+A+ ...to n terms)

By transposition, (*i—A) + (.v2—A) + (at« —A) =0.

The above property may be written as

2(*—A)=0 or 2^=0, where d denotes deviation.

For example, let 4, 5, 9, 10, 12 be 5 different items,

, . . i . . * 4+-5+9+10+12 40 ; 0their arithmetic mean is A=

—

5— —^ 1 — --==8.
5 5

The deviations of the items from A are

4—8, 5—8, 9—8, 10—8, 12—8, whose sum

= (-*)+ (-3)+ l+2+-4=0.
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To find simple A.M. by deviation

Let a be any arbitrary assigned mean, tlien

a __2*_2(a' -a+a) _£(*—<j)+2a

__%{x—a)-{-na_ %{x—a) vrf
- — a-\- = tf-4-

n n
1

n

Ex 1 . Find the arithmetic mean of 5, 7, 10, 8, 12.

By deviation

Let 9 be the assumed mean.

X d

5 5—9=—

4

v 2tf=

7 7—9— —

2

VflT

10 10—9= 1
n

8 8—9—— 1 a -i

12 12-9=- 3

-3

= -•6

21. To find weighted A.M by deviation s

As before, let a Vie any arbitrary assigned mean, then

. %fx f(x—a-\-a) %f{x—a)+ '£ fa

s/~'
?

tf S

/

~ if
+

if
~a+

if
+

n

(
since 2/=number of items===«

)

or
S/,=SSL

Ex . 2. Find the weighted arithmetic mean of the-

following ungrouped frequency distribution of 100 workers-

classified according to weekly wages *

Ordinary Method
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Weekly I Number of workers
1
Pioduct

wages Fiequcncy

*
|

r A
Rs. 10 3 50 Ef\ 2143

17

20 1

ii

20

2 50

400
.’.A-

Ef\ 21 1

3

n
~
100

22 35 770 21 13

25 10 475

30 7 210

100 2143
'

By deviation A
n

Let the assumed mean be 20

Weekly fiequency deviation

wages Efd= 143
X / d fd

. Efd 143

10 5 -10 -50 *
* n 100

17 14 -3 1
-42 =1*43

20

22

20 1

35

0 1

2
1

O

O n

25 19 5 95 =204-1-43

30 7 10 70 =21-43

100 *143

Grouped Data—When the data are collected ingroups and

arranged with respective frequencies, the arrangement is called

a grouped frequency distribution.

22. Arithmetic Mean from Grouped Data

Ex. S. Compute the A. M. from the frequency dis-

tribution of 252 students in a Test Examination, classified

according to marks.
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m
i

Long Method

The midpoint of each class interval= lower limit of the

class4 half the class interval.

Glass-interval

= 10

Midpoint

X

Frequency

/
Product

f*

10-10 15 6 90

20-29 25 12 300

30-39 35 41 1435

40-49 45 • 60 2700

50-59 55- 71 3905

60-69 65 50 3250

70-79 75 10 750

80-89 85 2 170

252 12,600

,600

252

Short Method .a ,
^ fd .

|A=fl+ xir n

To shorten computation, we select V to be the

midvalue of any class and take the deviations in terms

of class-intervals as units.

This device is particularly advantageous when class*

intervals are equal.
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Class-interval Midpoint Frequency
(
in class-

= 10 X /
interval )

d fd

10-19 15 6 -4 -24
20-29 25 12 -3 -36
30-39 35 41 -2 -82
40-49 45 60 — 1 -60
50-59 55 71 0 •

60-69 65 50 + 1 50

70-79 75 10 ' +2 20

80-89 85 2 + 3 6

252 -202 76
’

Steps 1. The assumed mean is chosen as the midvalue

of the 5th class. So that a=55.

2. The deviations are calculated in terms of class-

interval units. The deviation of the next lower class— — 1,

that of next lower class=—-2
;

that of next higher

class= + l etc.

3. Take the algebraic sum of the deviations. This is

=—202+76= — 126

4. Divide this sum by the total frequency 252 and

multiply the fraction by the class-interval i (
— 10 )

— 1 26
The necessary correction^ 252*

A=55+(— 5) = 50.

Note—The arithmetic mean* is a calculated value and may not

exist iti the series of items.

23. Geometric Mean
(
G. M. )

The geometric mean G of a series of n values

#1 ,
*2, x* k

G=(*i. X2 Xn) ltn

Taking logarithm, - %

log G= log Xi+log x2+...+log Xn }
=—
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Thus logarithm of the geometric mean of a number of values is

the arithmetic mean of their logarithms#

Ex. 4. Find the geometric mean of 4, 8, 16, 128

G=( 4. 8. 16. 128)*=-( 8*x24 )*= 16.

24. Weighted Geometric Mean

If the values x,, *2 , x„ have weights ft,.ft •/»>

then xn fn^
f,+fl+ +f"

• r /i loS vx +/* log x.z+ . .
. +/„ log.vH_ 27/ log v

•* l0g G==
n

~ n

where «=/H-/i+...+/« - 27/= total frequency.
V

Ex. 5. Find the G. M. of 18, 12, 48, 61. whose "weights are

3, 5, 2, 8 respectively.

X / log X f. log X
27/ log *=26-7507

_ 26-7507 _
.*. log G=

J8
=1-4837

18 3 1-2553 3-7659

12 5 1-0792 5-3960

48 2 1-6532 3-3064

61 8 1-7853 14-2824 .-. G=30-41

18 26-7507

25. Harmonic Mean (H. M.)

The Harmonic Mean H of a series of n values

Jflj A2, • • IS
I

H
A’

n

that is, reciprocal of the harmonic mean is equal to the arithmetic mean

of the reciprocals of the values.

[ If x be a value, then *
is called its reciprocal ]

Ex. 6. Find the harmonic mean of 18, 12, 30.

1 _A+iV+* = 10+ 16+ fl = sl
.

H~ 3 180x3 540
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Note—When all the items are equal, *the Arithmetic,

Geometric and Harmonic means are equal.

As for example, the A.M, G.M, and H.M. of three

numbers 8, 8, 8 are each 8.

26. The Median is defined as a valife which divides a dis-

tribution arranged in order such that it lies between an equal

number of items on either side of it.

The Median from ungrouped data.

To find the median, arrange the items in any order

of magnitude. Then the middle value is the median.

Let n be the number of items.

If n is odd, the median is the value of
fc)

th. item

If n is even, we say there are two middle items whose

arithmetic mean is the median. In this case median is

not a member of the series.

Ex. 7. Find the median of the following series of items.

(1) 40, 15* 39, 87, 52

(2) 30, 8, 25, 47, 35, 84

(1) Rearranging the data in the ascending order 15,

54_ i

39, 40, 52, 87, the median=' or 3rd item =40.

(2) Rearranging, we have 8, 25, 30, 35, 47, 84

The number of items being 6, there are two middle

items 30 and 35 whose arithmetic mean is the median.

the required median =32'5

Ex. 8

.

Compute the median from the following un-

classed destribution of weekly wages of ^jjroup of workmen.

Wages in Rs 15 16 17 18 19 20 21 22 23 Total

Number ofworkmen 0 12 14 15 18 25 14 7 4 115
-v- *

Here number of items=n=llg (odd^

the median is the =* =56/A item



Mode 25

( 48th to 65th items are included under the frequency 18)

whose variate is 10.

Ex. 9. Find the median from the following unclassified data.

5, 50
; 30, 8, 70, 15, 10, 5, 8, 20, 40, 32, 30, 8, 15, 60, 40, 28,

15, 20, 40, 40, 28, 30, 32, 42, 60, 10, 15, 32, 5, 20, 15, 42, 32, 40.

Form the following frequency table

.
L

«=36

There are two middle

items, the 18th and 10th.

The 18th item =28. L

"Toth item—30.

.. 28+30
. . the median= —

=29

36

Xote—Here the value of the median docs not coincide with any item.

(*)

5
III

.(/)

3

8 Ill 3

10
II

fii'l i

o)

ft
1 •}

20 in

t)'

3-

-28 a o
c

^M) I!
1 3

:*2 III! 4

40 mu 5

42 ); 2

50 / I

60 // 2

70
/

J

27. Mode (Ma ) is the value of the item at which, the

concentration is greatest. If is called the “thickest value”

having the greatest massing of items.

Ex. 10. Find the mode of the ungrouped data

4, 3, 2, 5, 3, 4, 5, 2, 1, 7, 3, 2, 1

x f

1 2

2 3

3 3 There are two modes 3 and

4 2 2 each of frequency 3. ,

5 2

7 1

13
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Ex. 11. Examine if the series

l, 3, 5, (5, 8, 2, 4 has any mode.

Every item has the same frequency 1. There is no

modal value.

28. Mode from grouped data by interpolation formula.

The mode may be located by means of the following-

formula.

where /--lower limit of the modal c lass
(
in which the

mode lies )

fi ---frequency of the next lower class

/i--=
” ” ” ” higher ”

v -size of the modal class.

Ex. 12. Compute the mode for 227 Apprentice Engineers

on the basis of monthly allowance.

Monthly allowance Number of Apprentices

{class-interval-: 10)

Rs 120-129-09 7

130-139-99 26

140-149-99 45

150-159-99 60

160-169-99 49

170-179-99 27

180-189-99 10

190-199-99 3

227

The class 150—159*99 with frequency 60 is the largest

group, that is, it is, the modal grqup i^fiose mid-value

=

150+5=155. So the mid-value 155 appears to be the

mode.
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If we increase the class interval to 20, we have

Monthly allowance frequency

(class interval-- 20)

Rs. 120—130*09 33

140—159-90 105

160—179-99 76

180—199-99 13

227

Here the modal group is 140— 159-99 with midvalue

1404-10—150, which appears to he the mode.

Thus, the mode changes with different classifications.

Hence this method does not give a tangible result

for mode. If the class-interval decreases, the computed mode

approaches the true modal value.

Applying the formula

For class interval 10

The mode lies in the class 150—159*99.

/. /-1 50, yi=-45, 7^-49, a~ 1 0.

49 v 10M— 150+ 45'jpj9“" ^504-5*21 - 155-21

For class interva\ 20

The mode lies in the class 140 — 159-99

Z=140, 7,-33, /o— 76, a—20

M= 1 40 -f- /-I* ta— - 140 + 13 04 =-- 153 04. These two
1 334-/6

modal values are not so widely different.

The interpolation formula gives an approximate mode.

' Bimodal groups. Sometimes a distribution shows two

modes—two cases of concentration. This may be due to

various causes such as class limits, want of sufficient data

etc.
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In such cases we may find an approximate mode by

altering class-limits.

29. Mode from Mean and Median.

Mean— Mode-- 3 (Mean— Median).

Ex• 13• Find the mean and median from the following

distribution and hence determine the mode.

1, 3, 5, 3, 2, 1, 8, 7, 2, 1

vr^n~ l +3+5+3+2+I+8+7+2+l-33 -3-3-Mean - 1Q 10
6

Arranging the data in order of magnitude

I, 1, 1, 2, | 2, 3.
|

3. 5, 7, 8. we have

Median— 2*f>

•\ Mode— Mean —3 (Mean— Median)

—3*3—3 (3*3— 2\5) —3*3 —3 X *8=3*3 2*4— ’fl

The above relation gives only approxhnate mode.

30. Relative advantages and disadvantages of Averages

A.M. (1) It admits of easy computation by summation

and division only.

(2) It is easily intelligible and the commonest

measure of average.

(3) It can be always found out and treated alge-

braically.

but (4) It is influenced by every member of the series

and the presence of a very small or very large item

gives a misleading mean.

G.M. (1) It is less influenced even by the presence of a

.
high value.

(2) It can be found out if no member is zero or

negative. * *

(It is zero if one member is zero, meaningless if one

member is negative)
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(3) It is most suitable for averaging ratios—such

as in finding out percentage increase or decrease as

in the formula for compound interest.

A=P(l+i) n

(4) It can be treated algebraically.

H.M. (1) It is suitable for averaging prices and has limited

use.

(2) It can be algebraically treated,

but (3) It is not a mean of wide application.

Median (1) It can be found out, even when data are not all

known and the items are not numerically measurable.

(2) It is affected’ by the position of any extreme

value, but not by its magnitude.

but (3) it can not be algebraically treated.

Mode (I) The mode g*ves an actual value—a value which

occurs in the distribution.

(2) It is not affected by any extreme value.

but (3) it is not so easy of computation from unclassi-

fied and unarrayed distribution.

(4) It can not be" treated algebraically.

(5) There may be even two or more modes. So in

such a case, it fails to give a correct idea.

(6) The mode fails if importance is given to extreme

values.

Generally, A.M>G.M> H.M

If ail the items in the distribution are equal, then

A.M=G.M=H.M.

The arithmetic mean, median and mode are regarded as

|the most important measures of central tendency. ,

Graphical representation of Mean, Median and Mode

In a symmetric distribution the position*of the mean,

median and mode is the same.
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But in an assyrnmetrical or skew distribution the median

lies between the mean and the mode and the distances between

them are approximately

given by Mean—Mode
=3 (Mean—Median).

The concepts ofthe above

three measures may be

graphically shown thus :

—

The mean is the centre

of* gravity.

The median divides the

frequency curve into two

Fig. 1. equal parts.

The mode lies just below the peak of the frequency curve.

31. Quantiles—Quartiles, Quintiles, Deciles

Quantiles are Partition values. A Quantile divides

the total distribution in given proportions.

Quartiles—There are three

quartiles which divide the total

frequency into four equal

parts.

First Quartile (Q t )—is that below which lies one-

fourth of the total number of items and three-fourths above.

Third Quartile (Q s )—is that above which lies one-

fourth of the total number of items and threefourths below.
;

v

Second Quartile (Q s )—is identical with the Median,

having one-half of the items below it and one-half above.

Quintile—There are four quintiles which divide the

distribution into five equal parts.

'Deciles (D) divide the total frequency into ten equal parts.

Percentiles—divide the total distribution into hundred

equal parts.

If! n be the number of items in a distribution

Lower
value

Upper
value

Qs Qs
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Q^value of th. item and
4

and Q 8 =value of ^ th. item beginning from

n -X I

the lower value. Similarly. Z)j— value of '

th. item,

/)
7— value of

^(^+ 0 ^ item from the lower value.

For partition values the data are first put in ascending

or descending order of magnitude.

Further worked out Examples

Ex. I. Compute the arithmetic mean of the following.
C'

Serial No. 1 2 3 4 ' 5

Heights

(in inches) 00 54 65 58 62

Serial Height Deviation (a—a)
No. (•V)

(d)

1 60 0

2
o

54 - 6
i ^

4

Ot>

58

“t'O

-2
5 62

i +2

n=5 27a=299 Zd=-

1

a=assumed mean=60

By ordinary method, A. M.= =59 #8 inches

ci jr '

|

By short-cut method
,
A. M.=a+ — = 60 -|—_ =60 — *2

.
n 5

=59*8 inches.

9 Ex. 2. Compute the weighted arithmetic mean from the

ollowing frequency distribution.

Marks 0 15 30 40 60 75-85'

No. of students 5 8 25 30 15 2
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Marks
(*)

|Frequency

(/)
f. -V.

1 Deviation
d~x— a

/• *

0 5 0 -40 -200

15 8 120 •25 -200

30 25 750 -10 -250

40
1

30 1200 0 i o

GO 15 900 20 300

80 2 160 40 80
|

/z— 85 £/*x==3l30 - i 27/af— -270

a= assumed mean—40

By ordinary method, A.M= —-^'^=36‘8 marks.

By short-cut method, A.M-

-

0+^^— 40-)-

^-40—3‘2— 36-8 marks.
Ex. 3. Find arithmetic mean from the following grouped

frequency data.

Marks frequency

0—10 2
10—20 10
20—30 25
30—40 40
40—50 60

Marks frequency

50—50 20
60—70 14
70—80 8
80—90 2
90—100 1

Mid-value of

class interval
frequency

•

deviation

1

i

w (/) /* _ , —fl' fd

6 i 2 10 -35 - 70

15 10 150 -25 -250

25 25 625 -15 -375

35 40 1400 - 5 -200

45 60 2700 + 5 +300
55 20 1100 +15 1 +300

65 14 910 +25
‘ 75 8 600 +35

85 2 170 +45
95 1 95* * +55 + 55

Total kmHCmsh Sfd-480
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a— assigned mean— 40

Efx 7760
‘ =42*6 marks
n J 82

A.M= a+^=40+*f*=40-J-2*6=42-6 marks.
n

1 182

E.x 4. Find the mode, median and quartilcs of the

oJ lowing distribution

25, 1275, 748, 162, 967, 162

Mode is the value of the item which occurs most

Mode - 162.

To find the median, arrange the data in any order of

magnitude, say 25
y
162, 162^ 748, 967, 1275 (ascending order)

Number of items — 6.

There are two middle items—whose values arc 162

a nd 748

Median -----arithmetic average of 162, 748

>ra+™_,=«,

1st. Quartile — th. item= ^
th. item=2nd.item

nearly=162.

3rd. Quartile = th. item=“^th. item=5th; item

nearly=967.

2nd. Quartile th. item=-^ th; item=3rd; or

4th item nearly (same as median).

E.x. S. Calculate mode from the following classified

distribution

Age 5—9 9-13 13-17 17-21 21-25

No. of boys 4 38 60 25 7

S—

3



34 Commercial Mathematics

Age mid value frequency cumulative
f, x rw (/) frequency

5- 9 7 4 4 28

9- 13 11 38
1

42 418

'is- 17 lrt 60 102 9Q0

17- 21 19 25
i

127
;

475

21- 25 23 7 134 161

Total n— 134 ; r/\- 1982

The highest frequency is f>0

modal group is 13—17

where /= lower limit of modal group

/0— frequency of the modal group.

7a --frequency of the next group higher than the

modal group

/i= frequency of the next group lower than the

modal group

c=size of the class-interval

By the first formula

20 100
Mode=13 + rw^fS)

-X4 =13+ ^ = 13+ l-tf=l4-6;

By the secondformula

Mode=l3+
2>< 25

x4=13+
57

=13+1-5= 145

Ex. 6. The weekly wages of 5 labourers are

40, 60, 36, 45, 25
«. »

Calculate the arithmetic mean, geometric mean and the

harmonic mean. * %

Arithmetic mean ——i— ——

—

——« -=41 *2
o o
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amari, mtm, log GJ°g <°+'°g 60+logM+lo; W+log 25

_ 1 -602 1+ 1 -7782+ 1 5563+ 1 -6532+ 1 -3979~ " 5

_7^877= 1
.698=log 39.63

. G= 39-63

Harmonic mean

i _*+*+*+*+*
H 5

_ -025+ *0 1 7
+ -028+ 022+ -04

5

132_ 112

5 “5000

H =^=37 '9

Exercise 2

1 . Define the three means and compare their advantages

and disadvantages.

2* Distinguish between the simple and weighted arith-

metic means.

3. Compare the relative advantages of mean, median

aud mode.

4. Find the arithmetic mean, geometric mean and the

harmonic mean of the following unclassified data 4, 128, 16, 8.

5. If be n quantities whose simple

arithmetic mean is M and wv w8...w» be the weights of n

quantities and W be their weighted arithmetic mean, show that

W-M-2W*
2 W

6. Calculate simple and weighted average in the

following distribution.
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wages 3*50 5*26 2*76 8*50 0*29

weight 5 35 20 ' 15 5

7. Calculate the arithmetic mean from the following 42

measurements of a line.

Length in cm . 860 859 858 857 856 855 854 853 852
Frequency 2349 10 841 1

8. From the following distribution of monthly wages

of a group of workmen, find arithmetic mean, mode and

median.

Wages in rupees 20 21 22 23 24 25 26 27 28-29 total

Number of workmen 8 10 11 16 20 25 15 9 6 120

( C.U. B. Com. 1955

)

v- ' 9. Calculate arithmetic mean, mode and median from

the following frequency distribution.

x 92 91* 84 75 73* 72 70* 75

/ 4 12 13 9 8 7 12 18

10. The following table indicates the size and quantity

of socks sold by a retail shop i» January, 1962. Find the

average size.

Size 5 5* 6 6* 7 7* 8

No. of socks 7 23 40 50 80 100 30

1 1 . Find the arithmetic mean and mode from the

following frequency distribution of population classified

according to age and sex,

Age-group in years 20-29 30-39 40-49 50-59

Male 1500 1300 2000 1100

Female 1200 1100 1800 1000

* 12. The following table gives the results of certain

examinations of three Universities in the year 1936. Which

is the best University ? Give reasons for your answer.
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University

Examination
Percentage

A

results in the

B

University

C

M.A. 80
j

75 70

M.Sc. 70 70
[

60

B.A. 65 i 80 70

B.Sc. 60
j

70 80

B.Com. 75 I
65 75

(
C. U. M. A. 1937 )

(
Calculate median in each case with arbitrary weights. )

yf 13. Find the arithmetic mean and the median of the

following frequency distribution.

Weekly earning of the secretaries

Weekly earning Number of Secretaries

Rs. 10(10— 10-99 1363

20-00—2999 2177

30-00—3999 1948

4000—49-99 579

50-00—59-99 214

60-00—69-99 69

70-00—79-99 17

80-00—89-99 5

t>0-00—99-99 4

100-00— 109-99 1 (C. U.)

14. Find the mean, mode...for the following

Years under 10 20 30 40 50 60

No. of persons i5 32 51 78 97 109

(cumulative

« frequency) (P. C. St 1952}

(
Hints—arrange the figures in class—intervals of 10 as

under 0—10, 10—20, 20—30, 30—40 etc. with

frequencies 15, 17, 19, 27, 19, 12 respectively)



Chapter V
Measures of Dispersion

32. VVe have already seen that masses of quantitative

data when, thrown into an organised form exhibit a central

tendency. We have further obtained different measures of

this central tendency-the averages -mean, mode and median.

But all the values of any distribution are not equally

close or equally scattered from the average. Again, this

scattering is not equally pronounced in all cases.

So average as a measure of central value is not enough

to present a correct picture of the distribution.

We must, therefore, know by how much the different

data are dispersed or spread about the average.

For example, the mean of 1, 9, 20 is 10 and that

of 9, 10, 11 is also 10. But the values of the former

group are far more scattered than those of the second group.

If the winter temperature of a place is as low

as—20°F and the summer temperature as high as 1 16°F, then

the mean annual temperature is 48°F, but the annual

range is 116— (—20) or 136°F. Whereas a place with a

winter temperature of 36°F and summer temperature

of 60°F will have a mean annual temperature of 48°F

and an annual range of 24°F.

Thus although the mean annual temperature is the same

at both places, the climate of the first is widely different

from that of the second *

33. There are different measures of Dispersion.

1. Range 2. Quartile Deviation or Semi—logarithm Range

3. Mean Deviation 4. Standard Deviation

«1. Range—The difference between the highest andr

Idlest values in a series is called the range. The range

|*$tween 96°F and —20°F is 116°F, Gut the range between

lf°F and 20°F is 76°F.
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It is the simplest measure of dispersion and its value

depends on the two extreme values—the highest and the

lowest. But it ignores all other intermediate values. Further,

a single but inordinate value at the extremes of a distribution

changes its magnitude materially. This is why it is a crude and

erratic measurement.

Ex. 1. Find the range in the following cases

(i) 5, 50. 200, 1000

(it) 2—5, 6—9, 10— 13, 14— 17. (grouped

distribution)

(i) The range= 1000—5=995.

(ii) The range=1.7— 2= 15 (difference between the

higher limit of the highest class and lower limit of

the lowest class).

34. ^uartile Deviation (Q. D.)

If Qi and Q s are first and third quartilcs, then

Q.. D.^ 1
.

It is a semi — interquartile range being measured by

half the distance between Q, s
and Q 3 , i.e, between the first

and third quartiles.

It is neither affected by extreme values nor by any of the

values between the first and third quartiles.

It is, however, a better measure of dispersion than range.

35. Mean or Average Deviation (M. D)

It is the sum of the deviations of all the items from a

central value—mean, mode or median, and taking their

average. The deviations are all taken positive ignoring

algebraic signs, for with proper signs the total deviation from

the arithmetic mean is zero. Unless otherwise stated, by mean

deviation we shall mean deviation from arithmetic mean.

The symbol
| |

is used to denote only positive value

and read as modulus d (mod. d).
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Thus,
|
-2

|
=2, J 2

|
=2,

|
5-2

|
=

|
3 |

=3,

2-5
|
=

|
-3

|
=3, etc.

Mean Deviation is obtained from the following formula

M. D.= ^
'
d L
n

If the median is taken as the average, the sum of the

deviations, taken all positive, is a minimum. Mathematically,

it is unsound to ignore the negative signs and taking them
all positive instead.

Ex. 2. Find the mean deviation of

4, 14, 39, 15, IB

The arithmetic mean = Sx 4+14+39+ 15+ 18

The deviations of the numbers from 18 are

|

4—18
I , |

14—18
| , |

39-18 |, |

15-18
| , |

18-18
|

or 14, 4, 21, 3, 0.

/. M. D. from mean— - '

d = 8*4

.
n 5

Again, arranging the data in ascending or descending

order, the median= 15.

The deviations of the numbers from 15 are

|
4-15 |, |

14-15
| , |

39-15 |, |

15-15
| , |

18-15
|

or 11, 1, 24, 0, 3.

M. D. from median= ^ ^ =7*8.
n 5

36. If the data are given in a frequency distribution,

the mean deviation is given by the expression

M. p.=-^U^l = Mill
n n

> Ex• 3. Calculate the mean deviation from the following

frequency distribution.

X r . 4 8 13 20 23 V 25*

~T\~W 12 18 28 25 17
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X / ! fX.

Deviation
from mean
a— li>-4

/ 1

*-«
i

Deviation
from median if |

x-a

|
.v—20

|

:

4 3 12 15*4 46-2 16 48

8 12 96 11-4 136-8 12 144

13 18 234 6*4 115-2 7 126

20 28 560 !
6 ;

16-8 0 0

23 25 575
j

3-6 00-0 o
o 75

25 17 425
j

5-6 95-2 5 85

30 0 270 j
10-8 95-4 10 !)0

112
j

2172
j

595*6
' 568

a .i
27/v 21 72

Arithmetic mean = _r. = ----
Ef 112

~ 19'4

M. D. from mean = Ef\x—a\ J)95-6=5-32
n 112

Again, median -=the average value of 5(ith. and 57th..

items, each of which is 20. median=20.

M. D. from median
X— a

-- =^^=5 ,07
n 112

If the data are given in a frequency distribution,

deviations are measured from the central value and multiplied

by class-frequencies.

37. Standard Deviation (cr)

It is the most widely used measure of variation.

It is the square root of the mean of the squared deviations

from the arithmetic mean. By squared deviation we mean

the sum of the squares of the deviations. The deviations are

measured from the arithmetic mean. It is popularly known

as root-mean-square deviation.

The standard deviation is usually denoted by the Gr^ek

letter cr(sigma). If A is the arithmetic mean of n numbers.

then

<r»=
l

n
Z(x-a)\
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= l {
( vi — A) * + ('V—A) * 4- . .

.

- * {^v*-2Arx4 WA*:

— * {Z\ a --2A. n. A •

= 1
{2V-»A«}

n

2V -A 2 / £x\ 2

n \ tt

+ (**-A)*}

«

Variance i> 2
) which is the square of the standard

deviation is called Variance of the distribution.

38. Grouped Frequency

Let ff9 fn be the

*U A '2 , Xn

Efd*

n
then a 2 —

frequencies of the quantities

s
Ef{x—A)*

n

fl{*l—A) * —A)
2

-r- + fn (Xn —A)
2

n

Zfx*-2A Zfx+nA*
n

^Zfx* -2A. n.A+nA 2

j

~~
27/*

"

n ~ n

^'-A»
_

n

= Zfx'^fEfx y
n \ n J

Thus the standard deviation is given by

.

_

v: - v
£*' -Y^y

i n n n \ n J , .

for ungrouped distribution.
^

* It can be shown that if
6a* be any arbitrary mean and

d19 d2:
...dn be the deviations of x 13 x 2 ,...xn from V, then
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y^’
•• v^*-a»

n n n \ n J

for frequency distribution.

The standard deviation is affected by every value of

the distribution. But it is less affected by change of samp-

ling than any other measure of deviation. Ft is suitable

for algebraic treatment. ’

39. Co-efficient of Variation developed by Pearson is the

standard deviation expressed as a percentage of arithmetic

mean. It is represented by capital letter V.

Let V --coefficient o£ variation

a --standard deviation

A — arithmetic mean

Then V=- f <100A

Ex. 4. Find the standard deviation and coefTicient of

variation for the following ungrouped distribution.

.1, 8, if), 14

or
1
a Vl&x (?)

'

Serial

No V v*

1 5 25

2 8 64

3 3 0

4 15 225*

5 i 14 196

i

45 519

Serial value Deviation Square of

No from mean deviation

A d ,/*

1 5 -4 jo

2 8 -i i

3 3 -6 36

4
"

15 6 36

5 '

|

14 5 25

! 114
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The arithmetic mean

= 5+8+3+15+14 _

'-£*
'

'

= y/22’8

--4*78

* l °0--
9

78
x 100

= 5311

<r=y *

= V103-8
—"5T

= V22*8=4*78

^ Calculate mean deviation and standard deviation
from the following series

20, 85, 120, 60, 40

Item i

1

2

S

4

5

n=5

•V
deviation

_
\d —\x—A\

:
deviation

W'==*—60
20 ’ 45 2025 -40

; 1600
85

;
20 : 400 25 625

120
;

55 3025 60
1

3600
60

j

5 25 0
;

0
40

:
25 625 -20

|
400

= 325
i 27|(/|= 150 27^2 =6100Ed'= —25 =6225

By arithmetic mean

A-?"?-*

Mean deviation (M.D)=— -L—-L— = 30.
n F\

Standard deviation (r="

“V
'6100— = Vl220=34-9’
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By assumed mean

Let the assumed mean=60

Standard deviation * vr-er)'

vr •( ty
. - sj1246-25= y/]22Q=M'V.

Ex, 6, Calculate the standard deviation from the follow-

ing frequency distribution.

2 3 4 5 6 7 8

i
7 13 28 40 22 15 10

tl if)’

a: / .A .A*

2 7 14 28

3 13 39 1 17

4 28 112 448

o 40 200 1000

8 i 22 132 792

7
:

15 105 735

8 10 80 640

9 1 9 81

Total 136 691 :~3841

~
(fi)

*

= V28-24-25'81 = V243-1 56

Ex. 7 Calculate the standard deviation for the follow-

ing classified frequency distribution. .

Height in inches x 40-44 45-49 50-64 66-59 60-64 : Total

Number of students/ 8 25 46 30 12 i 120
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In calculating the standard deviation or variance

he actual value of the arithmetic mean need not l>^ known.

Any arbitrary mean will serve the purpose.

Hr-Wr
Mid-point

!
Frequency Deviation from

(inches)
i

arbitrary mean
X / d fd fd*

42 8 -2 ' -16 32

47 25 -1 -25 25

52 45 0 o
;

0

57 30 +1 30 30

62 12 +2 24 48

Total 120 13 135

Let the arbitrary mean or origin- 52 which is the

midpoint of the third class-interval. Deviations are expressed

in class-intervals as units.

= Vl-113 ~ 1 '0«>o in units of class-intervals

= 1
#

()55 x 5=5*275 inches.

40. Root-Mean -Square Deviation

—

relation with standard

deviation.
>

Let xi 9
X2 ,

xn be n quantities and V be any quantity.

Let rfi, dn be their deviations from V so that

*i—a=*di9 #a—0= 2̂ , xn —a=dn .
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Then =~——— and
n

^^£d*^Z:{x-a)' 2J(x-A+A--«)*
^ r^-A+O 2

n n n n

2(x-A)*+-iV r^-AJ+zu 5

//

’ 404i* - o’
2 -w 2

, since ZY.v— A') ~_0
n

s*=a 2 +c 2

Exercise 3

I. What is dispersion <pid how is il measured ?

1*. Define mean deviation and standard deviation and

explain how they are calculated.

3. What is coefficient of dispersion ?

4. Calculate the mean deviation from the arithmetic

mean for the following 150, 210, 180, 200

5. Calculate the mean deviation from the median of the

Ihl lowing series of values 1. 2, 3, 4, 5, 0, 7, 8, 0

6. Calculate the deviation from the arithmetic mean
and median for the following values.

08, 84, 00, 130, 24, 27, 13, 85

7. Find the mean deviation from the arithmetic mean

arid the median for the following frequency distribution.

Weights in lbs. 1 4 6 8 0

Frequency 10 15 20 25 10

8. Find the mean deviation and standard deviation of

JO0 estimates of the length of a rod 8 cm. long.

Length in crn. 7.8 7*9 8 8*1 8*2

Frequency 5 10 40 20 25

1 9. Calculate standard deviation and coefficient of

deviation for the following distribution.

Yield per acre in mds. 0 4 6 6 8

Frequency 20 30 60 80 10
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10. Calculate standard deviation and* coefficient of

variation from the following frequency distribution.

Number of persons in the family 12 8 4 5 0

Number of families 6 10 25 40 30 0

11. Calculate the average size end standard deviation

from the following distribution.

Size of sample 0 1 2 3 4 5 0

Frequency ] 0 15 20 15 6 J

Wages in No. of Wages in No. of

Rs. workers Rs. workers

20-21 4 25-26 40

21 -22 8 26-27 30

22-23 14 27-28 16

23-24 20 28-20 6

24-25 28 29-30 2

Calculate mean deviation from the above frequency

distribution.

13. Calculate standard deviation from the following table

giving the age distribution of 542 members of the House of

Commons. ( B. Com . Nag . 1942 )

Age 20 30 40 50 60 70 80

No. of members 3 61 132 153 140 51 2

14. From the following figures, find the standard devia-

X ion and coefficient of variation.

Marks No. of persons Marks No. of persons

0-10 5 40-60 30

10-20 10 60—60 20

20—30 20 60-70 10

30-40 k 40 *0-80 4

( J3. Com . Agra . 1942 )
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15. Find the mean deviation and standard deviation

for the following

Years under 10 20 30 40 50 60

No. of persons 15 32 51 78 97 109

(cumulative

frequency) (P. C.S. 1952)

Chapter VI

Index INjumbers

41. Definition. Index numbers are numbers "used as

devices for measuring changes in prices or quantities of

commodities from time to time or from place to place. These

commodities might be either produced, stocked, marketed

old or consumed. The index numbers may also relate to

wages or any variable factor.

When comparison is made between different quanti-

ses or volumes of commodities, the index number is called

Index Number of quantities

;

but when comparison is made
between different prices, it is called Index Number of prices.

Each of the many commodities is subject to various

forces and its quantity or price moves in its own way.

The traditional purpose of index numbers is to find an

average to measure the net resultant of their price or

volume movements so as discover their causes and effects

and to take measures to control them.

42. Base year—For purpose of comparison it is necessary

to fix some period of time as a base. The base may be

any length oftime—a month, a half year, a year etc. Usually the m

base is a year. The base year should be a ppnxial year

a year of normal prices or production—which are

neither too low nor too high. Sometimes the base is taken

as the average of two or more years.

\ S—4 :
.
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Index numbers are generally expressed as percentages

of the base period which is set equal to 100.

Sometimes the basis of comparison i.e the base year

is fixed, sometimes variable.

43. In the Fixed Base Method prices or quantities of

any year are expressed as percentages of a fixed year. But in

the Chain Base Method they are expressed as percentages of

the preceding year.

The advantages of the chain index are that unnece-

ssary commodities may be excluded, new ones may be

included and also the weights may be changed according

to their relative importance.

Ex. 1. TABLE 1

Construction of Index Numbers by Fixed Base

Method and Chain Base Method.

Year |

Price of rice

j
in Rs per md.

F*ixed Base
Index

Chain Base
Index

1958 ' 10 100 100

1959 14 140 140

1960
|

12 ll>0 85-7

1961
i

20
|

;>00 166-7

Fixed Base Method—The year 1958 is taken as base-

year. It represents 100. The index numbers of different

years are expressed as percentages of 1958 number.

Index ( 1959 )=t=[Jx
V

100=140

„ ( 1960)f=J! x 100=120

„ ( 1961 )=|^X 100=200.

r
•

• Chaifi Base Method
%

Index ( 1959 )= j~x 100= 140 ( with 1968 as base )
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Index
(
I960 )== 100— S5 #

7 (
with 1959 as base

)

„ (
1061 ) =

J
J x 100= 1 60-7

(
with 1060 as base

)

Changing Base
: (a) chain base index numbers from fixed

base index numbers.

Chain Base Index ('1959 )=|^x 100—140

„ ( 1060 ) = j'jj< 100= 85*7

„ ( 1061 )=^x 100= 166-7

(b) fixed base index lumbers from chain base index

numbers.

Fixed Base Index ( 1959 ) — |qq
x 140 - 140

140
(
I960 )= x 85-7=1 19-98-120

(
app )

( 1061 )= jj^
166-7 =200-04=200 ( app )

44. Methods of Construction

"There are two principal methods of construction of

index numbers.

(1) method of price aggregate

(2) method of price relative.

Aggregate may, however, be simple or weighted.

45. Simple Aggregate Method

Let the subscript 0 denote the base year and the-

subscript 1 denote the current year. Let p refer to price

and q its quantity.

tthen po=base year price,

£0=base year quantity,

/^current year priqe,

^—current year quantity,
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Let />0', po" denote the base year prices and pi

denote the current year prices of commodities

P0i= price index for the current year

Then P01
=r

total current year price
,
_ _

---
. x 100

total base year price

Pi+Pi*+-
A/+V+ ...

X 100.
Epi
'2p«

X 100

The above method, however, ignores the importance

of different commodities.

46. Weighted Aggregate Method—In order that each

commodity may have its due influence on the index number,

definite quantities of some selected group of commodities are

taken. Each commodity price is multiplied by the respective

quantity and the products are then totaled. The total for

the current year is then expressed as a percentage of the

total for the base year.

M=r AY+/iV+-
AV+A/Y+.

Xl00= 2~? XlOO
2po<7

The weights employed in any current year are the

respective quantities of the selected group of commodities for

a particular year. The weights need not be exact. Accor-

ding to Fisher they may be rounded to 1, 10, 100 or

1000. The above index measures the changing value of a fixed

quantity ofgoods.

There are different systems of weighting.

Laspeyres Formula

The weights or rtuiltipliers used here are the base year

quantities.

~ XT00=^ xIOO.
Zpolo

jSLaspeyres method is easy to apply, for it requires only

the twue year quantities as weights.
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Paasche Formula

The weights or multipliers used are the current year

quantities

+pyvr+ X 100 x 100.

This method requires a new set of weights for each

\eav. The weights or .quantities are changed with each

successive year. Such changes are neither feasible nor

desirable.

Wsirsliall-Edgeworth Formula

The weights are the total or average quantities of the

base and current years

r* ((7u' + + (?«_"+ 7l”)Px + • •

• y ,
aa

((]()
Jr (ji )p\\ (Vo* -\~<Il

0
}pu

* •••

Z{‘!»+qipxm
It is a sort of compromise between the Laspeyres and

Paasche formula.

Prof. Fisher has adopted an ideal formula, simple and

accurate. His ideal index is a geometric mean of the aggregate

i ndex numbers of Laspeyres and Paasche.

Fisher’s Heal Formula

I— ^/Laspeyres index x Paache index

-V(*mL
iw)'

n^lOOX
Spoqx

Walsh has adopted a formula which is the arithmetic

mean of the two aggregate types of Laspeyers and Paasche-

formqulas.
*

Walsh formula

W

=

xlOO
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Ex. 2. TABLE 2

Construction ofIndex Numbers by Aggregate

Method for i960

1959 1960
j

Price Quantity Price
-
Quantity _ . .

(A>) (?o) iPi) (?i) >o?o Mo Poll Mi

AS 12 10 8 96 120 64 SO

B
|

4 18 7 15. . 72 j
126 60 105

C ' 9 8 8 10 72
:

64 ! 90 ; 80

;

Sp, ' Epi £p0q0 £plq0;Sp0q1 <I!piq1

i =21
j

=25
:

=240=3101=214 =265

Set 1959= 100

Simple Aggregate Price IndexP"'=!>/ 100

Index ( 1960
) =2j-x 100=119

Laspeyres formula. II

vQ

aQ

O

o X 8

Index
(
I960

)

810=
2iO

x 100=129-2

Padscheformula P=%1- 1 x 100

Index
( 1960 )

265

~214 X 100=123*8

Marskall-Edgeworth formula , E— L£l v 100 .

?<+?.) « xl00.

Index ( 1960)
“
-ii°±265

2*0+214
100-126 7
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Fisher's Idealformula, 1= ] 00 \,
w ^PiQi

Index
(
I960) = lOQ\j.

Sl0
y ?65

V 240 214

= 100VI -6995

= 100x1*26=126

Walsh formula, W=i/£ #̂+^lft
l x 100

'2'2p0% SprfJ

Index
( I960

) =^ (
129*2 + 123»3

)

= 126 * 5

47. Method of Price Relatives-- If the commodity prices of

any year are expressed as percentages of the base year prices,

"then they are called price relatives. So price relatives are

but percentages and '.have no units. To put it in a different

way, the ratios of current year prices of commodities to

their respective base year prices multiplied by 100 are

called price relatives.

The price relatives for each year are then averaged

to give index numbers for that year.

The types of averages used are

1. Arithmetic Mean of relatives, simple and weighted.

2. Geometric Mean of relatives, simple and weighted,

3. Harmonic Mean of relatives, simple and weighted.

4. Mode.

5. Median.
%

The above distinction between six fundamental types

of index number viz the price aggregate, the arithmetic,

geometric, harmonic, mode and median are due to Prof.

Fisher.

If, as before, fa and pi denote the base year and

current year prices of a commodity, then 100 is the

current year price relative of the commodity.
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Arithmetic Mean of Price Relatives of n Quantities

X 100+^x 100+
Po P(<

l 01-

zi1
x 100

Po

n

m
S P±

n po

Weighted Arithmetic Mean of Relatives

Let w', w” be the respective weights of the current

year relatives, then

A>

P1
, x 1 00 x «

•

+

pl
„ x 100 x a."+ . . . Zw. f

1

P-"- — z-^ 1()0 —
uf+wm+ Ziv

If the weightage be the base year gross values
( p{)q{) ),

this arithmetic mean of relatives become

100 .

Pi

A>__. u
X 100 ,

EpwQw EpoQo

which is the same as Laspeyres Formula.

Geonjetric Mean of Relatives

K& (1* : -

)
•

-'Hi
:

Taking logarithm,

log G=log 100+ *
|
log

=2+ ^log|>= 1
-Slog-^’

n
\

Po 72
. ro

The antilog gives the index number.

•i

•}

Harmonic Mean of Relatives

__Po' , _ Po"
i pi x ioo~

r
pi* x ioo

‘r

H~ n
~ ~ i.r*
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Evidently harmonic mean of relatives with current

year prices x current year quantities i.c., current year values

f‘\f]\ is Riven by

H
l OO.Z^i r/i Epi'lx

Zpo'h
100. which the same as

Formula.

Paasche

Ex. 3. From Table - find for 1900 the averages of

relative prices.

Arithmetic Mean

100 y pyP
nx ( 1900 ),,

of Relatives

100/10
,
7

"SAC
"r

4 »)
100 280 _
3 ‘72

" 120*0

Geometric Mean of Relatives

loa; (7—2-f- ' Z—
n f>„

~2 4' s { log-V-4- loo 1+ log §}

— 2 -|- \ {
log 1*25 4- log 1 *75 4 log *89}

=24 J {*0960 4- *2430 4-1*9494’.

=2 hi (1*2893— 1)

= 2 4- *0964 - log 124*8

,*. 0=124*8

Harmonic Mean of Relatives

Hr= 3x100 300

&+4-+S f§&
= 120*2

Median of Relatives

The price relatives for 1960 are

in 7 q

8 = 100x125, ^x 100=175 and |x 100=88*9

When arranged in order of magnitude they are

88*9, 125, 175 and the median is 125. This is the index

number for 1960.
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Table showing the averages of relatives just obtained.

Arithmetic Geometric Harmonic Median
Yeai mean of mean of mean of of

iclatives i elatives lelatives relatives

1 100 100 100 100

I9«0 120*6 124*8 120*2 125

48. Principal Index Numbers of Production and Prices

In the construction of index numbers several difficulties

are faced. These are

1 . Ascertaining the pui pose lor the < onstruction of index

numbers.

2. Collection of pi ices prevailing in the market.

3. Selection of base.

4. Selection of representative commodities of the con-

sumption pattern,

•> Selection of weightage.

Before collecting data for making index numbeis, we
must ascertain the specific purpose for which they are lequired.

The usual purpose is to measme the general price levels.

If we wish to prepare an index of cost of living of any

particular class of people, we must use the retail prices

of commodities in which they are interested. The retail

price index requires only i etail prices. Wholesale pi ices by

bales, tons or grosses will be quite useless and misleading.
V

The commodities selected for index numbeis must be

refitesenlative. For this, the population from which the

data are collected is divided into groups and subgroups.

Each subgroup contains several items. For obtaining sufficient-

Iv accurate index numbers, a large number of items should

tie taken. A large sample is less effected even by abnormal

pirice changes. The Consumer Price jtndex compiled by the

United States Bureau of Statistics includes as many as 300

Commodities and services.
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For sources of prices we must look to periodical

market bulletins from various sources or get price quotations

from local shops or markets.

49. Index Numbers of Production and Prices

The consumer price index. This index formerly known

as cost of Living Index is compiled by Government of

India for different places in India. It relates to working

class families. The retail prices of a selected pocket of goods or

services are divided into 5 major groups (J) Food

(2) Fuel and Light (3) Clothing
( 4 )

House rent and

( 5 )
Miscellaneous. Each of the major groups is divided into

subgroups. Each subgroup contains several prices.

Separate indices are^constructed for each group with

weights. These group indices are again weighted. The

weights are respectively the percentages of total expenditure

on them. The index numbers are prepared monthly. From

monthly index numbers annual indices are constructed.

50. Index Numbers of Agricultural Production

This index number is prepared by Govt, of India.

The crops are divided into 2 major groups and

6 subgroups with weights as follows :

—

1. Food grains ( ) (
a

)
Cereals (

58*3
)

(
b

)
Pulses

(
8*(>

)

. 2. Non-Foodgrains (
33*1 ( a

)
Oilseeds

(
9*9

)

(
b

)
Fibres

(
4*5

)

(
c )

Plantation crops
(
3*6)

(
d) Miscellaneous

(
15*1

)

The index includes 28 crops. The year 1950 is

taken as base. The weights for different subgroups

are the percentages of total production in the base

year. The index numbers are made by weighted arith-

metic mean.

51. Index Numbers for Calcutta and Industrial area

The State Statistical Bureau of West Bengal prepares

the index number for the city of Calcutta and Industrial
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area. It covers as many as 487 items of ’commodities and
services, divided into 5 major groups and 80 subgroups.

The major groups are ( 1 ) Food (
71-28

) ( 2 )
Fuel

and Light
(
2-89

) ( 3 ) Clothing
(
9-27

) ( 4 )
House rent

(
6*69

) and (
fi ) Miscellaneous

(
9-87 ).

The figures in brackets indicate the weights.

The above index number is also prepared by Govt,

of India.

52. Index Numbers of Industrial Production

There is a monthly official publication showing the

general trend of industrial production in India. It is

constructed by taking weighted arithmetic mean of produ-

ction relatives for each item of a representative sample.

To get the production relative of any year the ratio of the

production in that year to production of the base period

is taken and expressed as percentage. This method is

independent of the units such as maunds, gallons, etc. taken

for different items. The weights base year is 1951

.

Ex. 4

.

From the following group index numbers and

group weights, c onstruct the cost of living index

Group Index No ! Weight

(i)
. (2) ! (3)

i

Food 428 45

Fuel and Light
,

Hr 200 8

Clothing 240 15

House rent
|

125 20

Miscellaneous j 170 12

. J^eqd. index number _27(2) x (3)

2 (3)

'

428 x 45 -f 200 x 8+ 240x 15 -f 1 25 x 20+ 170 x 12
:45+8+ 15+20+ 12 :
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1 9260+ 1 600+3600+ 2500+2040
loo

29000

100
—290

Ex. S. Construct the index numbers for the year 1960

on the basis of the year 1937 of the following :

—

Rice
|

Wheat
|

Barley

year
1 price quantity price quantity price quantity

1937 8 40 7 60 15 20

1960 1 20 75 12 85 18 1 32

Arrange the data as below :

—

— i. -
Conimo- Base year (1937) Current Year (1960)
dity Price Quantity Price

'

Quantity

[p. i

)

W») (/>.) (ti

)

Px'ix
;

p„<ii P>Vo
Rice 8 40 20 75 320 1500 1 600 800
Wheat ; 7

:

60 12 85 42 1020
i

l
595 720

Barley i 15 20 18 32 300 576
||

480 360

Total II
i
ZP4 1!

1=3096 = 1675l =fa$o

Index Number for 1960 by Fisher’s Ideal Formula

= 100x

= 100y

v
sMl

V Zpo<]o ZPo<H

V
1880

-
J3096^

1040 * 1675

= 100\/1 *8J x483

= 100x2-9.5--= 295.

Exercise 4.

1. Explain what you mean by Index Numbers. What

are their uses ?
*

'

2. Explain Fixed Base Method and Chain Base Method

of construction of index numbers.
.

3. What are the two, methods for construction of

index numbers > Explainthe difibrence between them:
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4. (a) What is the difference between Laspeyres

Method and Paasche Method ? How is a compromise between

them achieved ?

(
b
)

What is Fisher’s Ideal Formula ?

5. What is a price relative ? Give examples.

6. Name the principal Index Numbers of Production

and Prices as computed by the Govt, of India and explain the

construction of any one of them.

7. Find the simple index members to compare the

annual changes in prices of rice at a given place with 1957 as

base vear.

Year 1957 1958 1959 1960 1961

Rice

per md. Rs.20 Rs.25 Rs.28 Rs.24 Rs.22

8. Construct index numbers by Fixed Base Method

with 1948 as base from the following table showing the

acreage under jute in the Indian Union.

year 1948 1949 1950 1951

acreage

in ’000 834 1158 1454 1851

9. From the above construct index numbers by Chain

Base Method.

10. Find the price-relatives for the years 1960 and 1961

with 1959 as base from the following price of a commodity

year 1959 1960 1961

Price per

ton in Rs. 325 390 420

11. Compute weighted arithmetic averages of relative

prices from the following table.
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[weighted arithmetic mean (195»)=
2’

P-
ricc relativ

:
e>< wei«ht

L 2 weight
— 1 1 3*5

„ „ „ (I960)= 123-3
J

12. Construct Fisher’s Ideal Index for the year 1961 on

basis of 1948

Year 1 ...
&rtic,e A

..•
article B

|

article C
price I quantity price quantity

1

price I quantity

1948 i 2 (
20 3 14 9 2

1901 : 4 15 0 10
,

8 5

13. Compute the index number of cost of living from

the following data :
—

Group I ndex No. Weights

Food 352 48

Fuel and Lighting 220 10

Clothing 230 8
*

Rent 160 12

Miscellaneous 190 15

( C.U.B. ( om. 1955

)

14. From the following table compute simple aggregate

price index, Laspeyres index, Paasche index, Marshall-

Edgeworth index and Fisher’s ideal index.

1959 I960
Commodity

Po </o P*

Rice 12 5 14 6

Wheat 10 6 12 4

Sugar 30 4 i
40 5

15. Given the following data, what index numbers

would you use for purpose of comparison ?
.

Year !

Rice Wheat Jowar
.

!
price quantity price quantity price quantity

1927 ' 9*3
j

100 6*4 11 5-1 5

1934
j

4-5 ! 90 3-7 .10 2-7 3

( C.U.M.A. 1937 )
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16. Calculate suitable indices to indicate the rise in

the demand Jiabitities of the scheduled banks in India,

and in the note circulation in the country, taking the year

1030 as the basic year

Grores of rupees

At the end of Demand Notes in

Inabilities Circulation

1031) 1 30 f 160

1040 166 217

1041 213 - 268

1042 325 403

1043 500 760

1044 6 1

0

041
1045 672 1,142

1046 73 > 1 ,225

( a.c. mu)

Chapter VII

Graphical Representation of Quanlilative (lata

Graphic Method—We have already seen how statistical

data can be presented by means of text and tabic. But graphs

.and charts can more easily bring out the chief characteristics

•of a statistical distribution. They present a clear and quick

picture of the whole and are easier to grasp.

But charts and graphs have their limitations. They

present only a limited amount of information. Then again

the information is rather approximate than exact. For it

is not posible to represent exact numerical figures on a graph

or. chart.

Yet graphical presentation is especially suitable when

comparison is desired.

|There are several forms of graphical presentation.

(1) one—dimensional : line “chart?, or line diagrams,
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(2) two—dimensional : bar-charts, circles.

(3) three—dimensional
:

pictures.

53. Line diagrams.

For the purpose of presenting data by lines, we
draw a pair of perpendicular straight lines XOX' and YOY'
intersecting at O. The lines XOX', YOY' are called

the x-axis and y-axis and O is called the origin.

Let P be a point
*

r QUADRANT II QUADRANT I

in the plane of the axes

and PN, PM be drawn p(x,y)

parallel to OX and OY. / v *4 4-n
V* " /4+\{

Then PN is called , ^ 3 ** '
j

the x - coordinate or ^ -4 TTT® i ^
abscissa of the point P w
and denoted by x, PM ) **

C+—

)

is called the ^-coordinate \
\

or ordinate of P and de- quadrant ... v quadrant ,v'

noted byy. The abscissa - -

and ordinate are collec- Fig. 2. Location of a Point with ref to

tively called coordinates. Rectangular Co-ordinates

The system is called the Cartesian system of coordinates

after the French philosopher De Cartes who developed it.

Clearly OM=NP=x, ON=MP==y. The point Pis
denoted by (x, y), abscissa being always written first and
ordinate next.

The axes divide the plane of the axes into 4 equal

parts XOY, YOX' X'OY', Y'OX which are respectively

called the first, second, third and fourth quadrants.

All values of x are measured parallel to x-axis. Posi-

tive
. values of x are to the right of ^-axis and negative

values to the left of y-axis. Positive values of y are above
the x-axis and negative values below it.

S—

5

QUADRANT II ^ QUADRANT 1

(-+)
M
ta

p(x,y)

m 1

I W* nrr® 1 A X *
* M

<--) *<

(+-)
;

QUADRANT III
^ f

QUADRANT IV
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The signs of x and y in the four quadrants are

Quadrant XOY YOX' X'OY' Y'OX
Signs of ++ -+ +-
x andy

It is obvious that signs of the cordinates are opposite in

opposite quadrants. Thus given any point P in the plane, we
can determine its coordinates. Also conversely, if two

numbers are given, we can locate the point in the plane.

The origin 0 has coordinates 0 and 0 and is denoted

by (0,0).

For present purpose we shall usually require the first

quadrant and sometimes the second and fourth.

The characteristics or variates must be measurable

quantities. Generally data relating to time i. e., time

series are shown by line diagrams.

Periods such as years, months, weeks and days are

plotted along the x— axis and other figures which vary in

relation to time are shown along they-axis.

54. Usually data are plotted at the middle of the time

interval. But if data are plotted at the beginning or end of

the time-interval there is merely a shifting of the curve to the

left or to the right and the graph will present the same

appearance.

Ex. 2. Plot the following data of the number of street

accidents in a city A in the different months of 1960.

Month— J FMAMJJASOND
No. of

accidents. 100 150 241 260 378 480 301 200 80 102 190 240

Scale

One small division along x-axis=1 month, one

small division along j>-axis=60 accidents.

- Coordinate Plotting

* The months are plotted along the x-axis OX. and

January at 1 which coincides with the origin. The figure

for January is shown on the y—axis according to
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scale etc. The points are joined by broken lines. The
monthly data are plotted at the middle of each month. If

Fig. 3. Street Accidents, by months, during the year 1960

the monthly data are plotted at the beginning of each month,
a horizontal shifting of the curve to the left is observed,

The above graph shows the maximum incidence in June
and the minimum in September ( Fig. 3 ).

The graph gives broad impression. The figures can

be plotted only approximately. Plotting of exact figures

requires much larger space.

If the vertical scale is contracted the monthly variations

are reduced as shown in fig 3. Likewise the vertical scale

may be exaggerated giving an exaggerated impression.

Similar impressions are produced by exaggerating or

contracting horizontal scale.

• In the above case, months (values of x) are called

independent variables, and the corresponding numbers of

accidents (values ofy) are dependent variables.
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55. The graph as above should contain the origin 0

If the origin is not shown and only a part of the graph is

exhibited, a wrong impression is produced.

Ex. 2. Show by line graph the following annual sales

of Wash-Well Soap during the period 1945—1959.

Bring out, by suitable device, the relative variations

in sales, cost and gross profit.

year sales cost gross profit

(Rs) m (Rs)

1945 30,000 17,000 13,000

1946 20,000 12,000 8,000

1947 28,000 15,000 13,000

1948 46,000 21,000 25,000

1949 50,000 24,000 26,000

1950 40,000 20,000 20,000

1951 60,000 28,000 32,000

1952 30,000 18,500 11,500

1953 48,000 23,000 25,000

1954 * 52,000 26,000 26,000

1955 60,000 31,000 29,000

1656 72,000 39,000 33,000

1957 68,000 40,000 28,000

1958 84,000 45,000 39,000

1959 96,000 50,000 46,000

Sales Graph

The years are laid* off along the x-axis and sales

along the _>-axis. The scales used are the side of a small

square=2 years on the x-axis and the side of a small square

ass Rs 10,000 on the axis. Both the scales are arithme-

tic.

In plotting the ordinates, the origin 0 is included* in

tfii vertical scale so as to give^ correct impression. In

^plotting the abscissas, 1945 is plotted at 0, 1946 at -5 etc.
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Thus the coordinates of the point representing the

sales of Rs 30,000 for 1945 are 0 and 30,000 ; those for

1946 are '5 and 20,000 etc.

The points thus plotted represent the various annual
values and these are joined by a series of straight lines.

Fig. 4. Paralleling of three line graphs : Annual Sales, Cost & Gross

Profits, M5— 1959.
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The coordinate axes and the line ^raph arc heavily

ruled. The graph traces out annual variations in sales.

Effect of non-inclusion of Zero in the vertical scale.

Supposing that the thick horizontal line in fig. 4A which
passes through the number 20,000 on the vertical scale is

the x-axis, the impression conveyed by the graph is not

in its true perspective.

time SERIES

S 5 7 9 I 1 Id IJ-

Fig. 4A. Non-inclusion of zero in the Vertical Scale.

The sale in 1959 appears to be about eight times

that for 1945 while with the x-axis through the origin 0

it is just a little over thrice. The impression for 1946

is still more misleading *as though the year is without any
sales.

56. When several graphs are plotted on the same
sc^| comparison of amplitudes and rhythms of change is

easier by the paralleling of graphs (Fig 4). If the

three series are presented in the same chart in the arith-

metic grid, a suitable scale to include the largest item

(Rs 96,000) must be selected. Such a scale reduces inportance

of smaller items.
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E* 3‘ The following table shows the wholesale price
movements in India during the period 1939 1946.

1939-40 40-41 41-42 42-43 43-44 44-45 45-46 46-47 47-48
Agricultural

commodi-

ties 127*5 108*6 124*2 166*2 268*7 265*4 272*6 313*8 356*9

Manufac-

tured

articles 131*5 119*8. 154*5 190*4 251*7 258*3 240*0 259*1 287*8

( Data from Reserve Bank of India, Report on Currency and finance,

1950-51, Page 147).

Fig 5. Price—movements of Agricultural Commodities and Manufactured

Articles, base August, 1939= 100.

57. Z-Chart—It is used to represent sales ofa commodity.

Three curves are used, one to represent (1) monthly figures

as a base curve to ascertain figure of each month, another

to represent (2) cumulative sale figures as a diagonal curve

to ascertain the figures upto any month and the third to

represent (3) the aggregate sale for one year upto any month

as a top curve . These three curves form a letter Z.

The chart requires two vertical scales. But two scales

on one chart are apt to give false impression.

* * »
*

Ex. 4. The sales of a certain commodity from a factory

during 1959 and 1960 were as follows : ( sales in *00 rupees ).
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J F M A M j J A s o N D
1959 — 16 10 11 14 10 13 9 •18 8 12 12
1960 15 17 12 10 20 12 14 8 17 5 14 15

Represent the figures for 1960 by a !Z-chart

Months J F M A M J J A S O N D
Sales ( in *00 Rs ) 15 17 12 10 20 12 14 8 17 5 14 15

Cumulative Sales
(m’OOIte )

15 32 44 54 74 86 100 108 125 130 114 159

One year’s total in-

cludingthe month 143 144 146 1145 151 153 154 153 157 154 156 159

Total upto Jan.== total sale from Feb. 1959 to

Jan. 1960=14300

Total upto Feb.=total sale from Mar.-1959 to

Feb. 1960=14400 etc.

Fig. 6. Factory Sales during I960, by months. Cumulative and Moving

Annual Totals.

58. Range Chart. It may be used to show the range

of commodity prices. Usually it is used to present daily

or monthly high, low and closing prices of stocks and shares.

The vertical distance between the high and low at any
point of time measures the corresponding range. The

portion between the high and low is coloured. The greater

the* range, the wider is the coloured band.
• •

59. Net Balance Chart. It may be used to show
the balance of trade, profit and loss.

*
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Ex. 5. The income and expenditure of a family for

1960 were as follows.JFMAMJJASOND
Income 500 700 400 600 550 640 800 720 580 610 525 900
Expenditure 720 580 530 420 510 600 710 690 660 500 680 560
Saving 120 ... 180 40 40 90 30 ... 110 ... 340
Deficit 220 ... 130 80 ... 155 ...

Show the monthly balance by graphs.

60. Component-part Chart. It is used to show the

components of an aggregate when the data for a large

number of years are known.

Ex. 6. The following table gives the population of

a city X
In thousands 1952 1953 1954 1955 1956 1957 1958 1959 1960 1961

Under 20 200 250 280 300 350 400 460 515 530 500
20 & under 40 180 160 190 250 260 300 315 420 440 480
40 & under 60 80 80 95 100 115 117 160 190 180 200

60 & over 30 30 35 40 45 60 85 105 120 100

Use a component-part chart to show the distribution.

Fig. 7. Population Structure by age groups.

61. Bar Charts-—These are widely used for graphical

presentation. They consist of bars (rectangular areas ^ of

the same width )
vertical or horizontal separated by spaces

about one-half of the width of the bars. The bar charts are

used for the comparison of magnitudes and relative values.
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Horizontal bars are usually used to compare qualitative

or geographical data, while vertical birs are used for

quantitative data such as time series. A bar chart is used

if only a very few years are to be shown.

The bar chart includes the zero in the vertical scale.

A scale and guiding lines are found useful in reading the chart.

The vertical bar chart is also called Column Chart.

Ex. 7* Use bar chart to show the population of six

leading states of India in 1951 from the following data.

STATE

State Population in millions

U. P. 63-2

Madras ' 57-0

Bihar 40-2

Bombay 35-9

W. B. 24-8

M. P. 21-2

POPULATION IN MILLIONS
POWLA-0TION Y. 20 AO 60

Fig. 8. Ranking of the Six Leading States of India according to Popula-

tion in 1951.

The representation by horizontal bars is particularly

advantageous, as corresponding figures may be shown
against bars.

62. Compound bar Chart—It is the same as component

bar chart. Different portions of the same bar are hatched

or coloured differently so as to give effective visual impression.
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63. Component Bar Chart

—

The component parts of any

aggregate are nicely shown by bars. These bars may either be

shown in absolute values or percentages of the total*

Ex. 8. The following is an account for the year ended 31st

Dec. 1958 of a certain Degree College in West Bengal.

Expenditure Rs. Income Rs.

To Salary of teaching staff 96 000 By Students’ fee 90,000

„ Salary of others 30,000 „ State Grants 50,000

„ Rent 12,400

„ Light & Fans 4,800 „ U.G.C. Grants 30,000

„ Miscellaneous 6 600

„ Excess of income 20,200

* Total 170,000 Total 170,000'

Use component bar^ chart

17*

ISO

US

III

£ 10©
3
oc

0

1 is
o
r
H

s SO

28

o

Fig. 9. Income and Expenditure of an Institution in 1957*58*

INCOME EXPENDITURE
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Ex. 9. Represent by bar graph the following data :

—

Income of the Indian Union by industrial origin, 1948—
1951 ( in ’000 crores )

1948—49 1949—50 1950—51

Agriculture 42-5 44-9 48*9
Mining, manufacturing
and hand trades 14-8 15-0 15-3
Commerce, transport
and communications 160 16‘1) 16*9
Other sources 13-4 13-8 14*4

•MM IMMO
Fig 10. Changing National Ineonu of the Indian Union, by

Industrial Origin, 1848-1951.

64. Grouped Bar Chart.—Two or more sets of data for

several years are compared by means of compound bar chart.

Ex. 10. Represent; by bar chart the following distribution

of population between towns and villages in India during the

period 1921—61.

Census year 1921 1931 1941 1961 :

(population in lakhs)

Villages 2199 2420 « 2710 2960
Towns 282 3S4 438 619
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1931 1931 1941 19SI

Fig. 11. Trend of Rural and Urban Population in India,

1921-1951 -

65. The bar chart may also be paired. This is a two

—

direction bar chart which may be used to show decrease and

increase.

Represent the following by a two-direction bar chart :

Ex. 11. Heads of Revenue of the Union Govt, in crores

of rupees.

1963—54 1964—65

1 . Customs 160-00 175-00

2. Union Excise Duties 78-00 76-31

3. Corporation Tax 38-40 38*36

4. Taxes on income 69-31 70-67

6. Railways 7-60 7-37

6. Posts and Telegraphs 2-02 1:50

7. Others 42-91 55'?4

Total 398-14 424-94
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-80 -40 -10 O 10 ,20 30

Fig. 12 . Revenue Structure of the Union Govt. 1953-55 showing

percentage increase and decrease.

66. Pie-Chart—Component-parts of a total may be shown

in different ways—by means of a component-bar chart as in

Fig. 9 or by means of a circle as in Fig 13.

Charts and circles are used when the parts are not many,

otherwise curves are preferred.

The presentation by varying portions of a circle is called

Pie-Chart. A pie-chart is two-dimensional as it represents data

by sectors. As the area of a sector is proportional to the angle

subtended by it at the centre, the data are proportional to the

central angles.

The total angle at the centre is 300°. It represents the

aggregate. The parts are expressed tn terAs of central angles.
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Ex. 12. The following are the data of expenditure of a

family in 1960.

Food Rs 3400 House rent...Rs 780

Fuel and Education 1 600

Light 200 Miscellaneous 1080

Clothing 960

Represent the data by a pie-chart,

The total expenditure Rs 7920 is represented by 360°.

Food is repiesented by

Fuel by 9°*1

Clothing by 43 0,
6

Rent by 35° -6

X 3400= Jr X 3400= 1
54°-5

Education by
Miscellaneous by 49' *1

Total 360°

Fig. 13. Pie—Chart. Fig. 13A. Percentage Chart.

The pie-chart can also be expressed as percentages of the

total. For this purpose the entire circumference of the circle is

divided into 100 equal parts.

The aggregate Rs 7920, in the above example is set

equal to 100.

Then Food=^J xl00

-49%

Fuel=T$> xl°°

-2-5%

Clothing* ^*100
- 12%

Rent*
7

7
92°0

x,0°

=9-9%

Education = x 100

- 19%
Miscellaneous*^^- x 100

-13-6%
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It is seen that both the diagrams present the same
appearance as it should be.

67. Logarithmic Chart or Ratio Chart.

So far we have used arithmetic scales ( or arithmetic

grids ) 9 both horizontally and vertically.

Arithmetic scales are used to represent absolute or

exact amounts of change. For example, the figures 50, 150, 250,

350...when plotted on arithmetic scale show absolute changes

of 100 ( 150-50=100, 250-150=100, 350-250=100...).

In the arithmetic scale equal changes are represented by equal

lengths

Now the increase from 50 to 150 is 200%, that fiom

150 to 250 is 66§% and that from 250 to 350 is 40%., i.e.,

the same length in arithmetic scale may represent different

ratios or percentages of changes.

But sometimes ratios of changes and not the exact

amounts of changes are desired. The ratios of changes

may, however, be represented on arithmetic scales
; but the

graphs of equal ratios appear on arithmetic scales as curved

lines. It is very difficult to judge from curved lines whether

they do represent a constant ratio of change or not. This

difficulty may be avoided by plotting logarithms of

constant ratios on an arithmetic grid.

Let us consider a series of values which maintain the

same increase or decrease. Such values form an arithmetic

progression ( A. P ).

The values 2, 4, 6, 8,*- 10, 12. ..form an A. P (A)

A series of values showing a constant ratio of increase

or decrease is known to form a geometrical progression (G. P).

The values 2, 4, 8, 16, 32, 64 . .form a G. P (B)

The graph of an A. P. is always a straight line plotted on

an arithmetic grid.

The graph of a G. P. is always a curved line plotted on

an arithmetic grid, but logarithms of a G. P. is a straight
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line plotted on such a grid because such logarithms form an

A. P.

Ex 13 The numbers 2, 4, 8, 16, 32, 64. . . . form a G. P.

but the logarithms of the numbers are

log 2, log 4, log 8, log 16, log 32, log 64 which,

by the property of logarithms, may be written as

log 2, 2 log 2, 3 log 2, 4 log 2, 5 log 2, 6 log 2., . . . (C)

These logarithms are clearly in A. P., the common difference

being log 2 or
|

#30
|

Let the above data correspond to 6 years, 1955-60.

The three series (A), (B) and (C) are represented in Fig.14

by three lines, the A. P. by a straight line (A), the G. P. by a

curve (B) and the A. P. of logarithms by a straight line (C).

Fig. 14 Arithmetic Progression Curve A, Geometric Progression Curve B
and Logarithms of Geometric Progression Curve C plotted on arithmetic

scale. Vertical scales d&ersnt.

That the ratio of change is constant is not discernable

from the curve (B), :but the fact is apparent from graph (C);

S-^6 ....
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Both the graphs (B) and (C) are shown in Fig. 14 in the

same grid with different vertical scales.
’

Hence in order that a particular graph may represent
a constant ratio of change when plotted on an arithmetic
grid, it is necessary that the logarithms of the geometric pro-

gression be plotted instead of the numbers themselves. The
graph will appear as a straight line.

68. But the above method of finding out logarithms

is not very convenient. We may use a different scale and

a different grid by which a constant ratio of change can

be made to appear as a straight line. Such a scale oi

Fig. 14A Geometric Progression Curve B plotted on Semi—logarithmic scale.

grid is called logarithm scale or grid. More accurately it is called

Semi-logarithm scale or grid because it is scaled arithmetically

along the x-axis and logarithmically on the )'-axis. In this grid

the horizontal axis ik marked off in years (or months) as usual,

but the vertical axis is marked off logarithmically so that equal

lengths along it represent equal ratios of change.

* Fig. 14A represents the geometrical progression of the

previous illustration in the semi-logarithmic scale. The curve

is straightened out.
* *
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From the vertical scale in Fig 14A, we find that the

distance from 2 to 4 is the same as that from 4 to 8 or from 10

to 20. In each case the increase is 100% or the ratio of

increase is 1 : 1, Equal ratios of increase have been represented

by equal lengths on the vertical scale .

69. Some advantages of Semi—logarithmic scale

1. Equal ratios of changes are represented by equal

vertical distances.

2. The ratio of change is given by the slope of the line.

3. Exaggeration or contraction of vertical scale does

not change the nature of the graph but only causes an upward

or downward shifting. This facilitates comparison between two

curves by placing them close to each other.

4. Data with very great range, which can not be

ordinarily plotted on arithmetic scale, can be easily plotted

on logarithmic scale.

It is to be noted that the vertical in semi-logarithmic

grid does not contain zero and further negative values can

not be represented in such a chart.

70. Histogram or Column Diagram.

Classified frequency distribution may be presented

graphically.

Ex. 14. Consider the following table showing frequency

distribution of 323 workmen classified according to weekly

wages. Class-interval= Rs2

Cumulated Cumulated
Weekly wages Number of downward upward

{in 8s.) workmen (more than (less than
lower limit) upper limit)

10 and under 12 8 323 8

12 „ „ 14 15 315 23

14 „ „ 16 20 300 43

16 » H 18 60 280 103

18 99 20 W 220 193

20 „ „ 22 80 130 273

22 „ 24 40 50 313 .

24 ,9 26 10 10 323
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71. Ogime
9

A frequency distribution may be cumulated down-
ward or upward. The cumulated frequency cuive is>

called Ogive. A cumulated downward curve is also called

Hess than ogive\ For at any stage, we can know the

Fig. 15 Ogive—Cumulative Frequency Curve • showing distribution of wages

of 323 workmen .

number of workmen receiving certain wages or less.

The cumulated upward curve is called “or more than ogive
”

for similar reason (Fig. 15).

72. The two ogives determine the median which

is the abscissa of th^ir pdint of intersection. The median
can also be determined from one ogive. If n be the

cumulative frequency, then through on the j-axis, draw

a straight line parallel to the x-axis. The abscissa of

^Jhe point where it meets the ogive is the median.

The mode is most elusive. It is, however, the abscissa

of the maximum ordinate in an ideal frequency curve.
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73. How to plot class intervals

The class-intervals are plotted along the x—axis

and the corresponding frequencies along the j>-axis. The

horizontal scale does not begin with zero. Two extra

intervals, one at the beginning and the other at the end,

Fig. 16 Histogram or Column Diagram.

Distribution of 323 workmen classified according to

weekly wages> Class— interial=*Rs 2.

are taken. Rectangles are drawn with class-intervals as base

and corresponding class-frequencies as heights. The figure

formed by all such rectangles is called a Histogram Fig. 10.

The geometrical interpretation of the diagram is that the total

area of the histogram represents the total frequency, the

area of each rectangle representing the corresponding

frequency.

74. Frequency Polygon.

Take the midpoints of the class-intervals as abscissas^

and the corresponding class-frequencies as ordinates. The

points so obtained are joined by broken lines, 'file ends of

the polygon thus drawn kre joined to the midjpqints of two
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extra class-intervals whose frequencies arq each taken zero*

CLASS INTERVAL R4 ft

RUPEES

Fig, .16A Frequency Polygon Class— interval=Rs 2

This closed polygon is called frequency polygon whose

area represents the total frequency Fig. 16A.

75. Frequency Curve

As the class-interval is gradually decreased and the

number of observations increased, the histogram and

polygon appear more and more regular. There is, however,

a limit beyond whic{i irregularities reappear. The
smoothed line so obtained is called frequency curve . The

area enclosed by the frequency curve and the A-axis

represents the total frequency.

76. Pktographs.

c These are picture charts, mere modification of bai

charts to attract attention* The pictures are self-explanatory.

They cat! not, however, show lhinut£ details and are only

approximate. Interesting pictures are now*a-days used.



PlCTOORAPHS 87

The population of three cities A, B, and C may
be shown by the following pictograph (Fig. 17).

CITY

*km
kkkkkkkkk

c kkkkkkkkkkkk
Fig. 1 7 Pictograph showing comparative population

in three cities A, B & C.

Each complete symbol represents 10,00,000 persons.

Similarly, comparative number of cattle and quantity

«•» wwwq
AUSTRALIA

T7T
Fig. 1 7A. Pictograph showing comparative number of cattle9

by countries.

Each complete symbol represents 20 million animals.

CHINA
jafl /Ta ftv\ ZwA fA ££

INDIA
£2[ Jim. ptA ZtA

JAPAN
La JL*.

Fig. 17B Pictograph showing comparative

nVr--productionby countries. Each complete

symbol represents 20 million tons.

The pictures give only rough estimate And and oVerall

impression.
'

of crop pro-

duction of

the diffeient

countries

may be

shown by

pictograph

(Fig 17A&B)
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Ex. IS. The following table gives the figures of advertise*

ment cost and sales of a Tea House.
#

Year 1950 1952 1954 1656 1958 1960
Advt.
cost

(
Rs

) 800 1,000 1,500 1,800 1,950 2,100
JSales ( Rs

) 10,000 12,000 17,000 18,500 22,000 24,000

Draw the graph and

(a) Read off the advertisement cost for the year in

which the sales amounted to Rs. 15,000.

(b) Read off the sales for the year in which the

advertisement cost was Rs. 1,600.
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Two vertical scales are used for drawing the two graphs.

(a) Let P be the point on the sales curve corresponding

to the ordinate 15000. This ordinate cuts the advertisement

curve at Q( below P ) whose ordinate is 1250. So the advt. cost

was Rs. 1250.

(b) Similarly, sales were Rs. 17,500.

77. Interpolation.
^

When the values of a continuous variable are plotted,

any intermediate value can be found approximately from its

graph as in Fig. 18. The method is called graphical

interpolation. Even if the variable is not continuous,

such interpolation gives a fairly good result.

Exercise 5

1. Name the different kinds of graphical presentation

and indicate their uses.

2. Distinguish between a logarithmic scale graph and

arithmetic scale graph. What are the advantages of the

former over the latter ?

3. What is a pie-chart and what are its uses ?

4. Distinguish between a histogram, a frequency

polygon and a frequency curve.

5. Arrange the following observations as a frequency

distribution of class-interval 10 and construct (a

)

a histogram

and (b) a frequency polygon.

68, 30, 50, 70, 18, 10, 28, 35, 20, 40, 38, 69, 25, 50, 40

60, 60, 29, 62, 10, 35, 16, 38, 41, 64, 6, 18, 30, 46, 25

40, 68, 38, 47, 20, 40, 26, 48, 60, 10, 42, 39, 66, 48, 62

6. Calculate by means of a graph the profit on the sale

of an article for Rs 22, when the rate of profit is 10% on cost/

7* A retailer sells his goods at 10% above cost. Draw a

graph from which can be read the selling prices. Read from
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the graph, the selling prices corresponding tor the cost pi ice

Rs 2*60 and Rs 5*69.

8.

The table gives the number N of passengers in

thousands, carried each year in British aircraft on journeys

between England and abroad.

Year 1928 1929 1930 1931 1932 1933 1934 1936 1936 1937
N 24*8 26*2 22*0 21*9 41*6 53*5 58*1 70*0 72*0 78*0

Illustrate these data graphically.
(
L. C. C )

9.

Represent on the graph paper the following data

relating to a hotel.

No. of guests 200 260 320 360
Average Profits

(
Rs )

— 1000 100 400 600

What should be the minimum number of guests to

guarantee no loss ? What will be the probable profit when
the number of guests is 350 ?

( I. C. IV. A )

10. (a) Draw the graph of the price of rice from the

following data and read off the price in 1954.

Year 1949 1951 1953 1955 1957 1959
Price (Rs) -19 19 20 22 26 29

(b) Find graphically the weight of a man at the age of

20 from the following observations.

Age in years 15 17 19 21 22 23 24 25 26

Weight in lbs 50 54 59 64 70 80 82 86 95

11.

The following were the different heads of income of

a Railway Company during 1949 and 1950.

1949 1950

Coaching
Goods
Other

crores (Rs)

26
39

1

crores (Rs)

31

38.75
1*25

( G.C. 1951 )

* Draw bar-charts.

12.

Exhibit the following <in suitable graphs or bar

|^harts for representing the comparative position of production
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and consumption of cement as estimated for the next five

years :

—

Estimated Estimated
Year Production Consumption

( 000 tons ) ( 000 tons )

15)47-48 2,978 3,519

1948-49 3,582 3,852

1949-50 4,113 3,829

1960-51 4,527 3,972

1951-52 5,100 4,143

( G.C. 1947 )

13. Make a suitable chart to represent the following

data :

—

Sale of petrolium

Territory A B C D E

Quantity

’000, 000 gallons...25 31 48 14 2

Road mileage

’000 miles ... 7*8 10*2 163 3*2 2-5

14. Draw two pie-charts for the following data relating

to imports into and exports from Br. India during 1943-44.

UK USA Egypt Iran Australia Ceylon

Imports (Rs)

crores 29*80 18*40 11*19 27*56 4*92 3*51

Exports (Rs)

crores 60*19 40*29 13«31 14*36

15. Represent the following by component bar chart

Expenses ofafamily in 1950 and I960 in rupees »

1950 1960 \ I960 I960

Food 1200 1500 Education 1000 1600

Clothing 800 1300 Fuel 280 680

Rent 600 900 Miscellaneous 1500



92 Commercial Mathematics

16. Draw a cumulative frequency graph of the following

distribution of monthly wages of a group of workmen and hence

or otherwise find (a) the mode, and (b) the median.

Wages in rupees 20 21 22 23 24 25 26 27 28-29 Total

Number of workmen 8 10 11 16 20 26 15 9 6 120

17. Draw a frequency polygon for the following distri-

bution of 860 boys, classified according to weight.

Weight in lbs Numbers of boys

10—85 50
85-90 70

*

90—95 120
95—100 380
105—110 160
110-115 80

860

Construct the cumulative frequency curves and hence

determine the mode.

18. Represent the following in a semi-logarithmic scale

Year . Value

1952 64
1953 96
1954 144
1955 216
1956 324
1957 486
1958 729

19. The monthly production for 1961 of Hind Motor

cars in India are given belQw :

—

January 175 cars, February 185 cars, March 160 cars,

April 110 cars, May 120 ears, June 80 cars, July 85

cars, August 88 cars. September 130 cars, October 110

cars, November 155 cars and December 170 cars.

• Represent the production figures by (a) Line chart

and (h) Bar graph.
* '-A-

* * '

(CM. B.Gom.1, 1962)

4
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Principal Sources of Main Statistical Data

The census of India published every ten years by the

Government of India is a primary source containing a mine

of information about semi-economic interests. The Statistical

Abstract of India ( Annual )
is another impoitant publication.

The following is a list of some impoitant publications

of the Government of India.

cl* Population Statistics

1. The Census of India (
Decennial )

2. The Statistical Abstract of India ( Annual )

b. Agricultural Statistics

1. Agricultural Statistics of India ( Annual )

2. Agricultural Situation in India ( Monthly )

3. Estimates of Area and Yield of piincipal crops in

India ( Annual )

4. Bulletin of Agricultural prices.

5. Reports of the Ministry of Agriculture

c. Trade Statistics

1. Indian Trade Journal (
Weekly )

2. Annual Statement on Sea-borne Trade of India

(
Annual )

3. Reports of Tariff Commission.

4. Review of the Trade of India ( Annual )

5. Monthly Survey of Business Conditions

d. Industrial Statistics

1. Monthly Statistical Bulletin, Indian Textile Industry

( Cotton, Woollen and Rayon )

2. Indian Coal Statistics ( Annual

)

3. Journal of Industry and Trade ( Monthly )
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<*. Finance

1. Joint Stock Companies of India ( Monthly )

2. Insurance year Book

3. Reserve Bank of India Bulletin
( Monthly )

4. Report of Currency and Finance
( Annual )

/. Communications

1. Reports on the working of Railways

2. Annual Report of Posts and Telegraph Department

3« Reports on Road-Rail Transport Problems.
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APPENDIX

How to use a table of random numbers.

Reproduced below is a portion of the table of five

columns random numbers constiucted by the United States

Interstate Commerce Commission.

The dig'ts in each column as well as in each row are

in random order. So it is possible to select the random

numbers at any point in the table and in any direction.

Random Numbers

line (1) (2) (3) (4) (5) («) (?) (8)

11 08337 89989 24260 08618 66798 25889 52860 57375

12 76829 47229 19706 30094 69430 92399 98749 22081

13 39708 30641 21267 jfesoi 95182 72442 21445 17276

14 89836 55817 56747 75195 06818 83043 47*403 58266

15 25903 61370 66081 54076 67442 52964 23823 02718

16 71345 03422 01015 68025 19703 77313 04556 83425

17 61454 92263 14647 08473 34124 10740 40839 05620

18 80376 08909 30470 40200 46558 61742 11643 92121

19 45144 54373 05505 90074 24783 86299 20900 15144

20 12191 88527 58852 51175 11534 87218 04876 85584

To obtain a random sample with the help of random

numbers the total popatation of n units is numbered serially

fiom 1 to n. Let us suppose that the total population consists

of 600 units out of which a random sample of 5 is desired.

We number the 600 units from 1 to 600 in any suitable

manner. Next we start at any point in the table and in any

direction. As the serial numbers consist of 3 digits at most,

we shall use three columns out of five column randon numbers

ftom any group. We propose to choose columns instead

of rows. Let us start at the first three columns of the group

(5) from the 13th line.

The numbers so selected at random are

951 068 (674 197 341 465 247 115
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Now number 951 is not in the list. It is ignored.

The number 068 or 68 is in the list. If is included.

In this way excluding numbers higher than 600 and

including all others in succession, we select the following

5 numbers

68 197 341 465 247 115

The units in the population having the above sen?

numbers form the desired random sample.
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Exercise 2 Pages 85—

3

6 4 06, 4 815* 7 .
856' 26. 8 24*08, 25, 24.

9 . 74-95, 75, 78*. 10 . AM= 7, Mode “7*, Median “7.

11 . 397, 44 6, 40 0 ,
44'8. 12. J3. 13. 29 4, 25 14 . 80, 35.

4. 20.

Exercise 3 Pages

5. £*.

47—49

6. 34 25, 34.

7 . 2, 2 8. ^-095, *112. 9. 1*87, ^8*2.

10. 1*2, 30 9 11. 3, 12. 12 1*6.

13 11
*
6 . 14 15*6, 39 2 15. 13*3, 15- 49.

Exercise 4 Pages 61—64

7 . 125, 140, 120, 110. 8. 138*8, 174*3, 233*9.

9 138*8, 125*6, 134*2. 10 . 120, 129*2.

12 166. 13 . 276*4.

14. 127, 125*8, 126*7, 126*3. 15 . 49 2. (Fisher’s)

Exercise 6 Pages 89—92

6. Es. 2.

10 (a) 21.

7 . Rs. 275, Rs. 6*19.

(1b) 61. 16. (a) • 25.

9. 246.

(6) 24,
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7007 7016

7093
7i77

7259 7267

7340 7348

7050 7039 7067

7*35 7*43 7*5*
7218 7226 7235
7300 7308 73*6
7380 7388 7396

74S9 7466 7474
75*8 1 7336 7543 755*

7612 7619 ^627
7686 7694 7701

7760 7767 7774

8129

8*95 1

856i

sm 18395(8401

8451

9299
9350 1 9355
9400

8344
8407

8470
8531 1 8537 1 8543
859 * 1 8597 1 8603
8651

8^10

8768
8825 1 8831 8837
8882 8887 8893
8938 1 8943 8949

783* 7839 7846
7896 1 7903 7910 7917
7966 1 7973 7980 7987

804'! 8048 8055
8109 8n6 8122

8189
8254
8319
8382

8432 1 8439 1 8445

8506
8567
8627
8686

8745

8802

8859
8904 1 8910 1 891s

8971

93*5
9360 1 9365

94*5

345 878
345 878
345 877
345 867
345 867

122 34s
i*a 345 S67
122 345 567
112 344 567
*** 344

344 566
,344 586

a 334 586
112(334 556
1 1 2

* * a 3341558
in 3341556
I I 2 33

2 33
2 23
* 234 45^

112 234 455H2 224 455
112 m 455M 2 234 455
112 233 455
**2 233 455
ti 2 233 445
ii 2 233 445
112 233 445

9079 1 1 2

9 , 33 I* 2

9186 1 1 2 233 445
8 112 233 445

112 233 445
112 233 445
112 233 445
01 1 223 344

23
23

23
23
23
23
23

23
23
23
23

9991I9996I01 1(2231334












